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The structures of many hundreds of crystals containing only light 

atoms have been solved by direct phase determination .. The required phases 

associated with the reflections obtained from x-ray diffraction of single 

crystals can be determined from a knowledge of the expe"rimental structure 

factor magnitud~s. The only requirement is that a sufficient number of 

data be available. Although a number of different relationships between 

phases and magnitudes have been. derived •. the most useful relationships for 

the practical solution of crystal structures are the following. For 

centrosymrnetric crystals where all phases are either 0 or TT • or equiva

lently the signs of the structure factors are either + or - the ~2 

formula applies (Karle and Hauptman. 1950; Hauptman and Karle. 1953). 

(1)sit""' s E~ Eh_~ 

or for several contributors. 

(2 )SEh ""' s ~ E~ E~_~ 

where the symbol s means the lithe sign~f". E . is a normalized structure
h

factor and ~ 5 (h,k,l) is a vector whose components are the Miller indices. 

At the beginning of the phasede~erminat1on. single terms, Eq. 1. determine 

the sign of~. As the phase determinacion progresses. more terms are 

available for determining the sign of a particular Eho Since. initially. 
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the rrocess is dependent upon the sequential determination of phases, 

step in t;hechain of events mus t be correc t. In order to insure the 

greatest probability that a sign or phase is correct, the following 

expression for the probab~lity t.ha t E is positive is lIsed with Eq. (l)
h 

(2) (Hauptman and Karle, 1953; Woolfson, 1954): 

(3) 

where Zj is the atomic number of the jth atom and N is the°n = 

. total number of atoms in the unit cell. . 3/2 
N-\The quantity °3 / °2 = 

for an equal atom crystal. The larger the magnitudes of E ' E and 
....h k 

Eh_k are, the .higher will be the probability of a correct sign assignment.0 ~. 

determination should be initiated with r.eflections 

the largest E magnitudes. 

groups where the phase of a structure 

-TT to +H • the following phase re1a

;; t~(:tnships are most useful (Karle and ·Haupt~n, ~950; Karle and Karle. 

, 1'9648;, i:9(6).:. , 

(4) 

(where ~r refe·rs to al set of data restricted to the largest magnitudes) 

and (Karle and Haupt~n. t956) 

'. ~. 

h,.. 
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mination associated w~th the larger magnitudes of E, in centrosy~etric 

(5 ) 

(6) 

1
2nf1 

(ex) 

2 
(2n+1 ) 

XV II - 3 

~ 

L 
Y!=o 

L:Ek 
E sinH\+ 0~_k) h-k 

tan ~h = k 
¢' 

LEk 
E 

h 
_ 

k 
cos(0

k 
+ 0 

h
_

k
) 

k .- -

2 
IT 

3 

ex .. {[2: 2°3 
-3/2 IE E

k Eh_kl cosO\ + ~~.I<) J2 °2 h 
(7) 

+ [2: -3/2 I E ~ >r 'lib 
2°3 E

k Eh _ k " 
sin H\ + }. °2 h h-k 

v = 

the larger 'magnitudes of E lead to smaller variances of the determined 

In addition to,Eqs.(l), (2), (4-)' and- (5), several other phase 

relationships are useful at times. Examples are theL 1 ,2.23 and 

53 •0 
formulas (Karle and Hauptman, 1958; Ka~le, 1970) and are often 

referred to as auxiliary formulas.· 'Th~) : 1 and L3 formulas 

1966) 

function of ex is shown in Fig. 1. For ,noncentrosymmetric space groups, 

The variance associatp.d with the determination of ~h can be derived from 

a probability formula of Cochran (1955) and is given by (Karle and Karle, 

crystals • 

The I are Bessel functions of imaginary argument. The variance as a 
n 

where 

phases, a situation comparable to the higher reliability of sign deter-

. ~ 

or 

(3) 

the 

lent. 

.a-

:e 

I) 
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I ! I ;- I I II I 
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a 

Fig. 1. Curve showing the variance, V (in radians 
of a phase angle determined from known valu~s 
phase angles. The variance is expressed as a 
a (Karle and Karle, 1966). 

,;.. _b S · ..._"'i~..,-::./~' ~ ....

.... ... ... ft•'" 
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and Karle. 1953) are space group dependent and will be illus

the examples for particular space groups. 

structure factors ~1 are defined by (Hauptman and 
.... 

• (8)
 

where f is the scattering factor for the jth atom. N is the total
jh,., 

number of atoms in a unit cell. and t is a small integer tha t is space 

group d~pendent (~ee e.g. Karle. 1969). If. for example. we were to start 

with the observed magnitudes. I F I for the structure factors where
h obs 

N 2
-B s 

... exp (2 n ih' r .) (9)Fh b L fJ~ e j 
os -  J 

j: 1 

by use of a data reduction procedure to be described below we obtain 

through (8) a set of normalized structure factor magnitudes I~I where 
..., 

N 
t L Zj exp (2 n i~. ! j) (10) 

j=l 

and Z. is the atomic number of the jth atom. Note that the effect of 
J 

vibrational motion is \eliminated in the procedure for obtainin~ the I E I 

values. Furthermore, 'the ~ are independent of scattering angle. since 
.... 

each fJ~J that varies with ainGiA is replaced with a constant 

Zj I(E l: Z~)~. To see why this is approximately so. it may be assumed 
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XV I I - 6 

that the atomic scattering factors for all atoms involved have 

the same:shape, 90 that fj~ ~ Zj[~ where f is a shape factor.
h 

f2 )~ =Eq.(8) yields the factor 
'hJ~ 

,,2 \z. / «( ~ Z,) • This operation, in addition to the elimination of the 
J j J 

vibrational factor in Eq. (9), accounts for the form of Eq.(lO). We 

fore may conclude from Eq. (10)· that the normalized structure factors 

represent to a good approximation scattering from stationary point atoms. 

For equal atom structures, this is exactly true. 

I ~I 
:a.

·values are obtained from the observed intensities, lobs' 

corrected for Lorentz and polarization factors, in two steps. First the 

observed intensities are corrected for the effects of thermal motion and 

are placed on an absolute scale by means of a K-curve. The K-curve is 

,constructed by dividing the range of s 
2 

(where s = sin9/"\ ). into a number 

2
::;of equal s-egments. For the midpoint of each interval ofs , the value of 

,
 
>K is computed where
 ... ; ..,.... ,:.'"" 

N 

L C L f~(~) 
,: I .i: 1 

= (11) 

and the sum 1s made over all the L b occurring in the particular interval o s
 

and also over the val~es of the scattering factors f, occurring in that
 
i J 

same interval. Figure 2 shows a typical K-curve for data from an organic 

2 -
compound. In the example, each interval of s contains 200-)00 data. A 

least-squares procedure is used to fit a best smooth analytic function to 

the experimental points. Usua 11y the func tion used is K = exp(A + Bs ) 
c 
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Fig. 2. K-curve for the obaerved data fro. a cyclic tetrapeptide 

ln K • A + Ba
c 

-0.35 + 12.23.3 

2.0 

1.5 

1.0 

0.5 

0.0 

ln K(.) 
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c 
or In K = A + 8s. If the exponent E is 2.0, then the expression 

same as Wilson's curve (1942). For crystals of many organic mat'erials,:; 

such as the one illustrated in Fig. 2, the exponent c is) 2.0. It is, 

important to fit the K-curve well in order tQ obtain meaningful lEI 
2

values. The IFhl corrected for scale and thermal motion are obtained 

from 

2
and expression (8) is used to calculate the IEJ . 

The,nor~a1ized structure factors I~I have definite statistical 

properties, independent of chemical composition, which are ~seful in 

dist.inguishing between centrosymmetric and noncentrosymmetric space 

groups (see e.g. Karle, 1969). Some of these ,properties are associated 

with various averages: e.g. 

Average Centric Acentric 

<I Ehl 2).. . 
1.0 1.0 

<I E.~I ) 0.798 0.886 

<11~1-11) 0~968 0.736 

space groups, the reflections should be divided into 
·;1'( " 

,two groups: Those structure factors which are real or pure imaginary, as 

, "~ , I ' 

determined by the space group symmetry, have averages corresponding to
I . 

the centrosymmetric case. The remainder of the structure factors having 

general values for the phases have averages corresponding to the acentric 

case. Other properties are associated with the distribution of I Ehl 

values: 

wil: 

~ ~" . 
o~tusaqu in l 

'.J.'~ .,,' 

1-8 contai: 

,struc ture. 

value for 

theoretica 

va lue is e 

is higher 

case, and 

the experi 

indicate a 

shows that 

related by 

The 
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Centric Acentric 

1 32% 37'7.I Ehl	 ) 
~ 

I Ehl >2 5%	 2% 
o. 

f fbi >3 0.37- 0.1% 

values are found to be close to the theoretical values. 

Details for phase determinati,on in several commonly occurring space 

will be presented now. 

Space Group P2 /a
1

Phase determination in centrosymmetric space groups is quite routine. 

The first example will illustrate the complete phase determination for 

obtusaquinone, crystallizing in space group P2l/~ (Karle, 1975). Tables 

1-8 contain the reflection data, details of phase determination and the 

structure. The statistical averages in Table 3 show that the theoretical 

value for (I EI) for centrosymmetric crystals, is lower than the 

theoretical value for noncentrosymmetric crystals and that the experimental 

va lue is even lower. Converse ly, the theoret ica1 va lue for <II E1
2-11) 

is higher for centrosymmetric crystals than for the noncentrosymmetric 

,	 
case, and that the experimental value is even higher. The deviations of 

the experimental valuea from ideal values for centroRymmetric crystals
I 

indicate a hypercentering in the cell. And indeed, the structure analysis 

shows that the two independent molecules in the asymmetric .unit are nearly 

related by a non-crystallographic center. 

The L 2 relationship, formulas (1) and (2), requires that some 
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I' 

I' 

II rIf: Table 1 oBTUSAQUINON E"rII'
!Ii' Karle, Bultman and Jurd,jll, .. 
f1l 1

1 Acta Cryst. B32, 1963(1976).I ' ,~ 
, ,

I' :ill,
11,1.:" II, 
i! ill 

1111;i';
Ilj i, 

ill l !'I d Two molecules plusII';,1: 
solvent @ inI' o·I';' 13I'"

! 1;;' asymmetric unit -I!:I 

I!,; 44 carbon and oxygen
'Iii, 

in asymmetric
I r~ atoms 

I f'J Space group P21/a . 
1" 
,I 

, t 

1:1 

97.80H 
19.66 A, b 9.72 A, c 16.52 A, t3U 

a • • • • . 
['It Table 2. Listing of strongest lEI for obtusaquinone' Ii 
,I r.! I. G u u I t I u G G I EI G lJ G IEI u u ;. 

'J. 
U ... 7,OBIl'o 11 ·2 1C ,s,5,30 16 ·1 4 :5,796<; 5 .. 1 ~ 3,79001

.' ~. 4,27 9 0 11 .~ " J,3382 8 .7 0 3,1062 1 ~5 0 3,5~6'l
,0 4,lll',l 9 .6 4 ,s,l~09 2 .3 ·10 3,iJ601 '5 .. 5 .4 J, 51> 1'~ , .ll 3,!!9~v 7 -2 1~ 3,176 7 4 ·1 .4 2,9339 9 ·1 ? 3, ;SQllY",0, '3,fOYo , ·8 ~ 2,7777 4 .7 4 2,6406 '5 .7 , 2,909"

" ,4 ,3,63 6 1 7 -6 e ',69~1 6 .3 4 2,81 76 9 _7 -, 2,6"5:,1 0, 3,5<'/8c 5 -e 4 2,6449 10 .7 ·2 2,7746 3 -3 4 2, 40 2'10, 3,30~7 5 -6 C ~,5753 6 -1 .8 2,59:56 1 -3 .8 2.3 03::,'I 3,2?9~ J ·2 C 2,3':2 9 10 .3 0 2,41 64 11 ~1 4 2,31>3~
~ 3,17~u 11 -6 ~ 2,2<;3 7 2 -1 -lU 2,31 59 15 -1 " 2,2"7 ' 

1~ 2,99 6 0 13 -6 C 2,2411 6 .7 2 2,3052 1 -1 1C 2.1?7}j
" ~<i 2,9930 1 -2 ~ 2,0786 2 .3 6 2,22tl3 13 -1 -? 2.0fll~2,72!!q <; -2 10 1,9'153 12 ·1 -10 2,1821 3 _·5 .4 2.0r1 .. ~ ,67 i ~ 3 .4 e 1,9~78 6 ·3 0 2,1649 1 .5 .4 1.9 Q31:/-.;; u "'2,64-10 1 , ·2 .4 1,9,72 4 ·1 -2 2,16 42 7 .3 Q 1, 91>3";: .6 ,1-U 2, 5'1l1~ 5, ' ·2 '4 l,8')6J 14 ·1 6 2,1357 11 .7 I) 1,854~ 

1'[ 
0 .~ 0' 2,5~71 . 1 ,.e t 1,8422 12 ·3 8 2.05?2 5 .7 .? 1,8no'

1'~ u ·12 2,44,4<, 1 ·8 .~ 1.8 4 04 10 .7 .4 1,9664 1-1 .3 ~4 1. 74 2~ .e ~ll 2 2,44311 1'1 ·2' e 1.8402 2 .3 4 1,921 9 15 ·1 4 1,713"I~II 4i U .4 2',34 77 1~ ·2 4 l,8~02 6 ·3 2 l,B7Q8 7 .7 ,.. 
1,7~2'" 

~ II ;:. .ll .0 2,3 44 0 '3 .6 .4 1.741 8 2 .5 ·2 1, 876 2 9 .5 .11 1,7 n1 fl' 
! IfI! . 12 -0 U ~,331:l<; 1 '.~ \; 1,720 9 10 ·1 ·12 1,8211.3 15 -1 II l,6o;n1, ., 6 2,32 9 1 7 -2 .4 1,6712' 2 .. 1 .4 1,79 70 1 .7 6 1,6311l'I\!1 12 ·0 ~2 . 2 I 31 9 ... 3 ·6 .4 1,6'501 12 -1 8 1;7968 3 .1 ~ 105747'II""1 ,'I 4 -'I .. 'I 2,1\1<J'; 1 ·8 4 1, 6422 14 .,s 6 1,7696 5 .3 (l l,5~5"Iii';;: e ·0 4 2,09Qj 7 ·6 • 1,6240 0 ·1 6 1,7636 i .7 .4 1,5~21,H: -2 O! 1 ,95 <! u 3 ·2 •• 1.5731 10 ·1 .6 1. 7233 1 .3 I> 1, 5~31\ir' ;: -0 0 1, S1! 11 1 .4 !: 1,5462 10 .3 10 1,72'17 9 .7 .,.. 1, 4Q 21 II' ' 
il'il 16 u q l,A771 1 .4 e 1,540 3 10 ·3 ·4 1,70 99 7 .5 .? 1,4tl4n':: i; ·0 6 1 ,A 4 S" 7 -8 .~ 1,41'85 2 .7 6 1.6731 11 ·1 II 1. 4 'i5Jf 0 -, ·14 l,Al<J, 9 ·4 .~ 1.4710 10 ·1 0 1,6458 1 ·3 4 1. 44 5J<: ·0 4 1, P11" 7 ·2 .e 1.,,"'.5 4 8 ·5 .. 6 1. 6 04 7 5 .5 10 10"'19li 12 v II 1.79 7v 1 ·2 _1 4 1.40 41 2 ·1 ~ 1.599 1 1 .5 ? 10 4 /131\.Iii! 10 ., \I 1. 7920 '3 .4 4 1,3982 6 .7 II '1,5980 7 .1 8 10 4 '125 !r 14 .~ ." 1,73 9 3 J .. e 2 1,31'70 0 .7 8 1,5944 1 ·7 r 1.3/\33l;: 

,iiI: 
c .ll 4 i,72!!1 9 -6 .f 1.30 8 " ·5 ·6 1.5852 5 ·5 4 1.J1956 ., 1~ 1,~37~ '3 -'I •• l,3'!l2 7 4 ·1 . 14 1.5H8 , ·1 1? 1,353;'0 .4 U 1,6210 3 ·4 .~ 1,3450 10 ·3 ·2 1,5556 1 .5 ./1 1,<!959 

+ " .~ 2 1.6201 '5 ·8 ;; 1. ;3065 0 .5 2 1.5531 1 .7 2 1.27214 '·0 lU 1,59~;: 1 ·2 .~ 1,2~99 " .5 .. 2 1,4858 5 .5 ./\ 1 ' :><;91' , 
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Table 4 • Phase assignments for specifying the origin 
and implementing the L 2 relation for 
obtusaquinone. 

~ 

h IE hi 01t 

5 1 6 

11 2" 10 

807 

3.79 

3.52 

5.19 

0 

0 

0 

origin ~ 
1 

404' 

363 
-

7.09 

3.70 

a 

b 

8 1 11 5.57 c 

7 '7 3 3.43 d 

,, 

',I 

Table 5. Space group P21/.a 
, ,I' 

x, y, Z; \ + x, \ - y, Z (b axis unique) 

x, y, Z; \ - x, \ + y, z 

h + k even:	 a(h k 1) • a(h it 1) 

a(h k 1) • a(h k I) 
F (h k 1) , F (h k 1) 

h + k odd: a(h k 1) • 1T + a(h it 1) a Oor7T0& 

a(h k 1) • 1T + a(h k I) 

E.2 ~gOl c• 1 for all other hk1.	 -:J 
109 0
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Table 6. 

BASIC VECTOR M 4 -1.' !. 6.100 
NUMBER OF INTERACTIONSCH-K-L). 56 

K [K L !L 

-i2 
-i2 
-12 
-12 
-il 
-9 
--8 
-8 
-8 
-8 

-2 
-2 
--I 
-0 
-2 

2 
-1 
-2 
-0 
-0 

-1
_6 
-7 
--1 
--8 

-10 
--3 

--10 
--10 

7 

2-.260 
2.330 
6.170 
2:.214 
1·840 
1.e95 
3·111 
3.599 
3.306 
5.188 

16 
16 
16 
16 
15 
13 
12 
12 
12 
12 

1 
1 
0 

-I 
1 

-3

•i 
-I 
---I 

4 
3 
4 
4 
S 
1 
0 
7 
7 

--10 

3.797 
3.464 
1!877 
3.191 
3!385 
2!082 
2·339 

- 6! 170 
6_·170 
2!182 

52.345 
49.234 
70.645 
51.280 
31.993 
25.337 
44.381 

135.456 
124.428 

69.05ii 
::. 

~ .~ 
- i 

-7 
-7 
-7 

-8 
-1 
-2 

-2 
-3 

--12 

2.778 
3·437 
3.177 

11 
11 
11 

7 
6 
1 

-I 
0 
9 

2.348 
2·294 
4.665 

39.789 
48.095 
90.406 

-7 -2 -7 2.079 11 1 4 2!t36~ 29.967 
-7 
-_7 

2 
5 

--12 
-5 

3.177 
1.824 

11 
It 

-3 
-6 

9 
2 

2.643 
3.338 

51.221 
37.140 

-6 --8 1 3.301 10 7 -4 1~966 39.588 

-' 

,II 

-6 
--6 
--5 
-5 
-5 
-4 
-4 
-4 
-4 
,-4 
-4 
-4 
-4 
-_4 
,-3 
-3 
-2 
,-2 

-0 
2 

-8 
-8 

2 
-8 
-7 
-1 
-'I 
--1 
-0 
-0 

1 
6 
5 
5 

-8 
-3 

2 
-3 
--4 
-1 
-4 
-3 
--7 

-13 
3 
4 

-14 
4 

--13 
-_6 
-9 

4 
-4 
--6 

2:.994 
3.211 
2-.645 
2.762 
1.856 
1.836 
2.188 
2-116 
rul00 
2.934 
2.997 
7.089 
2-.116 
3.680 
2-.029 _ 
2-'001 
1.811 
2:.220 

10 -I 
10 --3 
9 i
9 '1• -3 
8 7• 6 
8 0 
8 0 
8 0• '-I 
8 -I, --2, -7 
7 -6 
7 --6 
6 7 
6 2 

-5 
0 
1 

-2 
1 
0 
4 

10 
-6 
<-7 
11 
-7 
10 

3 
6 

--7 
1 
3 

2;017 
2;416 
2.428 
2!866 
2.151 
3.106 
2·090 
3!306 
2.642 
5.188 
5.573 
3!347 
3.599 
3.111 
2.695 
2;021 
2.784 
3.211 

36.837 
47.322 
39.175 
48.287 
24.353 
34.786 
27.895 
42.673 
98.309 
92.852 

101.884 
144.734 
46.454 
69.836 
33.356 
24.669 
30.755 
43.483 

-2 
--2 
--2 

---1 
-0 

2 

--I 
5 

-7 

2·238 
1.897 
3.808 

6 
6 
6 

0 
-I 
-3 

-2 
-8 

4 

2!994 
2!!594 
2!818 

40.873 
30.017 
65.459 

-2 7 --5 3.143 6 --8 2 2.444 46.857 
--I --8 --6 1.842 5 7 3 1.806 20.293 

t 1) 

.,,
'i -I 

--I 
-I 
--1 

0 

-8 
-6 

2 
7 

-5 

-5 
1 

-8 
-7 

1 

2:.103 
3.108 
2.079 
3.424 
2.198 

5 
5 
5 
5 
4 

7 
5 

-3-, 
~ 

2 
·4 

5 
4 

--4 

2.909 
3.561 
1~806 
2.645 
2.200 

44.415 
67.512 
22.904 
55.245 
29.497 

-

0 -2 0 2.557 4 1 -3 6.100 95.146 
-0 6 -10 2.. 728 4 -7 '1 2.188 36.410 

1 _7-0 2.461 4 .8 4 3.229 48.474 
1 -8 -6 1.840 3 '1 :5 2.573 28.879 
1 -8 6 1.842 3 '1 --9 1!812 20.360 
1 -5 0 3.589 3 4 -3 2.054 44.968 
1 § '.1'''0 .. ... .1 .. :.,,,§ ilL""" 
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516 
404 

912 

4 0 
8 I 11 

12 1 

12 '1 7 
4 0 4 
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807 
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16 1 

516 
404 

1 1 10 

- -12 1 7 
1614 

403" 

404 
80"7 

40'3 

- -8 1 11 
16 1 3 

-8 0 8 

773 
40'4 

1171 
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(2) 

(3) 

(4) 

{') 

(1) 

(1 ) 

(8) 
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Table 7. Use of L 2 for phase determination in P2 /a. 
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o 
a 

IT+b 
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1T+a+b 

c 
c @ 
0 

d 
a 

a+d 

o 
a-

a 

numbers within the circles represent the ~Ek~_k product. 

1

(20) 

(21) 

(22) 

(23) 

(24 ) 

(25) 

(26) 

(27) 

1 5 0 
36"3" 

6 '66 
4 0 '4 

1062 

10 62" 
12 1 7 

2 7 5 

-41'3 

c+d 
a+c -i-~~_ 

a+d, 

666 a+c ,- 1: 3 
8 1 11 ~c~'~:;;.....;..7 
2 7 5 2 10 

6 '6 6 a+c 1 3 
404 ~a~,l_7 
2 610 

666
 
12 17
 
671 

2 "7 5 
407; 

671 

10 '6 2 
8 1 11 

2 

d 

a+d ' 

79" 7T+d 

2" "7 57T+a 
4 0 '4 a 

2 79' 7T+d: 

10 '6 2 c+d 
51 6" 0 

5 5'4 c+d 

554 c+d
 
404 a
 

150 a+c+d 

010 

1 3 
111 

o Ilj 

1 3 
1 3 

o '6 

1 3 
o "7 

"1 7; 

.Q. 3 
1"7 

f '4 

1 3" 
1 7 

o 4 

1. 3 
7 3 

66 

6 6 
o '4 
6 2 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

12 1 7 
773 
5 8' 4 

363 
40'4 

7 '6"7 

773 
404 

3 7 7 

9 I 2 
404 

13 1 '2 

16 I 4 
4" 0 4 

12 1 8 

1 '6 I 77'+a+bt:::\ 
404 a 0Y 
5651T+b 

363 b ~ 
516 0 ~ 

873 b 

'8"73" 1r+b 
12 17 a+e @ 

4 8' 4 TT +a+b+c 

~ 7 3 b 
404...!...@ 

4 7 7 a+b 

4" 8' 4" 1T+a+b+c 
8 III 1T+c ® 
4 7 7 a+b 

11 2 10 7r 
5" 8" 4"1T+a+C+d 

6 6 6 a+C+d 

a+c
d@ 

a+c+d 

b 
a 

a+b 

d 
a 

a+d 

a 
a 

0 

c 
a 

a+c 

@
 

@
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Table 7. (Continued) 
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1 5 0 a+C+d @
363	 466 a+C+db 81 (38) 404 a (48)'413 a+b+c+d	 - ®o	 6 10 c+d 

,
a+c •11 4 c+d 

®	 413 
0 

a	 J 6 1 a+b a+b+C+d
(39) 8 0 7 

c+d 413 a+b+C+d	 ®
12 1 10 a+b+c+d 

c+d 4 1 1 a+b-+<:-kl8	 413404	 a+b+C+da+c a 144 (40) 8 1 11 JT+C @ (49) 
a+d S17 b+c+d 

12	 0 8 1T"+a+b+d-1	 3 a+b-k:-kl+~ 
1 7	 8 2 10 1T+b+da+c 135 (41) 4 0 4 a @ 

413 
227 
2 3 10 

a+b+C+d 
c 

a+b+d 
® 

413 
2 2 7 

6 3,4 

8 1 II 
227 

634 

c 
c 

0 

623 a+c 
2 10 11'+b+d	 12 r 7 a+c

12 2 6 1T+a+b+d -
634 01 3 

a+b-+<:-kI 8	 4661	 7 a+C+da+c 124 (42) 7 "7 3 d 227: c 
b+d @ 12 1 7 

11	 1 9 a+c -a+c

1030 a1 3 (50)
III a+b-+c-klB	 

- 0 
11	 1 9 a+cc 101 (43) 634 0 

014 a+b+d 404 a 
404 a 

15	 1'5 c -
1030 .a

13 a+b+C+d @ 
4131 3" 7T+a+b+C+d 98 7T+a+b+c~(44) II I 9	 227 ca+c .90o 6 -rr	 (51) 4 1 3 7T+a+b+C+d
7 2 12 7T"+b+d 

2 1 10 lI+a+b+d
r! 71+a+b-+c® 

11 1 9 
10 62 

-
177

58"4
1 3 

177 

c+d	 - - o	7 0 92 
@	 177a+c 

12	 1 7 

6 0 

1 4 1T"+a+b+C+d 

o 3 a	 (45) a+b+d:zO (52)
17 a~e	 11

7 -:;	 3b-k:-kl ®X a+c
14 4 1 3 ·d,

, 
a+b+C+d	 4 a+b+C+d ® 

11 6 0 7T +a+b+c1 3 b7T+a+b+c+d@I	 7 a+c 70 
'912 ao 4 7T+b+d	 (46) 11 1 9 a+c @-


1 3	 227 c
 
7 3
 

a+b+C+d 
b 

2 2 7 
66 ®	 c 

a+c+df-d	 404 a -	 ®
6 6 a+c+d	 6 2 3 a+c 
o 4 a	 (47)@ 516 0
 
6 2 11
 1	 9 a+cc+d - @ 

6 2 3 a+c 
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12 1 7 T+a+c 
IT 1 7 a+c @ 
020 1r 

(60) 
8 1 11 if+c 
8 1 IT c ® 

369 
11 1 9 

870 

077 
807 

870020 

413 
(53)	 413 

020 

11 1 9 
ITl 9 

020 

516 
516 

020 

484 
(54)	 4 1 3 

077 

403 
-(55) 666-,

10 6 3 

I
II 

10 '6 3 
(56)	 404,1 

6 6 7

li~ 667 
(57) 11 19~~ 

•.!~tV,	 5 72
lij
~;i' 
:.I!;,. 5 '7 2
II! (58)	 404J 
'I; 972 
:: 

972 
E·>9) 12 1 7 

7f 

a+b+c+d~ 3 '6 9 
1f+a+b+c (61 ) 807 

7T 11 '6 2 

a+c 11 '6 2 
a+c X@ 404 

c+d 
a+c @ 

a ail·<dG
 
7(+d 

0 

Tr+d 

1r+c+d 
0 @ 

1T+C+d 

7/+C+d 
a @ 

0 7 66(62) .~~~~1fa b+d 

X®	 
- - 0 4 8 4 1f+a+b+c
 

0
 11 2 10 Ie 30
 
0
 766 a+b+c 

7f+a+b+c and continue 
a+b+C+d	 @ with additional phase 

de termina tions •7T+d 

a Strong indications:
 
a+c+d
 ®	 ,. + b + d. 0 

c+d	 b+d-n 
a -n 

c+d 
a- @ Four possibilities:· 

a+c+d 
1 2 3 4 

a+c+d b n n 0 0a+c	 @ 
c' 0 n 0 nd 
d 0 0 n n
 

d
 
a +
- ® correct solution 

a+d 

a+d	 EXAl1PLE OF MULTIPLE SOLUTION 
7f+a+c @	 C(3s 

c(1 
C(~ 

O(~ 

C(E 
C(i 
C(5 
0(5 
C(3 
0(2 
C(2 
0(4 
0(4 
C(l 
C(l 
C(7 
C(9 

'. C(8 
C(6 
C(2. 
C(4 
C(8 
0(5J 
C(5: 
C(l: 
C(l: 
C(ll 
C(l: 
C(l: 
C(H 
C(4J 
C(9J 
C(U 
C(l~ 

C(lE 
C(14 
C(ll 
C(13 
C(l5 
C(lS 
C(2S 

I, 3 6 9 Tr+c+d C(4S
1(1 

C(5S 
C(6S 
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Table 8. Obtusaquinone 

E-map Refined Coordinates 
Peak 

x y z height B x y z 

y, 

" 

C(lA) 
C(3A) 
0(2A) 
C(6B) 
C(7B) 
C(5A) 
o (5B) 
C(3B) 
0(2B) 
C(2B) 
0(4B) 
o(4A) 
C(15B) 
C(10A) 
C(7A) 
C(9B) 
C(BA) 
C(6A) 
C(2A) 
C(4B) 
C(8B) 
0(5A) 
C(5B) 
C(13B) 
C(lB) 
C(10B) 
C(l2A) 

.370 

.269 

.334 
-.038 

.016 

.304 
-.104 
-.134 
-.069 
-.079 
-.201 

.203 

.169 

.563 

.424 

.118 

.470 

.363 

.324 
-.139 

.070 

.292 
-.094 

.265 
-.031 

.168 

.655 

.770 

.804 

.999 

.706 

.906 

.580 

.514 

.894 
1.081 

.935 

.702 

.622 

.699 

.774 

.820 

.901 

.754 

.627 

.852 

.747 

.826 

.439 

.662 

.733 

.848 

.838 

.807 

.253 

.145 

.214 

.079 

.145 

.188 

.006 
-.018 

.Q62 

.044 
-.071 

.095 

.320 

.485 

.303 

.254 

.364 

.245 

.204 
-.034 

.196 

.181 

.023 

.436 

.089 

.308 

.602 

417 
395 
372 
340 
337 
333 
322 
320 
315 
305 
298 
284 
274 
266 
262 
261 
247 
246 
245 
227 
218 
210 
208 
206 
195 
194 
190 

3.4 
3.4 
4.6 
3.9 
3.3 
4.0 
4.6 
3.3 
4.2 
3.4 
4.5 
5.3 
4.8 
4.0 
3.3 
3.9 
3.5 
3.3 
3.6 
2.9 
3.2 
4.0 
3.6 
5.4 
2.4 
4.2 
5.3 

.372 

.268 

.340 
-.040 

.018 

.306 
-.105 
-.137 
-.070 
-.083 
-.197 

.208 

.172 

.565 

.425 

.114 

.472 

.360 

.324 
-.145 

.068 

.292 
-.093 

.261 
-.032 

.166 

.648 

.770 

.816 

.998 

.701 

.905 

.579 

.520 

.901 
1.077 

.940 

.703 

.619 

.691 

.769 

.829 

.899 

.753 

.622 

.857 

.751 

.825 

.437 

.657 

.724 

.850 

.833 

.812 

.249 

.147 

.211 

.074 

.143 

.191 

.002 
-.009 

.060 

.044 
-.067 

.097 

.319 

.480 

.302 

.250 

.359 

.240 

.198 
-.022 

.198 

.179 

.020 

.436 

.088 

.310 

.604 
C(llB) .208 .930 .365 186 4.6 .208 .924 .365 
C(16A) .285 1.095 .168 172 ' 5.4 .295 1.101 .164 
C(4A) .261 .669 .136 170 4.0 .257 .668 .141 
C(9A) .516 .822 .419 162 4.3 .517 .831 .414 
C(12B) .261 .863 .425 160 5.4 .259 .863 .427 

'.' I 

C(14A) 
C(16B) 

.625 
-.122 

.579 
1.178 

.557 

.016 
159 
152 

5.7 
3.7 

.619 
- .118 

.577 
1.183 

.561 

.021 
C(14B) .224 .632 .382 150 5.4 .219 .638 .381 
C(llA) .605 .862 .539 149 5.2 .602 .864 .536 
C(13A) .659 .679 .617 105 4.6 .654 .677 .615 
C(15A) .567 .650 .483 98 4.5 .574 .626 .492 
C(lS) 9.2 .083 .257 .360 
C(2S) 7.9 .016 .242 .318 
C(3S) 
C(4S) solvent molecule 8.9 

9.5 
.005 
.083 

.293 

.351 
.238 
.208 

C(5S) 8.2 .129 .326 .264 
C(6S) 13.3 .145 .299 .347 
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Fig. 3. E-map for the asymmetric unit for obtusaquinone computed with 364 terms with 
lEI> 1.1 using the phases determined by the symbolic addition procedure. Molecules A 
and B are independent molecules. The heights of the maxima in the E-map are proportional 
to the number of concentric circles. Atomic positions for the solvent molecule S were 
subSequently found in a difference map. High thermal factors are associated with the 

atoms in the solvent molecule. 
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phases (or signs) be known before other phases can be determined. For 

P2 !a, three phases are known immediately by specifying the origin in the 

cell. In addition to following the prescribed rules for origin specifica

tion (Karle, 1974), reflections .for specify~ng the origin should have 

large IE I values and have many interactions. for app lying the L 2 formula. 

In space group P2 !a, three reflections fOT the origin are chosen,froml 

parity groups other than ggg(g ~ even, u = odd). If a uug and a ugg are 

selected, for example, then the phases of reflections in gug are known, 

in principle, and the third reflection for specifying the origin must be 

chosen from one of the four remaining parity groups; 

Usually the assignment of the origin does not supply enough known 

phases to proceed with the L 2 formula, and phases for additional 

reflections are assigned as symbols, see Table 4. TIle discovery that 

very few .unknown symbo ls are needed on which to base an entire phase. 

determination has !Wide the direct method practical. Again, the reflections 

to whlch symbols are assigned should have large I EI and should interact 

with many other reflections having large lEI. To facilitate the appli 

ca tion of the L 2 re lationship, a lis ting is made of a 11 pairs of 

reflections, k and h-~ withIE/)l.8 that can be used to 

determine the phase of reflection h. Table 6 shows such a listing for 

one reflection, 4 1 3. This listing also contains the E E Eh_h k k 
I 
i .

products which are directly related to the probability, Eq.(3). For this 
I 

crystal, a triple product of 30 corresponds to P+ = 98.9% while a triple 

product of 21 corresponds to P+ = 957.. For a· probabi 1i ty level of 957., 

it should be remembered that lout of 20 indications will be in error. 

The sequentia lapp lica tion of the L 2 formula is shown in Table 7. 

Indices are added and phases are added since they are expressed as 0 or7r. 
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It should be remembered that 2x, wllere x is any synibol, equals 0 [or centro- ,:. 

symmetri~ space groups. An alternative procedure for centrosymmetric space 
.', 
.~grol)ps is to use + and - signs, in~tead of 0 and "If , in which case the 

signs and unknown symbo ls are mul tip 1ied. At the beginning, ph.1SCS are 

determined by single indications. It is very importnnt to use only those 

reflections with the strongest I EI values and the strongest triples to 

'J:
indicate an. erroneous phase. The triples marked \.. ith an X have a con

siderably lower triple product than other triples in the same entr~ that 

indicate the phase correctly. 

When the phase for reflection hkl is determined in space group 

P2 !a. then the phases for hkl. hkl and hkl are also known by ;lpplying
1

the symmetry relationships as shown in Table 5. The symmet.ry relation

ships for all space groups are listed in Vol.I of the International Tables 

for X-Ray Crystallography. For example. in entry (6) of Table 7. the 

363 reflection that had been assigned the symbol ~ is used as 363 and the 

phase mus t be changed to 1r+ b •. 

After a number of phases are determined. there.are multiple indica

tions for new phases. These indications may contain different symbols and, 

in that manner. relationships among the symbols are discovered. In this 

example. the first relationship among the symbols occurred at entry (45) 
1 

where it appears that a + d :zb or a + b -I- d = O. The same relatioDship 

is also indicated at entries (49) and (52). Since all the triple 

E E E _ products involved are very strong, it is very probable that theh k h k 

relationship a + b + d .:: 0 is correct. At entries (60) and (62), it 
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appeat"s that a =,,- and b 4- d = IT. T."lken together. these indications at"e 
t"o 

~ 
'. 

consistent with the indication that a +b + d = O. A continuation of the 

phase determination beyond that shown in Table 7 did not produce any 

other reliable relationships among the symbols. rout" symbols were 

assigned init ia 11y, two independe,nt rela tions among the symbo Is were 

found, hence four possibilities remained, as shown at the end of Table 7. 

For centrosymmetric space groups" the number of possibilities is equal to 

2n where n is the number of unknown symbols. Iri this determination, the 

first possibility was the correct one. 

After the assignment of the symbols, phases for additional reflec

tions were determined by computer and an E-map was computed using 364 

terms with I E I> 1.1. An E-map (Karle, Hauptman, Karle and Wing, 1958) 

is a Fourier map in which the F values are replaced with E values. The 

resulting map has peaks that are much sharper than in the conventional. 

Fourier. The coordinates of the atoms as inidcated by the initial E-map, 

Fig. 3, are ~ufficiently good to use directly in a least-squares refine

ment. Table 8 contains the coordinates of the 38 atoms of the two inde

pendent molecules as read from the initial E-map, the peak height, the 

isotropic thermal factor a, and the coordinates after least-squares 

refinement. A comparison of the coordinates shows the accuracy of 

position as indicated by the E-map. The peak heights for similar atomic 

specie are ranked roughly inversely proportional to the thermal par
I 

amters. This is pardcularlynoticeable for the solvent molecule (the 

last six atoms listed in Table 8) where the peaks for the atoms were 

almost non-existent in the E~map and the a va lues ranged from 8 to 13. 

The solvent molecule was found subsequently in a difference map using 
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For this crystal containing, 48 atoms in the unit cell, adetermined. 

number of reflec tions with high I E I va lues for which phases were not yet 

The details for phase determination for jamine (Karle and Karle, 

Phase determination in space group Pl occasionally presents some 

Space Group Pl 

therefore, the probabilities, Eq. (3) are somewhat lower. Hence, it is 

show that the space group is Pl rather than Pl. In Table 10 the data 

symbol has been assigned to represent the phase were chosen one at a time, 

as nceded, to proceed with·the L2 formula and maintain very high 

probability values. The sequential. ap~lication of the L 2 formula is 
I 

shown in Table 14. S,ymbol 5!. was introduced at entry (25) while symbol g 

was introduced sometime after entry (64) because there stUl remained a 

triple products. 

1964b) are shown in Tables 9-16. The statistical averages in Table 11 

have been divided into the eight parity groups for hkl and listed in 

decreasing values of 1EI in ea~h group. The origin specific8tioq and the 

additional reflections to which a symbol has been assigned for implementing 

the ~ 2 formula are listed in Table 12. The reflections to which a 

even more important to use phase relationships based on the highest 

difficulties owing to the small number of equivalent reflections. Because 

FEhkl) is related only to F(h~i), there are fewer combinations of Ek Eh_k . ~, 

for each E
h 

in the L:: 2 relation, Eq. (1) or (2) .As a consequence,' .., 

among those reflections available for L:: 2' the Eh E
k 

Eh_
k 

products are 

usually not as high as in space groups containing more symmetry, and, 

XV I I - 22 
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Table 9. .kUUNE 
l.L. Karle and J. Karle (1964), 
Acta Cryst. !I, t356. 

Because 

>me 

t Space group Pr Final fractional coordinates 

a • 6.79 A Atom x y z 
b • 10.61 A 

C(1) 0.1382 0.3760 0.3810Ie, c • 13.41 A 
N(2) 0.0436 0.2501 0.4104a • 95.00 
C(3) 0.9407 0.2645 0.4999e 11 ~ • 97.30 

C(4) 0.1060 0.3114 0.6007r • 103.90 
C(5) 0.2397 0.2179 0.6134.ata 
C(6) 0.3522 0.2030 0.5180Z • 2 
C(7) 0.1747 0.1605 0.4231in 
C(8) 0.4181 0.0593 0.3307 
C(9) 0.2622 0.1396 0.3210and the 
C(10) 0.3588 0.2739 0.2888 
N(ll) 0.2141 0.3592 0.2825.lemen t illg .' 
C(12) 0.3126 0.4906 0.2606 
C(13) 0.3955 0.4852 0.1572:h a 
C(14) 0.5445 0.3937 0.1591 
C(l5) , 0.4348 0.2581 0.1854: a time, 
C(l6) 0.5723 0.1628 0.1871 
C(17) 0.4761 0.0307 0.2219 

~ C(18) 0.2726 0.9525 0.1517 
'. C(19) 0.3038 0.8145 0.1156l1a is 

C(20) 0.1005 0.7322 0.0461 
C(21) 0.9186 0.7254 0.0979fmbol g 
C(22) 0.90ll 0.8656 0.1342 
N(23) 0.0959 0.9365 0.2012ined a 
C(24) 0.0672 0.0648 0.2420 

not yet 

I, a 
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Table 10. Li.ting of .tronge.t lEI for jamine. 

u G G I E I G U G I[I U U G I E I
 

2 4 -10 2.98845 " -;'i 3.35682 2i 4
 

4 6 2 2.95572 3 8 8 3.26305 2 -1 -6 3~66796 -3-- 3 -8 4.44610
 

4 -4 -6 2.89561 - "3 b -i) 3.24035 4 -5 -6 3.27584-[ :"9- T - 3.14582
 

o 2 10 2.63352 --1 0- -"6 3.21171 2.68191 r ::r2 - 3. 141 79
 

4 -4 -8 2.46907 3 -4 O-T~06949 -4-~--i"~c;7&34 3 10- 2.97252
 

2 -8 2 2.91243 2 5 -2 2.52550 -1--1-10-- 2.75013
 

2.30045 -r 8--2" 2.76269 2.21237 -3-----1-~6- 2.6 71100
 

2 4 -8 2.12985 3 -6 -102-~70740 2 5 8 2.17930 3 3 -10
 

2 o -6 2.09591 3 2 3 14 2.05262 3 -1 8 2.47227
 

o 2 -2 2 

o 10 8 1.90050 -1 -7" 4 2.43441 

2 -8 4 2.02879 2 -12 2~-51943 -i -1 6 1.86843 3 5 o 2.38321 

2 -6 -10 -- 1.67600 --:f-2-':ij- 2.22297 

---2-6-0--T.66314 -[ ---=-i----=8- 2.19L72 o "9 0 1.82400 --3--:' 5 - 8. 2.36622 

2 2 2 1.60948. 6 o 13 -4 1~81960 -1 2 -2.21353 
'.' 

2 i.60242--3----i -8 2.12938 2 5---'6 1.80676-1-iT--::ij 2.01435 

1.79379 --3 -·:"3"-1"0-- 1.984922 - 3 o 

2 4 o 1.77213 3 -1 -4 -L95951 

._._._------
o 4 -4 1.52119 2.04271 2 -9 1.71100-3-1- T-- 1.82278 

4 -6 -8 1.73907 

2 -8 1.43689 2 -6-r:&3110 3 5 -8 1.10154 

1.56102 -r--::-,-::a-'- 1.68114 
--~ 

2 -4 -14 ", - lY- 1.65095 

4 6 -8 1.37993 .3 8 -10 r~89283 2 2 -7 12 1.5900-2 

2 o 2 5 -0 1.44974-T --9"-"/; 1.55891 

2 2 10 1.80&50 -"4 "0 1.55690 
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1.79460 

'rfl 

3 1.94639 

3 1.8Z274 

9 1.97273 

7 Z.381Z6 

Z.33991 

Jl 

5 

7 

3 

5 

u 

7 

5 -3 Z.Z9387 

-9 2.05173 

9 -3 Z.00917 

3 -7 1.65Z56 

-1 

3 - 11 1.87360 

9 

-5 -11 1.79334 

7 -1 1.74582 

-5 -3i'.67806 
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- 1 - 7 3 :761 oi 

5 -7 3.07064

-11 -7'T:Q6535 

3 Z.65483 

-1 -9 Z.444T2' 

3 Z.44005 

5 '2-:-41'630 

3 

3 

3 

3 

3 

3 

3 -5 -1 1.6Z841 

3 

3 

IE \ 

i .67982" 3 

1.78853 

1.59328 

1 ;40969 

1.34463 

1 ~57Z56 

31~63941 

7 

-11 

U II 

3 -11 

5 

3 

5 13 

9 -9 

-'3-'9' 3. 34460 

Z 

G 

2 

Z 

4 -5 -7 1.11597 

o 

4 

4 

2 

-"'0--'-'9- Z .Z84,.,j 

3 i~'lsZZ3 

1 :658i.6 

'-"Z--'---""7~~nZ 

I E I 

C~ 94225 

1.87206 2 -3 -15 

1.9930Z '-2---r-Q 1.66045 

z.2i2Ti 

:3 'L'S7664 -Z--I--7-'" L44760 

G 

4 -7 

4 

4 -11 

4 

G 

6 

.0 

-8 

-10 -9 

3 

1.. -Z -9' '-1:87328 2 -7 -9 

3 -10 -3 -Y~8Z453 4 -7 

31~0=-----,3:----;1-."9:-:;3""'0 18'---.,.Z,--' ....,.,7-~1~1 1:60388 

3 

3 

3 

uI E I 

1.84Z69 

1.47195 -1---o=n--l-:-86325 4 -9 -) "1.34718 

1.44923 

1.7i469 

Z .25TH -"'----;-6-~7--'Z'.'9 44 Z1 

1.76507 3 Z 3 Z~16Z88 

1 .75301 -"'-3--:-1""0---5:=----;Z'""."0'4 5 76 

Z.13211 

1~85565 -.,,-3----,-6--:-1-:-1---:Z'.-=5=3516 4 -5 -5 1.81479 

1.49911 

3 

9 

9 

4.8ZZ61 

3 "2.85483 -~3--""'2---'5""--3.40H1 

4 -11 

4 -1 

2 -11 

8 -1 

Z 

Z 

o 7 

4 -5 

2 -7 

2-D 

6 

G U 

2 

Z 

2 

2 -4 - 3 -r;-482's1 

4 -4 -9 'C;S6104 

2 -10 -1 1~5269'7 

4 -6 -5 

4 

Z -6 -9 

Z 

Z 

2 -6 

Z -Z 

Z 

4 10 -1 

G 

4 

o 

4 

o 

2 -=8--3 Z.86377 

- -4--8---::-rr 1. 62146 

-/

--Z--Z--1 1.78146 -3~6----;:9 -i.17405 -4--'5--1 1.72009 

.' 
" 

.:1: 

,14 

i92 

l07 

195 

,54 

353 

?78 

90 

15i. 

U5 

4Z3 

,22 

321 

441 

Z21 

013 

179 

25Z 

58Z 

610 

511. 
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Table 11. Statistical averages for jamine. 

Non-
Expe1;imental Centrosym. centrosym. 

I.. lEI) 0.728 0.798 0.886 

<IE 
2 
-1\) 1.083 0.968 0.736 

<IEI 
2 
") 0.994 1.000 1.000 

Table 12 •	 Phase assignments for specifying the 
origin and implementing the L 2 relation 
in jamine. 

h 0~ I E "{; I 

1 1 7 + 3.76 

2 1 4 + 6.88 origin 

3 5 2 + 4.74 

-, 
-0 2 10 a 2.63 

1)361 b 4.82
 

019 c 2.28
 

192 d 3.14 
~(:
 

02'2 g 2.30
 

) 

Table 13 • Space group Pi. 

X, y, z; X, y, Z 

F (h k 1) • F(h it I) !' F(h k 1) f F(h it 1) I F (h k 1) 

E • 1 for all hkl. 
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Table 14 . Appl1cation of L 2 in space group PI. 
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4 5 '6 b 2 1 6 a 1 1 7 -1 

10 6 ae 350 abc 358-
3 5 0 abc 166 be 241 

(19) l (23) 

1 1 10 ae 361 b 1 "9 2 .0 

2 4 10 b 205 e (28) 15 :3 
- -

350 abc 166 be 241 

) 
14£ + 258 ae 433 

106 ae 350 abc 2'14 

-
248 ae 108 b 241 

(20) lTI10 ae 2410 b 10"6 

352 + (24) 142 + 0108 

248 a.c 108 b 1102 

142 + 45"6 b 192' 

1 1 10 ae 35'2' + (29) 214-
258 ae 108 b 110 2 

3 6 11 e 1 9 2 d 361 

(21 ) 113 a (25) 2 4 10 b '2 4 l' 

-
258 ae 358 bd 110 -2· 

341 ae 3 5 8 bd 358 

1 1 7 + 350 abc 108 

258 ae 0108 aed 250 

(26) 
192 19'2 

2 5 8 ac d 

2 3 9' + 1 1 10 ae (30) 1 4 2' 

- -
481 ac 0108 aed 2 '50 

142' + 358 bd liO 2" 

341 ac 1 2 11 + 352 

~ 
-

43'3 bd 250 

(22) (27) 
361 b 106 

"'-.. 1 '9 2 d 2 I; 1 

"" 
- -

.~, 
433 bd 347 

(31) 
oio 8 
LL!. 
347 

.~ 

F(h kl~... . 0' _--.. 

E 
r '-~ 

- 1 for all hkl:~.__ 
. I. ,'_ 

-1 

1 

b-

t 

b 
-I 

1: 

s 
s-


d 
~ 
i 
d 
,"1 .,.>

b 
t 

d 

t 
t-

( 

( 
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(32) 

(33) 

(34) 

o r 10 a 
433 bel 

451 abel 

241 bd 
216' a 

451 abd 

113 a 
347 abed 

2 5 10 bed 

241 bel 
019 e 

2 "5 TO bed 

445 + 
341 abed-
1 8 2 abed 

341 ae 
2' 4 1 bd-
182 abed 

2' 5 10 bed 
338' a-
182 abed 

2 1 6 a 
4 j' 3 bd-
2 2' 9 abd 

241 bel 
o 2 10 a-
2 2' 9 abel 

182 abed 
3 6 11 e 

2 r 9 abel 

(36) 

(37) 

019' 
433 

446 

241 
2 0 5 
446 

2 "5 10 
2 1 4 

446 

446 
338 

1 72 

157 
229 

1 7 2 

214 
IS2 

172 

2 5 10 
1212 

112 

347 
239 

1 7 2 

341 
433 

112 

e 
bd 

bed 

bel 
c 

bed 

bed 
+ 

bed 

bed 
a-


abed 

e 
abel 

abed 

+ 
abed 

abed 

bed 
a 

abed 

abed 
+ 

abed 

ae 
bd 

abed 

(38) 

(39) 

(40) 

446 bed 
I 2 16 c-
3 2 10 bd 

111 + 
433 bd 

3 2 10 bd 

241 bd 
1 2 11 + 

3 2 10 bd 

258 ae 
172 abed 

3 2 10 bd 

446 bed 
106 ae 

340 abel 

3 2 10 a 
3 2 10 bd 

340 abd 

451 abd 
I 1 1 + 

340 abd 

433 bd 
113 -a 

340 abd 

2 5 10 bed 
1 1 10 ae 

340 abd 

446 bed 
g 10 8 aed 

462 ab 

340 abd 
1 10 2 d 

4 6 2 ab 
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2 9 6 bd 
157 e 

3 7; 1 bed 

296" bd 
2 5 i ab 

47;8" ad 

250 d 
3 4' 1 bed 

1 1 1 be 

2 8" 3 bed 
19'2 d 

1 1 1 .be 

2 8 3 bed 
110 2 d 

3 2 5be 

2 {; I bd 
1 6 6 be 

3 2 5 ed 

2 1 4 + 
1 1 1 be 

3 2 5 be 

108 . b 
3 7; 0 abd 

4 4 8 ad 

o ! 2. e 
3 5 8 bd 

3 7; 1 bed 

3 4 1 bed' 
14' 2. + 
2 8 3 ·bed 

2 '96' .bd 
o 1 9. e-
2 8" 3· bed 

(46) 

(47) 

(48) 

(49) 

(50) 

1 3 10 b 
1 4 2" + 
2 7 8 b 

3 2 10 bd 
1 9 2' d 

2 7 8 b 

1 2 11 + 
1 5 3 b 

278 b 

1 0 8 b 
192 d 

296 bd 

2 5 2" ab 
o 2 10 a 

278 b 

1 4 2 + 
35"8' bd 
-2 9 6 bel 

4 6 2 ab 
1 5 3 b 

315 a 

4 6 2 ab 
2 1 6 a 

278 b 

1 2 11 + 
2 r 6 a 

315 a 

1 1 10 ae 
205 e 

315 a 

361 b 
I 1 7 + 
278 b 

(44) 

(43) 

(45) 

b 

abed 
aed-

3 7; 0 abd 
192 d 

2 5 2" ab 

3 6 1 b 
113 a 

2 5"2 ab 

214 + 
4 6 2 ab 

2 5 2" ab 

2 '5 10 bed 
010 8 aed' 

2 5"2 ab 

\ 

172 
110 a. 

·1 3 10 
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(41) 

2 5 0 d 
3 '2 10 bd 

1 3 10 b 

2 5 2" ab 
r 2" 1Z a 

1 3 10 b 

) 
3 6 1 b 

(42) 2 3 9 + 

1 3 10 b 

338 a 
4 6 2 ab 

1 3 10 b 
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1 1 !. be 1 4 2 + 4 5 6 bed 

338 a 029 e 2 5 0 d 

447' abe 167 e 206 be 

3 ~ Q. abe 3 2" 10 bd 361 b 

(51) 117 + (54) 283 bed (57) 167 e 

447 abe 167 e 2 0 6 be 

341 ae 278 b 117 + 
108 b 1 I 1: be \ 1 1 ~ be 

447 abe 167 e 2 0 6 be 

447 --abe 1 3 10 b 111 be 
2 1 6 a 2 8" 3 bed o 2" 10 a-
2 5 r be 1 IT '7 ed 1 1 9 abe 

205 
- -

e 029 e 113 a 

(52) 4 5 6 b 1 9' 2 d 206 be 

2 5 I be 111 7 ed 1 1 9 abe 
(55 ) (58) 

3 4 1 bed 250 d 447 abe 
r 9 2" d 167 e 352 + 

\ 2 5 r be 1 11 7 ed 119 abe 

278 b 278" b 167 e 
251 be 3 7; 1 bed 2 5 2" ab 

029 e 1 IT 7' ed 1 r '9 abe 

3 2" 10 bd 3 7; 1 bed 1 5 3 b 
341 bed 1 r 7' + 111 7 ed 

029 e 456 bed 2 6 10 bed 

447 
- -

abe 361 b 214 + 
462 ab 1 11 7 ed 456 bed 

029 e 456 bed 2 6 10 bed 
(56) (59 ) 

3411 3 10 b 239 + bed- - 28"3 r 2" IT111 be bed + 

029 e 456 bed 2 6 10 bed 

43'3 bd 241 , bd 
029 e 02"9' 

456 bed 2 6" 10 ,bcd, 
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206 be
 
2 4 10 b
 

044 e 

III be
 
1 5 3 b
 

044 :8110 2
 
166 be
 

044 bed 
(60)
 

283 bed 
241 bd 

044 e 

2 5 10 bed 
29 6 bd 

044 e 

167 e 
12 IT + 
044 e 

456 bed 
0108 aed 

452 ab 

258 ae 
2 0 '6 be 

452 ab 

3 6 11 e 
1 19" abe 

452 ab 

341 ae 
III be 

352 ab 

447 abe 
019 e 

(61) 

4 5 2 ab 

(62) 

(63) 

239 
044 

21S 

lilY 
1102 

21S 

447 
2S2 

21S 
I 

456 
24 1 

21S 

214 
029 

2 Is 

352 
167 

21S 

044 
341 

305 

IS3 
4 5 2 

305 

182 
28'3 

3 0 5 

1 1 10 
21S 

305 

+ 
e 

e 

ed 
d 

e 

abe 
ab 

e 

bed 
bd 

e 

+ 
e 

e 

+ 
e 

e 

e 
ae 

a 

b 
ab 

a 

abed 
bed 

a 

ae 
e 

a 

(64)
 

283 bed 
2 6" 10 bed 

o 2 IT + 

029 e 
044 e 

o 2 IT + 
338 a 
31S a 
o 2 --13 + 

13 10 b 
1 5 3 b 

o 2 13 + 

2 39 + 
214 + 
o 2 IT + 

142 + 
12 IT + 
o 2 IT + 
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Table 15. Application of L: 1 in Pl 

2 
a3 JEthl (Eti l ) 

2 
~ s (J~li.-l) P+(E2it) .. \ + %tanhsE2h 2 3/2

°2 

044 Iii • 1.52 P+(O 4 4) .. 0.72 
022 (E2-1) .. 4.29 J (correct sign) 

482 lEI .. 1.36 } P+(4 8' 2) .. 0.68 
241 (E2-1) .. 3.75 (incorrect sign) 

Table 16.Set8 of possible phases based on the four unknowns, a, b, d and g 

1 2 3 4 ;; 6 i. 8 9 10 11 12 13 14 15 16 

a 
b 

+ + + 
+ + 

+ 
+ + 

+ + 
+ 

+ 
+ 

+ 
+ + 

d 
g + + 

+ 
+ 

+ 
+ 

+ + 
..:... 

+ 
+ 

+ + 
+ 

+ 
+ + 

No. positive 105 94 203 92 94 90 124 86 
No. negative 98 93 0 94 98 101 68 106 
No. indeterminuw 0 37 16 40 0 35 40 17 11 12 40 34 40 34 11 11 

EXAMPLE OF MULTIPLE SOLUTION 
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Eb E~ E _ product of 11 will give n P+ value of '95% while a tripleh k 

product:of 16 corresponds to P+ = 99%. 

It should be noted that in space group Pl, negative signs cannot be 

obtained from symmetry equivalent reflections, as in,f1pace group F2 /a,
1

for'example. Therefore, at least one symbol must be c1ssign~d to the phase 

determination wllich will have 6 negative sign. If the origin is specified 

by assigning negative signs, rather than three positive signs, merely the 

origin will be shifted by %in the a, band/or c directions, but there is 

still a need to obtain negative signs by assigning symbols to one or more 

reflections. 

In this example, signs of the structure factors, + or -. are used 

rather than the phases 0 or 7T. Accordingly, in the sign determination, 

the indices are added and the signs or symbols are multiplied. For any 

2
symbol x, x == + for centrosymmetric space groups. In the entries shown 

in Table 14, for many phases, there are multiple terms indicating the 

same symbol; however, there are only two relationships between symbols. 

Both of these relationships indicate that b = d with P+ = 0.99 and 0.86, 

and it will be seen that this relationship is incorrect. Sign determina

tion for additional reflections not listed in Table 14 yielded other 

relationships among symbols with relatively low probabilities. 

In an attemp t $.0 reduce the number of unknowns. the L 1 formula for 
I 

space group PI (Hauptman and Karle, 1953) was applied to two reflections. 

The details are shown in Table 15. In each case the probability that the 

sign be + is rather low. The L 1 ind ica tio'n tha t the sign of 044 is + 

And the L 2 result ~hat the sign of 044 is c, i.e. c = +, proved.to be 
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correct. On the other hand, . the L 1 a·nd L: 2 indications for 482 showing 

that bd ~ + or b = d. proved to be incorrect. 

Table 16 shows the sixteen sets of possible phases based on the 

unknowns a, b, d and g. Symbolc was assumed to be +. Two hundred and 

three reflections for which signs in terms of unknown symbols had been 

assigned were considered. At the bottom of the table are listed. the 

number of reflections with positive signs, the number with negative signs 

and the number of reflections whose signs were indeterminate because 

multiple indications disagreed with each other for particular assignments 

of a, b. d and g. Eight of the sets in Table 16 had 34 or more indeter

minnte phases as compared with 17 or less for the other eight sets and 

therefore were eliminated immediately. Furthermore set 5, having all 

positive signs, and set 15. having a predominance of positive signs. were 

not considered because an atom was not expected at the origin. 

Set 1 had a completely consistent set of phases,which is an _unusual 

occurrence. The E-map based on signs from set 1 was completely meaning

less. This is an illustration of a pitfall of depending entirely upon 

consistency in phase determination. Set 16 was the correct assignment for 

the un~nown symbols and yielded the E-map shown in Fig. 4. Although set 16 

not represent the most consistent set of phases. it was among the sets 

phases with a high degree of consistency. 
I 

Set 10 produced b map very similar to set 16, except that the whole 

was translated too close to a center of symmetry. Procedures for 

'},;?,obtaining the true position of a misplaced molecule will be discussed in 
",'1' 

of the following articles. 

Page 38



Cl2 

I :0 
+2 0 b sin Y - + 2" 

Fig. 4. Sections from a three-dimensional E-map for jamine 
computed with 286 terms with lEI) 1.36 and the phase 
determined by the symbolic addition procedure. 
Contours are at equally spaced, arbitrary levels. 
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I-< 

>
X 

1.0 
(V) 

"""I!'P~':.f!"""'':~.~~W'. 

~~:::.~~~.~;~~~;_:~:-=~~~_~~:::_:~~~.~-~~~~~~..::"+;;~,.i::~:s~-i~~f::;:s~~~~/·~:j:-~~~I-~~;·~}t.~~~~~, 
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In many structure determinations in space group pt, as well as other 

space gr~ups, it was i>0ssible to ,evaluate all the symbols from multiple 

indications for the phases and only one E-map needed to be computed. 

Examples in the literature are, ,for example, the structure of a thymine-

thymine adduct (Karle, 1969) and a thymine trimer (Flippen and Karle, 1971). 

The procedure ,described above has been used to solve a number of structures 

in space group PI in which there were four independent molecules in the 

asymmetric unit contoining from 64 to over 100' C, 0 and/or N atoms p·er 

asymmetric unit (see e.g. Karle and Fratini, 1970; Karle. J.M. and Karle, 

1972; and Korle and Karle, 1963). The latter ~eference, to cyclohexaglycyl 

with four independent molecules in the asymmetric unit, describes the 

first application of the symbolic addition proeedure. 

Many materials crystallize in the acentric space group P2 2 21 .l l 

example chosen for discussion is the phase determination for 

L-arg~nine dihydrate (Karle and Karle, 1964a) •. TIlis was the first acentric 

crystal solved by the direct method of.phase determination. The many 

II'
,;,.{!"points emphasized in the structure analysis are as valid today as they 

years ago. Tables 17-21 contain the normalized structure 

the initial Isteps in the phase determination and the final 

;coordinates. 'The I E
h

' were derived from the experimental intensities and 

':,W~l'earranged in pa'rity groups of hkl. Triples were formed from sets of 

'.: ~,~~'and 'l.!-~ associated with a. given l!. for these re'f1ections with the 

largest IE (values. Listings were made in the same manner as for centro

space groups. 
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Table 17. L-Arginine.2~0 

t.L. Karle and J. Karle (1964), 
Acta Cryst. !I, 835. 

'.J 

+(~N)2CNH(C~ )3CH(N~)COO-

1,. 

Space group P2 1212 Final fractional coordinates1 

a ::II 5.68 + .01 A Atom yx z 

b • 11.87 ± .02 0(1) 0.3022 0.4036 0.3231 
0(2) 0.3340 0.5832 0.2830 

c • 15.74 + .02 C(3) 0.2353 0.5047 0.3220 
C(4) 0.0072 0.5293 0.3724 

z .. 4 N(5) - 0.0839 0.6432 0.3524 
C(6) 0.0622 0.5186 0.4680 
C(7) 0.2546 0.5995 0.5002 
C(8) 0.3822 0.5478 0.5753 
N(9) 0.5532 0.6274 0.6118 
C(lO) 0.7315 0.5955 0.6633 
N(11) 0.7796 0.4862 0.6760 
N(12) 0.8579 0.6739 0.7016 
W(l) 0.5506 0.2790 0.6214 
W(2) 0.6222 0.2871 0.4356 

, . , 

'. 
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Table 18. Reflection data with IEr > 1.5 for L-Arginine·2H20. 

g g g IE I g g u I E I 

*2 12 0 3.20 p 
0 8 14 3.07 p 2 0 5 2.15 -tr/2+m 
2 0 12 3.05 1T-2a 2 0 3 2.04 -1(/2 
0 2 20 2.77 tr+P+s 0 8 7 1.98 1T+a 
2 0 8 2.59 1(+m 4 0 9 1.83 +11"/2 

*4 0 14 2.56 m 4 0 13 1.83 +11"/2 
0 
2 

12 
0 

8 
18 

2.52 
2.50 

p 
7T 

4 
0 

0 
6 

15 
15 

1. 73 
1.73 

+rr/2 

6 8 0 2.46 
2 0 6 2.40 if 2 12 9 1. 73 

*2 10 0 2.31 8 0 6 11 1. 70 
0 12 6 2.20 -rr+P 6 0 1 1.69 +-rr/2 
0 12 2 2.14 p 4 12 5 1.68 +1(/2+p 
4 0 6 2.08 0 2 8 13 1.65 0 
2 10 6 2.07 s 2 6 11 1.62 
0 10 6 2.04 7T+s 2 10 9 1.60 + 7f/2+s 
4 10 0 1.99 1T+s 
0 6 18 1.96 0 4 6 1 1.58 

0 4 11 1.58 p 
4 0 16 1.96 0 2 6 7 1.56 -rr/2 
0 10 14 1.92 8 2 14 3 1.56 
6 0 6 1.91 4 0 1 1.54 - 7(/2 
6 4 8 1.-91 -11"/2+p 0 14 1 1.55 
0 12 4 1.90 0 14 3 1.55 
2 
2 

8 
0 

6 
4 

1.87 
1.86 

+ 1r/2-a 4 
2 

8 
2 

1 
7 

1.51 
1.50 

.." 
s 

2 2 18 1.85 Tr+P+s 
6 
2 

2 
2 

8 
12 

1.83 
1.80 

-"./2+&, p+& 
..".+P+s 

2 10 12 1.77 & 
0 4 18 1. 74 
4 
4 
2 

8 
2 
0 

10 
16 

2 

1.69 
1.68 
1.66 

-"""/2 
--rr/2+s, .p+s 

0 
~. 

.' 
:., 4 6 2 1.63 
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Table 18. (Continued) 

u g g rEI 0 u g u t E' 0 

I
I

,,'
II 

':1 
,J 

'l 
'f 

!:f 

" ,I, 

f
,~ . 
t~1 
p~~ 

';.
1:1, 
'l.' 

:11 
·!i,

H' 
[:I.: 

:II~ 
nr,JI'·It' 
!, 

Ifr1"

!(
ill 

iii: 
!;.; 

~ I:'! 
II.· 
,I: 
'I 
I':,
1·11 
ljl
;.1, 
I, ' 

" 

*3 o 10 
1 0 4 
1 o 16 
1 14 0 
5' o 12 
5 0 2 
1 10 10 
3 0 14 
3 o 12 
1 12 4 
1 0 12 
3 2 18 
1 6 12 
3 8 4 

21 10 
3 o 18 
7 0 2 
1 12 6 
1 12 2 
3 8 10 
3 10 4 
1 0 2 
3 2 10 
7 0 4 
3 10 12 
3 0 4 
1 2 16 
3 2 4 
3 10 10 
5 8 6 
5 2 12 

3.46 
2.62 
2.24 
2.21 
2.19 
2.03 
2.03 
2.01 
1.95 
1.92 
1.90 
1.87 
1.83 
1.81 
1.80 
1.80 
1. 78 
1.76 
1.72 
1.71 
1.67 
1.66 
1.'64 
1.64 
1.63 
1.59 
1.58 
1.57 
1.57 
1.56 
1.55 

0 
m 

1T 

0 
0 
8 

.".. 
1f 
p 
0 

1T+P+s,+ 11"/2+_ 

7T+s 
7T 
...".. 

1T+P 
7r+P 

TT+s 
0 

P+8 

s 
0 

1r+p+8 
p+s 

11"+8 
- rr/2 
p+s, - ""/2+s 

*3 
*3 

1 
1 
1 
5 
3 
1 
3 
1 
3 
1 
3 
3 
5 
1 
1 
1 
5 

0 1 
8 3 
0 3 
8 9 
0 9 
013 

12 9 
12 1 
011 
2 3 
2' 9 
8 15 

12 3 
4 17 
8 5 
0 5 
8 11 
0 7 
8 7 

2.76 
2.31 
2.06 
2.05 
2.04 
1.93 
1.90 
1.82 
1.82 
1.77 
1.66 
1.64 
1.56 
1.55 
1.54 
1.54 
1.53 
1.52 
1.51 

+1T/2 
a 

+ 1T/2t:2a 

+."./2 
-TT/2 

+..,,-/2ft' 
+ If/2ft' 

+Tr/2 
-rr+s 

s 
7r 

+ 11/2ft' 

0 

0 
-rr/2.,,
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Table 18. (Continued) 

8 u 8 ,I' 8 u U , E I 

9 6 2.13 6 3 1 . 2.06 0 
1 20 2.09 4 9 9 2.04 1T+P 
3 12 2.00 -7T/2 2 3 13 2.01 1T+m 
3 0 1.97 4 3 7 1.94 ;r ,. 
s 4 1.86 0 3 1 1.86 
3 10 1.85 + rr/2 2 5 1 1.85 
3 14 
1 0 
1 14 
1 8 

1. 74 
1.69 
1.67 
1.67 

- Tr/2 

• 
6 1 7 
6 5 7 
411 1 
4 7 13 

1.81 
1. 74 
1. 73 
1.68 

+7r/2 
s 

4 3 6 1.63 -7r/2 4 7 11 1.66 V+e 
2 11 0 1.63 0 2 3 19 1.61 0 
0 
0 

3 12 
7 6 

1.58 
1.50 

- Tr/2 
+rr/2+a 

6 
2 
4 

3 
9 
7 

7 
1 
1 

1.54 
1.52 
1.50 

0 
7f+P 

IS 

U U 8 1II .. U U u IE' 

3 3 0 
5 3 14 
3 11 4 

2.17 
2.12 
2.08 

- 1r/2
-Tr/2+m 
1f-a 

5 
3 

.5 

3 3 
3 11 
1 13 

2.15 
2.04 
2.04 

• -rr 

3 3 10 2.05 -1f/2 3 3 15 1.91 0 
3 11 10 1.74 7T 1 3 17 1.89 0 
3 1 16 1.68 3 5 5 1. 70 
1 
3 
1 
S 
5 

9 10 
1 10 
3 6 
7 10 
3 8 

1.66 
1.63 
1.59 
1.56 
1.52 

-102+p

•
+1f/2 

-1f/2+e 

3 
3 
5 

'5 
3 
5 

3 
9 
3 

1. 70 
1.59 
1.55 

-V/2 
0 

- "'/2 J 1f+p+e 

1 
5 

9 2 
1 12 

1.52 
1.51 

+ 1f/2+p 

1 5 0 1.51 
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- -h k 1 h k 1 

-a -a 

rr-a n-a 

n-a -a 

-a n-a 

o,1T g g 0 

" 

" 
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h k 1 -h k 1
 

g g g} a·
 -au u u
 

g g u}
 a -au u g
 

g u g}
 
u g u a TT..a
 

g u u} ex n-a
u g g 

o g g' o;rr gOg
 

0 u u ±Tr/2
 u 0 g o,Tt u gO ±TT/2 
0 u g ±TT/2 g 0 u ±1f12 guO o;m 
0 g u o;Tr u 0 u ftT/2 uuO "± IT/2 

Table 20. Phase assignments forspec1fying 'the 
origin and implementing the sum of 
angles formula. 

it JE r " 
3 010 3.46 0 
3 3 0 2.17 - n/2 
3 0 1 2.77 +11/2 
2 12 0 3.21 p 
2 10 0 2.31 8 must be 0 or n}4 o 14 2.56 m· 

3 8 3 2.3,1 a 

10k 02 ,0 0 1 l. • 
h 0 0
 

E;. 1 for all
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The application ofEq. 4. 

1f""' 
0. 

1T 

(11) 

'II 

Jr.. 
'1T+m 

-1T/2 
1T 

,+rr/2 

-11 /2 . 
(12) 

+#/2 

-,r 
1T+m 

1Il 

+1f/2 
1T+m 
-IT/2+m 

(13) 

0 
m 
m. 

0 
m 
m 

(14) 

':5 
3' 
2 

1 3' 
311 
0 8 

m 
1f 

1T+m 
m-rr 

1 
1 
2 

0 
0 
0 

4 
4 
8 

m 
m 

0 
(15) 

(9) 
5 
4" 

'1 

3 3 
o 14 
3 17 

m 
m 

0 

3 
r 
? 

0 
0 
n 

1 
4 
l: 

+1t/2 

1Iim 
.-.r' 1'1 ._ 

~- 0 5 -tr/2+m
 
1 0 4 1[+"'"
 
1 0 9 +11' /2
 

3 0 1 +1f/2 m..1T 
2' 0 8 
1 0 9 -11' 2+m:¥7f.
 
3 0 10 II
 
1 3 17 0
 
4 3 7 -rr
 
1 0 4 7T-m
 
5 3 3 m
 
4 3 7
 If 

1 0 4" If+m
 
3 3 11 ]f

4 3 7 m
 

ill .tr 
2 0 8 If+m 
6 3 r 1f 
4 3 7 iD. 

2 12 0 p 
1 0 9 +l}/2
3 12 9 11" 2+p 

'2 12 0 p
 
3 0 1 +'1f /2
 
1 12 1 1T/2+P
 

3 12 9 1T/2+p

'2 0 8' 0
 
1 12 1 if/2+P
 

2 12 1 P 
1 0 4 0

1 12 4 -p
 

1 12 r 1f+1T/2+p
 
2 0 5 + 1T" /2
 
1 12 4 p
 

3 12 9 -1112+p
'2 0 5 - '[/2
 
1 12 4 p
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2 12 
2" 0 
o 12 

0 
8 
8 

P 
0 
P 

3 
1 
2 

o 10 
0 I; 
0 6 

0 

JL 
If 

(16) 

3 12 
3 0 
012 

T 12 
1 0 
o 12 

9 
1 
8 

T 
9 
8 

if/2+p 
-1i /2 

P 

1T+ 1T/2+p 
+rf/2 

P 
(18) 

4 
2" 
2' 

6 
I; 
2 

o 14 
0 '8 
0 6 

3 1 
3 7 
0 6 

1f 
0-1T 

,If 
0-Tr 

1 12 
1 0 
o 12 

4 
4 
8 

P 
0-P 

3 
1 
2 

3IT 
3 17 
0 6 

-rr 
0-1/ 

1 
3 
2 

0 
0 
0 

4 
1 
3 

0 
- 1["/2 
-jf/2 

'2 
4 
2 

3 13 
3 "7 
0 6 

1f 
0-1f '/. 

'J 

(17) 
3 
5 
2 

3 
3 
0 

0 
3 
3. 

11"/2 

~ (19) 
3 
'2 
1 

8 
0 
8 

3 
6 
9 

a 

:II:
Tf+a 

5 
'3 
2 

3 14 
311 
0 3 

rr/2 

-1f72 
'3 8 
6 3 
3 11 

3 
1 
4 

1[-a 
0 

1f-a.. 
'3 

2 
5 

3 
2 
5 

o 10 
0 8 
0 2 

0 T 
0 3 
0 2 

0 
0 
'0 

- 1f'/2 
- 7f" /2 

1T 

X 
(20) 

(21) 

1 8 9 
2 3 13 
3 11 4 

3 8 3 
r 0 9 
2 8 6 

1T-a 
0 

Tr-a 

-a 
-rT/2 
1I/2-a 

3 
2 
5 

3IT 
3 13 
0 2 

1r 
0-n

(22) 
2 12 
'2 0 
O 12 

0 
6 
6 

P 
-rr 

1f+p 
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X (28) 

X (29) 

1f+a 
-TT/2+a 
11"/2+2a 2a-o;rr 

-a 
if/2-a 
rr/2- 2a 

11"-2a 
-if/2 (30) 

iT/2-2a 

-a 
1T-a 
-rr-2a 

I 

-0 
8 

(31) 
I 

JI. 
iT+s 

I 

- 0 
8 

1T+s 
...:II.

I 

1 10 10 
1 0 1+ 
o 10 6 

2 10 "6 
2 o 12 
o 10 6 

2 10 0 
'2 0 6 
o 10 6 

1 0 4 
1 10 10 
o 10 14 

2 10 6 
'2 0 8 
o 10 14 

4 10 0 
4" o 14 
o 10 14 

1 10 10 
2 0 8 
1 10 2 

2 10 6 
1 0 4" 
1 10 2 

o 10 6 
1 0 4" 
1 10 2 

J o 10 
J 8 J 
0 8 7 

J 11 4" 
J 311 
0 8 7 

xv tr - 45 

s 
;I-:rr+s 

I 

7[-2a 
17"+s-2a 

s 
-rr 

iT+s 

a.O,lT 

0 
I 

I 

I 

0 
e 

...,,-+s 

...:lL 
I 

V+s 
0 

rr+s 

I 

JL 
Tf+S 

""+s 
0 

-rr+s. 

If" 
-8 

1T-a 

Let a-o 
det'm 
enantio 

a on
1T+a 
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be 0 or IT 
(41) 

1 0 3 
r 12 1 
o 12 2 

3' 12 9 
-3 011 
o 12 2 

+ T,/2 
- Tf/2+p 

P 

-1/I2+p 
+"rr/2 

P 

1 
2 
3 

0 
3 
3 

3 
13 
10 

- 1f/2 
0 

-1(12 

, 
- 1r/2
"+ Jf/2 

0 X 

(42) 
1 
4 
3 

6 
3 
3 

0 3 
3 7 
3 10 

3 1 
011 
3 10 

1T12 

-02 

1f 
Tf/2 
-1112 

11 
0 

1/ 

+Tr/2 
+TC/2 
if 

0 
,..1L 
7f 

(43) 

o 12 2 
4 3" 7 
4 9 9 

3 3 10 
1 12 r 
4 9 9 

P 
J[ 

1T+P 

-Tr/2 
-7r/2+p 
"[(+P 

Tr 
0 

-rr 
- Til2 
+1C/2 

0 'I 
"'2 TO 6 
r 10 10 
1 o 16 

8 

7f+8 
If" 

1 
0 
1 

8 9 
8 7 
o 16 

-n
0 

Tr 

oro 6 
1 10 10 
1 o 16 

1/+S 
8 

If 
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;1
1 , ~ I' 'f 

.Ill:!:! 
0 11 3 3 - Tr/2

i/l' J 3 10 0litll " 
I" 

2 0 12 1L. 1 0 12 0!ilij i 
:'11: ! 5 0 2 0 4 3 12 - rr/2I. ,
"I 
:~'f 3 0 1.Q. 0 5 3 3 -rr: 

f' 
2 0 8 0 (45) f 0 9 Til 2;'I ~ 
5 0 2 0 4 3 12 -7r12II: i 

'11 ',II 
3 0 1 -Tl/2 1 0 3 - trl2'Ii! ,I' '11': 2 0 3 - Trl2 3 3 15 0 

II: :1 
5 0 2 TI 4 3 12 -T!2

~'i ! 4 0 14 11 3 0 10 0f", 1 0 16 7f 3 3 10 tf/2
I:!,} 

:I! ~ 0 -rr/2 
.~..iI,! 5 0 2 6 3 0 

1>:[ 
4 0 14 Tr 2 0 12 'rr{' 1 0 IT TI 4 3 IT !fin

I/;:!; 
5 0 2 0 6 3 0 -7f 2rr,\I:' It 3 3 11 Tr 5 3 3 7/' 

: oj' 

r'il' 2 3" 13 0 1 0 3" 
~ 

! :If~ 

,.11 ' 5 0 2 1T 6 3 0 if 2
kJ,: ' 
IP;I" 

IT'II 2 3 'If 3 3 11 7r 
'I!' ' 

fr 
3 3" 15 0 3 0 IT - TI/22 -

rr!2 
II,,:: 

5 0 rr 6 3 0I'I'! 
l( 

1IIIli,:! 4 10 0 7f+s 2 0 8 0t fl''.' 1 10 2 -rr+s 2 0 8 0pi! 
5 0 2 0 4 0 16 0liF 

I:" 

(46)II!i;: 
4'' l~i"! 1 0 0 1 0 3 1r/2

I':'
'.:" 2 0 18 .JL 5 0 13 -](/2
I,::., 
I~:: 

3 0 14 rr 4 0 16 0 
I,;: 

,tl:' 
2 0 5 +1T12If..1 ~ 

H ('44) 1 0 9 +[/2,p
i"l; 3 0 14 1rIlii!i' 
/I 

1/:' 6 3 1 
I 3" -l' 3 15 0 

3 0 14 If 
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Table 22. An application of the l: 1 formula 

i~ symbol I: l P+(E21t) 

0.142 12 0 P 
0.152 10 0 8 

+ 0.724 8 0 n+p 
0.27o 12 8 p 
0.28o 10 14 8 

... 
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In space group P2 2 2 it is mest convenient to specify t~e

l l 1 

(Karle, 1974) by assigning phases to three two-dimensional reflection 
'j.-,' 

.,. 

shown in Table 20. In addition to the origin specification, most acert 

space groups require another specification to 

morphs and lor axis direc tion. Often, the enant iomorph spec ificationca' 

made at the beginning. However, at times it is more convenient to prod 

with several reflections whose phases are assign~d symbols and when 

symbols are evaluated, one of them, in effect, will serve to choose 

enantiomorph. rn order to proceed with the phase determinatton 

reflections with the largest IE I values, it was found necessary 

symbols to four reflections, Table 20. Three of the assigned 

s. and m, can have only 0 or Tr as their values. These symbols 

to reflections of the type ggO and gOg. In this space group, 

of these types of reflections are invariants, i.e. 

ortgin selection. The fourth symbol ~ is assigned to reflectipn 383 

is a general reflection whose phase may have any value between 0 and 

We shall see later that the symbol ~ will serve to select 

The phase determination is initiated with the lise of formula (4). 

The indices of the reflections are added and the phase va lues are added. 

Again, it is imperative that the strongest reflections are used initially 

to insure the best values for the phases. Since the phases are used in a 
, 

step-wise fashion, anlerror near the beginning can generate a whole sub
I 

group of incorrect phases. Table 21 shows how the initial ph:lses were 

used to obtain other phases of reflections witll large lEI values. Entry (2) 

uses a symmetry equivalent, J 0 10, of an origin specifying reflection, 
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SYlIlrllctry equiv.:llents for P2 2 2 are shown
1 1 1 

and (12) have multiple indications [or the 

probably has the value 1T • 

for a number of reflections were inconclusive. 

o 2. after entry (17), and for reflection 

o and 1r were indica ted and thus the phase was 

at this point. It has been found from experience that 

from three two-dimensional hases [rom the same zone which 

pure imaginary. e.g. 

o 

o 

indicate_an erroneous phase even though each reflection has a 

It is best to avoid these types of combinations whenever 

Eqs.(l), (2) nnd (4), or at least to use them cautiously, 
~;'<"t"~r 

~.~ll space groups except Pl and Pi. 

The	 phase of reflectio~ 0 3 1, after entry (34), also was not detcr

this point since all indications were rr, whereas the space group 

that the value be ±. TT/2. S~milarly for the phase of 0 8 14, 
J.; ,~ 

:~fter entry (37) which should have the value 0 or If and was indicated as 

I 

Later in the ;phase determination, the phnse of 0 8 14 was shown 

be p which mus t have a va lue of 0 or7T . 

The enantiomorph was effectively selected by choosing a value of 0 

the symbol!.. This seemingly odd statement is based on 

the co~sideration that the phase of the reflettion 0 8 7 is determined by 
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....., 
a choice of the value for a. If tile reflection 0 8 7 having a prescribed 

-' 0' 
" 

value is combined with the originally chosen ones, 3 0 10, 3 3 0 and 3 0 1, 

whose values were specified p we have the 0 8 7 and the first two to specify 

the origin and the 3 0 1 reflection to spec ify the enantiomorph. In this 

context, a value could have been assigned to the 0 8 7 reflection initia tty, 

however the sequence that was used wns selected because I E I 1.s somewhat
087 

small and forms relatively few interactions as defined in Eq. (4). An 

examination ~f the phase values in the parity groups in Table 18 shoWS that 

in each group the phases are mostly 0 orlf with few :t. '1f /2 values or they 

are mostly ± 1112 with fe\v 0 or "1, values. This condition indicates that 

among the reflections with the stronger I E I values, the enantiomorph does 

not control many phases in this particular structure. Nevertheless, the 

structure could not have been solved without an enantiomorph specification. 

The values of symbols p and s have not been, indicated \'lith any 

certainty in the application of Eq.(4). One alternative would be to con

tinue the structure determination with four different sets of phases based 

on p = 0 andlT ,and s = 0 and 'if With large computers this is no problem. 

However, there are other relationships whi~h define phases in terms of struc

ture factor magnitudes which may indicate the values of p and s. The forms 

of the L 1 relationship of interest to P2 2 2 are:
1 1 1 

S '" S L (_01+ ( IE2 I -1) (13)E2h2kO If'
h 

hkl 

S E f ..., S L (-1) h+k (EI 2 I -1) (14)
02k2 hkl , h 

and S E f. ..., S L (_l)k+P (IE2 I -1) (15)'
2h02 I, hkl 

with the associated probability: 
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(16 )~+(E2h) ~ ~ + l tanh 
v 

In this structure, it ,WJiS possible to apply the 1 formula to 

several reflections with the results shown in Tnhle 22. In space group 

P2 2 2 ' the 2: 1 relations can indic:lte either'" or - sinns for thel l 1 

two-dimensional reflections, in contrnst to space group PI where 2:'1 

can have a large probability only for + sign indic~tions. Although the 

probability in each determination is not very hi~h. the over-a 11 

probability, taking into consideration three determinAtions for p and 

two for s. is considerably higher. lIence it appears thAt both p a.nd s 

have the value 7T 

The phases as listed in Table 18 were then given n\llne rica 1 values 

on the basis that p = s :0 m = TT and a = O. Most of the values are 

0, Ii and + TI/2. In a.everal instances, the phase indications were 

mixed, e.~. (- TiI/2+s and p+s). When such a mixed indication occurs 

near the beginning of a phase determination, both values are assigned 

to the reflection and both are used for determining additional phases. 
I 

When the time comc~ tQ.~ssign numerical values to the symbols, mixed 

indications like (- ,,/2 + Si P + s) are averaged; Le. if 

p = 8 =Tr , then the phase va lue is '. 

[<.11/2 + " > + (/I +1/ » /2 - [+i/l2 + O}2'.....H 7//4 .• 
remembering that 2lr =O. (Each indication is 

" 
_'IT". to +,,7t l, and thennumerical values are reset to be in the range '" 

the numerieal values are averaged.) 
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The~e approximilt~ phase values were then used as input values 

into the tangent formula, Eq,. 5, for the purpose of reCininp, the initial 

phases and for extendin~ the phase determination to other reflections. 

Two cycles of the tangent formula were performed on the initial set of 

phases. Reflections were eliminate,d if (1) the number of contributors 

was less than 3, (2) if the phase chan~ed by more than 2.0 radians or 

(3) if the I El calculated from the tangent formula was less than some 

minimum value such as 0.5. Reflections which are ellminated from any 

cycle in the application of the ~~np,ent formula nre reintroduced into 

the next cycle with unknown phases. 

After the initial phases are refined by the tangent formula, 

phases for additional reflections are derived. The reflections are 

added in groups of -100 in order of decreasing lEI ancl one iteration 

is made for each addition. The addition of new ref.lections in decreas

inp, order of lEI values has the effect of wei~hting in which the 

8.tronger reflections have a greater inf1u~nce on phase determination 

than those with moderate lEI values. In general, for those. reHections 

which must have special phase values, Le. O,7( or + 1(/'), the 

computet' program resets the calculated value to the nearest special' 

VOl lue. Two pages reproduced from the computer print-out of :to' phase 

I 

expansion by the tanr,eint formula are contained 1n the Appendix. 

The effec t of the number of re flec t ions on the E-map is shown in 

Fi~. 5. Although the E-map computed with IE/min = 1.4 contains all the 

peaks for the molecule, the extraneous peaks cause confusion. 
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Fig. 5. Three dimensional E-maps for L-arginine' 2H20 that were computed:'" 
with normalized structure factors, E , as coefficients. The 'phases were,

hderived with the symbolic addition procedure. ' (1) 137 data with lEI, i = 
1.50, (2) 200 data with lEI· = 1.40,. (3) 300 'data with lEI i = tp.~S 
and (4) 400 data with lEI m!n-l.OO •. ··;The peaks marked with crgt8~es,are 

min ' 
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.Additional datri eliminates or minimizes extrAneous peaks. Mrlps with 

l EI 
min 

near 1.1 or 1.0 8.. re quite adequate. 

The procedure described for space group P2 2 2 CAn he app lied to
1 1 1 

mos t other acentric space groups with minor mod i fica t ions. Deta Us for 

phase determination for other structures in P2 2 2 ', P4 2 2, and .Aba2
1 1 1 1 l 

have been published (see e.g. Karle, 1970; Karle, Ottenheym and 

\Htkop, 1974; Karle and Karle, 1970). 

Space Group P2 
l 

The specification of the enantiomorph in P2 (or the aXi~l
l 

direction in a space r.roup like Aba2) cannot be ~1de directly at the 

beginning of the phase determination. In space group P2 ,the origin
1

is specified by assi~nin~ the value 0 to two reflectlon,; [rom gOu, 

uOg or uOu and to one reflection of the type hit In order to develop 

the phase determination by means of the sum of an~les formula, Eq. 4, 

one or more symbols will need to be ass igned. The enant iomorph will be 

determined by one of the symbols representing a phase different than 

o or Tr , preferably near 7r /2. In the examp Ie for reserpine (Karle 

rind Karle, 1968), four symbols were assigned, one at il time, as needed, 

! 
to implement the sum ?f angles formula, see Tahles 23-27. Symbols 

II and b were assir,ned to hof type of rerlections <lnd therefore 

could have only the values 0 orTr. Ther'! were nlJlnerOUS relationships 

indicating that a :: IT and b == 0, as shown in Table 26. Symbols t and 

8 were assi~ned to hki type of reflections and could hove Ilny value from 
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Table 23 

I. L. Karle and J. Karle, Acta Cryst. 824, 81(1968). 

Labora~ory for the Structure of Matter
 
Naval Research Laboratory, Washington, D.C.
 

a 

sp.gr. P21 
8 14.45 
b 8.98 
c 13.37 
~ 115.2° 

·2Z 
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,1)
Table 24. Space group P21 

X, y, z; x, %+ y, z ( b axis unique ) 

k even:	 a(h k 1) ~ --a(h it i)
 
a(h k 1). a(h k 1)
 

a(h k 1) F a(h k 1) 
k odd: a(h k 1) • 11"--a(b it 1) 

Q(h k 1) • Tr+a(h k I) 

Table 25. Phase assignments.	 4) 
;' 

~ 

h IE'hl 0h' 
003 2.07 0 

1 0 2 3.12 11* origin}
12 1 8 4.46 0 

IT 0 4 2.90 a (0, tr) 

103 2.94 b (0,"") 
6' 7 2 2.38 p 

11 1 1 2.69 s 

* In specifying an origin the value of zero is ordinarily
 
employed instead of T.r. The value r.r was inserted here in
 
retrospect because it improves the placement of the molecule
 
in the unit cell.
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kr 
.Application of It h ~ <" k + ""It _~) .... to reserpine data • 

'6 7 2
 
102
 

0
 
a
 

a 

'0' 
8 

.ft' +8 

1)' +p 
1t' 

p 

P 
fL 
fr +p 

b 
a-

a+b 

0
 
b
-

b 

b 
0 

b 

b 

P-
b+p 

(9 ) 

(10) 

(11 ) 

(12) 

IT 1 2 
751 

663 

6 6 6 
003 

663
 

IT 1 8 
6 6 3" 
675 

'6 7 2 
003 

6 7 5 

IT 0 7 
6 7 2" 
'6 7 5 

6 6 3 
f02 

7 6 1 

675 

b 
b+p 

p 

p 
0 

p 

0 
f-
p 

p 
0 

p 8
 
8 
1Y +p 

1'( +a+p 

p 

IL 
fr +p 

p 
663 

012 
:E... 
0 

7 5 1 
7 6 1 
012 

b • 
1/'+b-p 
1T+p 

b 

0 

(13) 

(14) 

(15) 

675
 
102 fL
5 7 7 rr+p 

ITI 8 0 
761 1I'+p 

577 tr+p 

574 17'+p 
003 L.
.5 7.7 

'6 7 2 
761 

i3 1 J 

o 1 2" 
13 0 5 

o 1 J 

IT 1 8 
13 r 3" 
105 

1 0 2 
003 

105 

761 
666 

105 

"5 7 7 
672' 

105
 

p 

1T+p 

a, a+b 

0 
1L 
1T 

1r 
0 

11 

rr-p 
P 

tr'+p .. 
-p 
fr. 

11 
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IT 1 8 o 
(16 ) 12 0 7 8 

011 8 

11 1 1 S 

(17)	 011 8 

IT 2 2 8+S 

IT 1 2 - b 
. 

(f8)	 11 1 1 1C±!. 
2" 2 1 fr+b+s 

o 1 1 8 

7 5 1 ~ 
762 8+b+p .E:y
7 6 1 1l'+p . 
003 o 
762 tr+p 

(19)	 ) _ 
663 p 
1 0 5 L 

Il"'+pI 7 62 

\ (; 7 5 p 
13 1 3 ~ 

\ 7 6	 2 'rr+p 

(20)
 

'.' .;' 

IT 1 8 0 IT 1 8 
Or2· 'Jr.. 7 5 1 

IT 0 10 

003 
IT 0 7 

1Y 

0 
a 
G 

5" 6 9 

IIT 0 7 

IT 0 10 8 J ;:: 
(23 ) 

~ 6 6 6 IT 0 5 11'+8 
105 a 103 

12 0 10 rr 569 

6' 7 5 l~ 0 10 
675 761 

12 0 10 5" 6 9 

_. 
12 1 8 
o 1 1 

12 0 9 

(21) 

~~6 
6 6 3 

IT 0 9 

762 
IT 1 1 

'473 

(22) 

IT 2 2 
7 5 1 

473 

7 5 1o 
105 

856 

1Y+8 

(24) 
13 T 3' 
569 

856 

1r+p 
s

S1)"+P+8
8+b • 1 

8+8 

ktL 
8+b+p+S 

o 
b+p 

b+p 

p ..
 
b
 

b+p . 

.1r 
~ 

p 

8 
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IT 1 ~ b
 
13 1 2 fT+b (25)
 

020 1T

8
IT 1 !. s 
11 1 1 11+8 (26) 

o 2 0 '1(+28 

IT 1 ~ b
 
13 1 5 11' +b (27 )
 

020 ff 

IT 1 l 1'1' 
13 1 3 0 

o 2 0 1T 

"12" 1 8 0 
12 1 8 1Y (28)-

f(o 2 0 

012 0 
012 Ij( 

020 1r 

011 8 
o 1 1 11 +a 
o 2 0 11" 

(29) 

12 0 4
 
103
 

11 0 7 

11 0 7 
103 

TO 0 10 

10 0 10 
105 

IT 0 5 

11 o 7 
13 1 5' 
2 1 2 

12 1 8' 
10 0 10 

212 

13 1 3 
11 0 5 

212 

762 
IT 0 S 

467 

663 
10 0 10 

4' 6 7 

67 5 
2 1 2 

4' 6 7 

a 
b 

a+b 

(30) 
8+b 

b 

a 

8 
-rr 

fr+8 

8+b 
1r+b 

11'+8 

1T' 
a 

1'r+8 

(31) 

0 
-11'+8 

1(+a 

11"+p 
-1'(+a 

8+P 

p 
8 

a+p 

p 
8 

8+P 
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12 1 8 0
 
2 1 2 «+a
 

102 10 "(+a 

10 0 10 a
 
020 -rr
 

10 2 10 fr+a 

10 1 b
 
012 tr+b
 

f(111 

102 1T 
o 1 1 1T+a 

111 a 

574 1r+p
 
663 -p
 

111 1T

G13 1 3 0
 
IT 0 4 8
 

111 8 

5' 7 7 «+p 
666 -p 
111 11' 

-"11 0 5 1r+a 
102 fT 

IT 0 3 a 

IT 1 2 b
 
111 0
 

IT 0 3 b 
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10 2 10 
o 1 1 

·rr'+a 
'fI'+a 

. 

10 1 11 0 

(32) 
10 0 
o 1 

10 
1 

8 
8 

(36) 

10 1 11 0 

IT 0 9 
2 1 2 

10 1 11 

O,1T+a 
+a 

-#t+a, 0 

1 3 13 
11 o 10 

2 1 7 

12 0 4 
to 1 11 

0 
8+b 

a+

8b • 

8 
0 

0 

(37) 

217 8 

10 1 11 
13 1 3 

3 2 8 

0 
....Q.... 

0 

; (34) 
2 1 7 

l ~ 
1 1 

2 8 

8 
a 

0 

(38) 

/ 2 1 7 

I 102 

319 
'<3') \ 

! 

3 £ 8 
o 1 1 

, 3 1 9 

a 
1r-
fr+a 

0 
tr+8 

11+8 

10 2 10 1'(+a
 
102
 - ff _ 

'9 2 12 a 

IT 0 4 a 
328 0 (39) 

9" 2 12 8 

fY 

8 

:~·V 
-p 

(40) 

IT 0 7 a+b
 
lOS
 fr...

IT 0 2 fr+a+b 

11 0 5 1Y+8
 
103 b
-IT 0 2 1YDa -1( 

10 1 9 a
 
21'7 a+b
 

12'0 2 b 

(41) 

12 0 7 8 
212 -1r' +a. 

10 1 9 

467 a-p 
672 
~ 

10 1 9 

4 7 3
 
666
 

10 1 9 f1"+s 

1 2 2 
-12 11 

- - 8 5 6 
467 

IT 1 1 

IT 0 2 
011 

12 1 1 

13 1 3 

' 12 1 1 
7 6 2' 

5 7 3 

-6 7.2 
11 0 5' 

5 7 3 

a+s 

b 

a+p'
i 

212 1r+a 
76 1 fT'+p 

5 7 3 

577 p 
10 0 10 a+b 

,573 a+b+p 

6 7 2 p
 
12 1 1 b
 

661 b+p 

12 0 2"
 
663
 

661 
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5 7 3 a+p
 

....:E
a
 

·f1+a 

~ 
a 

11 
0 

11 

12 0 2 f(+a+b 
003 0 

IT 0 5 lI+a+b 

11 0 7 a+b 
-r.-.102 

12 0 5 1t+a+b 

@p a =11666 
661 !?.:.e. 

12 0 5 b 

10 1 12 a 
21 7" a 

IT 0 5 0 

12"2" 
9" 2 12 

a-a 
a 

8 0 10 

IT 1 1 
319 

8' 0 10 

-8 

s 
a 

a+s 

X 
(44) 

5 7 3 
o 2 0 

5 9 3 

a+p 
.iii 

1f+a+p 

10 2 1.Q. 
5 7 7 

593 

675 
1 2 2" 

~+a 

--...e.... 
-fr+a+p 

B 
a+s 

593 a+p+a 

11'+a 
0 

13 1t+a 

(101 9 
. 1..0 3 

'1( 

0 

I 9 1 12 ' ·rr 
.. 

(46) 

574 
10 0 7 

11 0 5 
102 

10 0 7 

10 1 2
012 

10 0 7 

10)IO 0o 1 2 0 

10 1 12 a 

11 0 5 IlT'+a 
2 1 7 a. 

9" 1 12 tr' 

(a- 1'1'+a(=0) ) 

569 . 'tr+a-p 
4 7 3 ,rr+a+p 

9' 1 12 a+8 

10 1 9 11 
o 0 3 0 

.f(IT> 1 12 

10 2 10 '1'T+a 
o 1 2 fT 

10 1 12 a 

.8 (47) 

11 :8 (45) ~ 
I 5 7 3 

569 

10 1 12 

a+p 
fr +a-p 

·rr 

0 
17"+a-
1}+a 

IT 0 10 
2 1 2 

10 1 12 

"if 
1r+a 

a 

\ 

467 
6" 7 5 

10 1 12 

a-p 
....L 

a 
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IT 0 7 
012 

11 1 9 

10 1 11 
102 

IT 1 9 

666 
573 

IT 1 9 

10 1 12 
103 

11 1 9 

i:Q 1 11 

a+b 
o

aD
 
o 
'fi 

11 

~
 
-~
 

!±L 
a 

a 
!L. 
a 

'JT' 
473 Itt!. 
668 

12 0 7 
661 

668 

10 1 11 
13 1 2
3 2 9 

, 
: (50) 

856 
5 7 3 

329 

10 1 12 
13 1 13 

3 2.9 

0 
-1l" +b 

1r+b 

b~p 

!.!E. 
a.fob 

®.O' 
a 'Sr. a 

-o ' 
a 

2 1 2 if'+8 11 11 s 
IT 1 9 'a 011 a 

9211 1T IT 2 2 a+s 

(51) 
329-- a+b 7 5 1 

12 0 2 ·rr +a+b (52) 473 

9" 2 11 

9" 2 11 
,328 
12 0 3 

12 1 1 

1T 

Ifr 
o-
·rr 

IT 2 2 

IT 0 4 a 
1 2 2 a+s 

IT 2 2 8 

11 2 2' a+s 
(53) 9 2 11 1l'012 

a • 'fr 
IT 0 3 a b • 0 

P • + -Ir/2 

9" 2 12 a s • 1l"'
 
32 9' a+b
 

12 0 3 b 

249 

IT 1 2 
12 1 1 

1 2 1 

2 4 9 
328 
12 1 

) Correct set of phases: ! 

/ 

12 0 3 

11 0 5 
102 

12 0 3 

13 1,2 
1 r 1 

IT 0 3 

9 1 12 
31 9 

iT+b 

a 

b 
o 
b 

fa 
1T+a 
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rabl. 27. LUt of 'II: I for r...rp1De. 

E PHASE u G G E PHA SE G u G E PHASE U lJ G E PHASE
G G G 

-12 ~-r&-- ~:~ ~ ~g ----~~. ---i---i--~:#H---~ii----}---{ ---';~r:'-r~r;~rr6n~:-------~~-t;Gr-----r~-"-1 *8-~~: 87;1~8§""4r----

-E~ 2 Ig J:~~j ~_ &--L.3:iiU------~l ...._ _;~---ll..l.:g~~~:...:..<i~>-t~I_l,~J...!~'---~-cJ.l~~~_!I--*~-2f-7-'·4~~6~gJ---
_.14 2102.4283 -9 6 42.27'66 0 1 22.4438 -3 7 22.1086
-Iv 2 I) 7.3189 -1 2 2 2.2452 -(, 1 2 2.3845 -7 3 10 2.0715 

(1 ~ i~ 2.267" ·tt ~ l 2.~lk5 ~ 5 6 z.3Jl~ T 1162.6536 
--t1' 4 422321 1 2 02.1161 -14 1 82.3194 -3 3121.9601 

8 6 6 7.·211R -11 I) 10 2.1585 4 1 2 2.2056 -17 3 6 1.9559-i8 () 16 2: 1'8"5'1) r 2- '-"-g-- 'Z'~7J772£4~--~.;;2--T[-~2--;.2.....*!)~542¥[---=--,!>-9;,--;5~---16~-l1'-'.~9~Cn/.;.5---
-8 8 42.1510 -3 0 42.0247 -4 7 '21.9599 -5 9 41.8772 

-12 0 ..7.. 2~ n·n· . - ,..,9,... .2--U --1 ~-9-1·B~-----'-=-1!__'4~-1~~e~-1l---'9~S;>J4r..lQ;l.-------"~9l.--J,1--J.1-4:2-.J,.1-.ll.8o.6~71tr..---
-18 (1 8 2.1211 -13'~ 6 1.9451 -10 1 12 1.9414 -3 1 6 1.8499 

4 0 8 2.0147 9 0 2 1.9192 -4 1 8 1.'1262 3 1 4 1.8318
 
" 6 2 2.eS83 B" 2 1~6'662 "5 12 1.fl7~T S T l 1."""6
 

-12 4 8 2AO?41 -1 0 6 1.8305 -6 1 10 1.8632 7 5 4 1.7558

;;i· --+ -~-+:-s~n---:-l~ 4---2---i~-n&9- i~-;-l ....-·-~4----~ :-7~-7i,,~ng---::::+lr.~--3rl-ilr~T--;lr:'-j;r'i~i-lJrc;ge----
-II) 6 81.9585 -9 001.7423 -2 3121.7262 -9 116 1.700R 
-10 4_ .. a-. J .... 9412.-- __ - - -d.l_-_(l., ....u... - l... .74.01- ... --- -=6. . .} --- -4- --,1!-<."-:7~)t:5~O~------"-~9'--~1--.l.J -- !..}o_+I_.~6~9 ~8!;-z


12 4 2 1.'1777 -11 0 4 1.7195 -4 ') 8 1.7;)43 -3 3 6 1.6832
 
--8 2 10 1.8765 -17 2 8 1.7087 '3 1 10 1.6862 -13 1 6 1.6712
 

6 6 e i.a"al i e 6' i .6~e4 1" 5 8 i .6TH 17 1 a 1.61tT1
 
o 0 10 1.8226 . -3 4 12 1.6834 6 5 2 1.6765 3 1 8 1.6470 

~. ~ --~--t:-~~i- - --.+-,-+-.~ ---t-;-g ~ ~ 9--- ~-@-h-~;;--T-l"':~~6r-l ~~6;T-----:-=-ir'~~---:~f-~~;--;1'-":-;;~"'~,;..r"'~---
-8 6 6 1.7891 -7 e.. 4 1.0703 -10 9 6 1.6623 9 3 4 1.5788 
-4. 6- 8 _.1..10_13___ ._J'_-S-- . ...2--l.-.-b611 _52c7tJO,u6~----=4----!Z~~6~-!I......t;(,~5~6~8L-----J.I-_+l-~4-~J
-4 4 8 1.72'16 -11 4 2 1.6304 -8 ') 8 1.6512 -3 1 12 1.5549
 

I) 4 2 1.6848 1 6 0 1.5947 -4 1 6 1.6234 -11 I 8 1.5498
 
8 " 16 l.6fl6T 11 I, 6' 1.556Z l S l 1.62ee '; S 2 1.5ZEl3
 

-18 2 13 1.6187 -1 6 10 1.5468 -12 3 8 1.6136 7 7 2 1.5187
 
-10 0 12 1.6563 -11 6 6 1.5327 -12 1 16 1.6049 1 I 10 1.4914
·_-_·s, 'r---o- r;Cli67-- ~-T 2 --:-:-i8;------;1r----1[n4O----;['-'.'-i6~O:-;:O:--'2;-~---=--{1~-43-.:.r6-T-l.!-.i..-sTU;- ;"48mo~[-;'---

2 8 4 1.'5981 -5 10 6 1.4993 -4 9 8 1.5794 5 1 2 1.4764 
2 .2--_B.-.l. 5863 -5 6 7 1. 48~9 .__. ~---'-~7-+1~G-J..J~5L79~4Gt-_-_-~5~~7r-----"2~-l).-..!t4'tl6J:jB~5---
8 (1 4 1.5fl38 9 4 0 1.4749 -10) 10 1.5770 -I 9 6 1.4591 

-14 0 6 1.5731 -9 4 6 1.4736 0 3 12 1.5694 3 5 8 1.4523 
t6 6 6 1.S6~2 7 8 6 1.t,6tl~ 16 T "koS56'1 ~ 5 16 1.1,198 
-6 2 41.5138 3 '} 61.4686 -8 1 Ie 1.5470 15 1 ') 1.4033 

6 2 2 1 • 4596 <; 0 R 1 • 4 <; '3 5 4 -'7l----i2;---;1;...!.'"'5;.::2i-.'91{2c--__~-..;7-_4_3-_;r4_*-1"'.4;;;O;n2~0:r--__
':;;8 --T·-·/t-r.ii?l11 1 r--6 [.4~01r----T~-3 4 1.4995 -130 [ 8 [,3959 
-12 8 4 1.4331 -1 0 8 1.4344 -4 5 1(\ 1.4983 -13 1 4 1.3918 
--6. 2.__ l.CL_l.io'!i2-9.... __ . ",-5-...6-.._~.l...-~ .L'"----l..----D- +1....!>4~9b.6~3-.---=-,j.3-~5)........_,1!__2~__!JL_...;3~9~O~4L---

-12 0 12 1.4313 <; 0 6 1.4060 8 1 4 1.481'16 -11 1 10 1.3716 
" 0 41.40137 1 4 41.4056 16 1 01.4762 7 7 01.3645
 
2 Z "i."fl6'l 13 l 2 1.3967 18 1 6 1.'r762 9 5 6 1.35~8
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Tabl. 27. (cOllttllued) 

-e-
G G u t.: P,",ASE u II E P'::.-A~~·ll- '" 3' ,., 3.6%" ASE u u u E 

---"-- -10 
1 11 3.02
 

-12 " 7 3.;n02 -11:' 7 :J.5244 .14 3 9 2.S8
-I'. 413:1.)1')7 1,') 32.')4'.9 .10 1 92.4S 
-12 0 9 2.')7SI -13 0 5 '1.9956 

16 0 1 ;.5751\ -11- 0 112.090.9 , 2 1 7 2.41
 
2 4 9 2.5(54 -9 ~ 11 2.5&62 4' 7 3 228
 

-4 t' 11 2.S31.11 1 - :5 2.4408 ;rr 1 1 2:18
 
--1"2- e ,~ 1 • 5 n ~ IJ If 5 l • 318 8	 ..... __ ,?":-----'z'=_ ' .. AL...,.......,.........-10 4 11 2.4070 -13 4 13 2.3126 c'"- ~ _~
 

-4 6 7 2.3185 -11 0 5 2.2729 -I~ 7 1 1.9943
 
b 6 1 2.3649 ,1 4 9' 2. r721' -14" "5" '""""9'" T~<l-go---""",,+;'--T---;;.-.::r-;r+im----'
 

-10 ~ 9 2.3619 -5 6 9 2.1555 -2 5 1 1.9554
 
-6 6 3 2.3518 -1 2 1 2.1(l9"3 ,.,.·l.8..· L- S--l 9414
 

-14 4 9 2.22~0 -') n 1 2.0849 -12 1 9 1.7399
 
-10 0 7 2.2162 -13 J 9 2.0769 -I~ 1 9 1.9348
 

--tr--r- 1 z.hb\ 15 '3 1 l.e1be 
-12 0 5 2.13'J5 -1 6 1 2.:)5)1) (' 1 1:8428 
-2 4 1 2.'lQ96 3 2 9 2.0042 -12 1 1.8354 

o (\ 3 2. 867:3 - . -B 4 . T L9,TIl --c-- 3"-..+-~~:rr-----=-;,r--T--r-T-'-;;.rirTr----; 

-6 2 32.0494 -15 (l 51.9435 -16 3 
-10 2 13 2.0:))7 -3 8 11 1.9095 ,...10-..,- ,1

6 6 3 1.9499 -S 6 1 l.nao -l2 3
 
-12 8 9 1.9219 -11 4 7 1.8'l16 -16 5
 

4 0 ') 1: u6 30 -13 C 7 1.8284 -1 t' 3 
- 2 2 1 1 • d04') 15 2 1 1 • 73 3 ') ---,--:"r.-'_~'5r-----'r_-f-'~Tbo_---!+-+_-+__+~rnr_--1n " 1 T".7Tb7+ =,' "If- s-"r~----':::14 1 

-12 4 9 1.7445 1 6 9 1.7164 4 3 
--8 (\ 3 1.13..5-0,-- .,.'} -!L--ll-L-..l.ll2-' ..a-,' ..}_-+_+--~~----=~-;~~'--+_~*--

8 6 1 1.1321 1 2 9' 1.6930 -12 1 
-14 2, '9 1. 73 Oil -1 B 5 1.6156 -;> 3 

-10 4 9, 1.1302 1 2 1 1:6656 -1') 1
': l~ A'"1 ~-- t:UN--- --'+-~H: gHg -----,-;:8r---.,.;;3:---r-~rrn'*----::+-_'r__,:_..:;.__+.!..f_iH_Z;___'__, 

-2 0 131.6101 3 6 1 1.6092 -10 
-8 . 4 .. -9---~Q6----._.,.~ ..-2~+l-~5.S-- - ..4_~_ 
-6 & 5 1~6365 ~13 2 1 1.5983 -10 

2 0 1 1.6175 -11 2 1 1.5961 -1~ 

-10 2 15 1:6-055 -7 2 5 1:5182 -1':' 1 7 1:4107 
4 01 1.5863 3 4 9 1.5332 -4 5 9 1.3984

":8 --6 '')-,-. 'ITn =1 r -A----,--'l..,3T3----~-S---r-T-l"-.3TfJ"'S""5.:------;---r--;---;--=-J::7:+r-
2 2 5 1.5658 SOl 1.5297 14 1 1 1.3869 

-6 4 3· 1. s.s54- .....---=11..---? .1-1.--1.525.2-- ....d ...:l_--3.. L -J..-l_3;)..a~5:>.3"------,=-!---!-......."~-+-,,,~,,-.......,, 
-4 4 71.55311 7 6 11.5018 -IR 1 71 • .3556 

8 2 5 1.5465 13'; 3 1.50C4 -4 1 7 1. 3488 

-8 

-l~ 
o 

I)

2 
0 

9 

..~ 
7 

1:4616 

l:'iH~ 
1.3985 

-IS? 

- -j ,~ 
-3 4 

9 1:4844+- i·:~~~ -
11 1.4527 

-14 3 1 1:3371 -15 

.. -~j--i-,---+-}·~~--_-:,-l1'-i5o_---'2-~--r-Hrrr--"j 
2 3 1 1.2000 -13 

-1\ 
-14 

2 
0 

Q
7 

1.3nu 
1.3100 

-9. 
1 

'-8~ 13 
1 

1.4.5Z!l
1.4499 

- ... 4_.. 
-12 

L_. .9--..L..2..1.Lb.------!~~!-~-+_*~-_'7, 
5 5 1.2-70'8 -.7 

-Ill 2 1 1.368? 5 6 9 104485 -16 5 7 1.2673 -11 

-=lri 
8 

-4 

~ 
8 
fl 

\~ 
5 
1 

1:3601.' 
1.35fl2 
1.3519 

-1 
-11 
-13 

0 
I)
Z 

3" 
3 
3 

1:4463 
1.4338 
1.4337 

0 
-4 

'-12 

<) 5 1:2608 
1 5 1.2598 
T-TT-l..Z5"9S-

-5 5 5 1:3395 
-3 3 11 1.3209 

--=rT-r.........-r. 
-12

It 
-10 

2 

~ 
2 

3 

~ 
1 

1.33110 

t:~H~ 
1.3191 

-13 6 7 

-~ ~'lf 
-13,) 3 

1.4028 -14 

l:jg~~_lt 
1.3915 10 

3 

'~ 
1 

7 

~ 
1 

1.2569 3 5 

·t:~1i--··--:::·lf-+ 
1.2262 5 5 

7 

~ 
5 

1.3083 ';

tJ@H--: 
1.2895 
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- 11 to + 7T. Symbol! appeared to have a va lue of 00t' 7T from severa 1 

indications that were contradictory. There were no indications for 

symbol p; therefore it was arbitrarily assigned the value +7r/2. This 

assignment arbitrarily chose one' of the enantiomorphs and introduced 

phase values other than 0 or 1f. From experience with a number of struc

tures in space group P2 (b axis unique). a symbol assigned to an hkl
l 

reflection where k is considerably different th~n zero. i.e. k = 4 ~ 8. 

usually has a value near ±.1T/2 and can be used for 'enantiomorph speci

fication. Refinement of the pha,ses. and determinat ion of phases for 

additional reflections with the use of the tangent formula. Eq.5, was 

performed for the two pos,sibilities with s = 0 and 8 ~ IT. E-maps for 

both possibilities showed tnat the latter choice was correct. 

An E-map computed with phases determined directly from the structure 

factor'magnitudes does not always reveal the completc structure in noo

centrosymmetric space groups. The phases in theacetric case take on 

values, between 0 and 271 and are not as accurately determined as in the 

centrosymmetric case where the phases must be either 0 o.r IT. In the 

determination of reserpine. Fig. 6, the largest peaks in the initial 

E-map corresponded to the 16 atoms depicted by the solid circles. To 

derive the remainder of the structure, the tangent formula, Eq. 5 , was 

used with phases base(~' on the known partial structure (Karle, 1968). 
, I 

Phases were accepted for those reflections with lEI'> 1.5 and 

IFcalcl> k 'FobS' where k is approximately equal to the fraction of known 

TItese phases were used as inptit into t!le 

refined 

constant 
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Fig. 6. Reserpine 0 C 

Tbe solid circles mark atoms which appeared
the initial E-map based on phases from the 
symbolic addition procedure. The shaded circles, 
open circles and X' s mark the atoms as they C(36J 
appeared in three successive E-maps based on phases 
obtained from the partially known structure and 
refined and expanded by recycling with the tangent
formula. The ~ mark indicates a spurious peak which 
disappeared in the later E-maps. 
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reflections with unknown phases as the. number of ioit 1a Hy known ph~ses. 

Subsequent additions each doubled the numbef'of unknowns. One cycle of 

tangent formula w~s run for each group. Those phases with a sufficient 

number of· contributors (N >) and a large enough I E I I (greater than . . ca c 

0.5) were accepted And added to the known phase~ for use with the subse

quent group having lower I El values. Phases were determined forreflec

tions with lEI> 1.0 and a new E-map was computed which showed 34 atoms 

of the molecule. The remaining 10. atoms were found in two more rounds 

of partial structure calculations. When 34 a,toms were known, a conve.n

tional difference IMp may have been as effective in locating the 

remaining atoms. 

Many st1<uctures in P2 have been solved 1n a simi lar m:tnner, for
1 

example, stTophanthidin with 59 atoms in the asymmetric unit (GUardi and 

Flippen. 1973). 

Sunmary 

A period of more than ten years· elapsed between the publication of 

.the inequalities (Karle 'and Hauptman, 1950), from which the phase 

relationships deri-ve, I and the advent of the symbolic addition procedure. 
- I 

Among the problems in applying the theory to practice were the dearth of 

definitive indications from the and 8 ,0 formulas, asL L) 3I
, 

indicated by the probability measures, and the inaccuracies imposed on 

these formulas by regularities in the distributions of atoms in real 

crystals. The realization that phase determination (or a crystal could 
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be pursued with the L: relation by use of a small numher of symbols
2 

~epresenting key phases, with careful application of the appropriAte 

probability measures, was the basis for the development of modern 

crystal structure analysis. 

With the assignment of phases specifying the o,rigln, and the 

morph and/or axis directions as required, it has been found in practice 

that no more than five symbols in all representing unknown phases are 

needed to implement the phase determination. 1nese symbols are assigned}
::\' 

" 
as needed in the L: 2 or sum of angles formulas, Eqs. 1,2 Ilnd 4, 

consistent with high probabilities or low variance, Eqs. 3 and 6. 

the phase determination, relationships develop amon~e symbols, 

some of them to be defined in terms of others. Usually some of the 

symbols, and, at times, all of the symbols can be assi~ncd definite 

numerical values. F'or those symbols for which a specific numerical 

could not thus be determined, there exists a multisolution condition. 

Symbols representing phases that can have ,only two va lues, such as 0 or. 

1T in centrosytrlnetric space groups or :!:. .,r /2 in space ~roups such as 

P2 212 ' for example, yield 2n possible sets of phases where n is the
l 1 

number of symbols. On the other hand, it hilS been found from 

that four va lues such as O,7T , :!:. Tr /2 or :!:. 'rr /4, :!:. 3/4 'IT , 

sufHc ient to represen~ the numerica 1 possibilities of symbo Is' assigned ';' 

to reflections that cln assume any value between -Tr and + -rr . 
n

fore	 such symbols give rise to 4 possible sets of phases. 

Various criteria have been developed to assist in evaluating the 

multiple sets of. phases as being the most probable, or at least among 

more probable, to yield the correct E-map. Some of these criteria are:. r. 
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1. Consistency: TIle correc t se t of phases will be among the mos t con

sistent :sets but will not ne.cessarily be the most consistent set, as has 

been illustrated by the structure of Jamine ·in the example described for 

space group Pl. 

2. Distribution of phases: In centric space groups, the phases should 

not be predominantly 0 (unless there is an atom at the origin) and in 

acentric space groups, the phases should not be all 0 and If. It should 

be borne in mind, that in centric space groups like PI ~nd R3, e.g., at 

least one symbol must be assigned a negative value in order to introduce 

negative signs. Similarly, in acentric space groups like P2 and Aba2, 
l 

e.g. at least one symbol must be assigned a value other than 0 or 7(, 

preferably near 1: 1f /2, in order to specify the enantiomorph and/or 

axial direction and to introduce phases other than 0 and IT. 

3. The reliability factor R: After using the tangent formula, Eq.S, 

.calculated	 I~I values can be obtained for all h by taking the square 

root of the sum of the squares of the numct"ator and denominator of the 

tangent formula. That is, 

K IE 1
2	 

(13)
h calc 

and the IE I va 1ues a re norma lized by
It calc 

(14)K = 
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5\. 

L:IIEb.lcalc- fEhlobSI
The residual R = (lS) 

L:/E~'ObS 

often has the minimum value for the correct set of phases. 

4. Auxiliary formulas: Phase values for some reflections may be 

ind ica ted by formu las. such as L:: 1 ,L:: 3 and 8 •
0

, among· 0 thers • These
3 

indications may be helpful in choosing the correct set of phases, or at 

least, in eliminating sets of phases-with a low probability of being
 

correc t.
 

5. Packing considerations: At times,. it is obvious from the size of 

the molecule and the shape of the cell that certain low order reflections 

mus t ,have particular phases. For examp le, in space group P2 (b axis1 

uriique), if the b axis is short, and either the 200 or 002 reflections 
. ,

has a large' E I value, the phase must beTTso, that the molecules do not 

approach each other too closely around the 2-fold screw axis. 
, 

In the examples described in this pnper, the inititll phase
I 

determination was performed manunlly. Most of the idens presented in the 

manual application of the phase determining procedure have been 

incorporated int6 c6mputer ,rograms. Some of these p~ograms will be 

described in detail in the succeeding papers. Some of the computer 

programs retain the. use of symbols. Other comPuter programs replace the 

unknown ~ymbols by multiple values, usually four values for general 

n
phases; hence 4 (where n is the number of reflections whose phases are 

represented by the equivalent of. unknown s~bols) sets of phases are 

developed. In the numerical procedures, schemes similar to ones described 

here are used to reduce the number of possibilities which need to be 
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Appendix A. Refinement of initia~ phases with tangent formula for 3,4
dihydroxy-L-proline (Space group P2 2 2 ).

l l l 

L
K
 88S R CALC f.l (olt;$ E: CALC E N 

10 3,1 4 .0 3,1 42 2.6 9 0 2,176
4
4 

o
 
5
 

4.000
 
-1,5 7 0 -1 ,~;72 2,610 2,530 5.000
3
 

3 
1 
2 
o 
4 
3 
7 
4 
3 
o 

o 
3 
o 
o 
3 
6 
3 
2 
3 
5 

2 
7 
8 

10 
5 
5 
o 
2 
1 
3 

0,000 
1,5 7 0 
0,000 
0,000 

-l,5 7U 
0,000 
1.57 0 
3.1 4 0 

-1.5 7 0 
1.57 0 

0,000 
1, 57 0 
0,000 
0,000 

-1,4 9 4 
0, 47 0 
1,,71 

-3,1 41 
-1. 484 

1.!)]1 

2,'20 
~,420 

l,J 4 0 
~,320 

~,270 

2,2 5 0 
~,190 

~, 1 8 0 
2,1 6 0 
2,l~0 

2,/17 
2,181 
l,464
o•J71 
2,700 
1, 941 
2,666 
~,125 
1.748 
2,497 

14.000 
12.000 

9.000 
12.000 
11.000 
5,000 
4.000 

12.000 
15,000 
10.000 

1 3 -1,57 0 -1,712 2.0 60 2, ..H7 7.000
6
 
9 1 5 -1,5 7 0 -1,992 ~,U.sO 1,250 5.000 
1
 1
 8 0.000 O,~l~ 2.0 3 0 .1, '82 6.000
 
2 1 1 -1.570 -1,4 8 6 2,010 2,216 1.3.000
 
6
4 

3 o 3,1 4 0 J.1 42 2.010 1.795 8.000 
5 5 1,57 0 1,3 73 1,990 1,~80 7.000 

5 o 2 3,1 4 0 3,1 42 1,~70 2.723 9.000 
l, YJ O1 3 5 1.57 0 -o,2~9. 0.304 7,000 

2.2 7 3 7.0006 4 4 3,1 4 0 3,019 1.920 
3.1 4 0 3,1 4 1 1.910 2.682
3
 4 6.000
2
 

,1, 680
0,000
 0,000
 2.'41
10
1 
4
1 

2
 
3


2,000*
 
8 0,000 -0,001 1,1320 2.158
 7.000
 
3 1,57 0 1,!:)71 1,7 9 0 2.550 11,000 
4 0,000 0,178 1,7 8 0 2,01 9 5,000 

1. 1'0 

7 
9 2
 

3,1 4 2
2 3 3.1 4 0
 1.161
o
 14.000
 
8 o a 0,000 0,000 1. 14 0 2.261 16.000 
5 2 a 1,57 0 1,571 1,7 4 0 0.594 10,000 
1 2 4 0.000 0,101 1, 73 0. 1.966 11,0t'0 

3,1 4 0 "3,139 1, /J O 0. 97 38
 1
 2
 3,000
 
3.1 4 0 3,1 4 2 1.720 2, 75 0 

1,6!;)4 
61 o
 9.000
 

7,000
1. 720
4
 5
 1
1, 57 0
 •747
 
199
 

3
 
4 o 6. 0,000 0,000 1,710 1
 8,000


1' 49 0•3 o 3,1 4 0 0,000 1,710
4
 11.000* 
1,'00 2,014 9,000 
1, 64 0 2,901 3,000 

1
 5 1.5 7 0 1.5 7 13
 
7 a 7 1,5 7 0 lt~/l 
9 o 1 lPl, 57 0 .. 1,!'71 1,,90 1.633 

-1. 57 0 
6,000


5
 . -1,,71 1.'30 1. 8 13
1
o
 11.000
 

·~·rACTeRS FeR CALCULATED VALUES .. ~, 0.2524 

5,' . 

~i. ,/ *b These reflections were rejec ted because N<3, IE Icalc <0.5, or ~ changed 
;,,<',',y more than 1.6 radians. They were added to the succeeding cycle with un· 
~I;,';" .knoWn. phases
h~~C . • 

{:',>:..I~:.'"

':}~'::>, "
Karl (1970),e •1 ~.: 

f. ,'<I·No.te: For reflections that have special values for phases, 
\,I'~; '; ,:; .... , such as 0 or""". the calculated phase values are reset 

l
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Appendix B. Expansion of phase determination with tangent formula: 
First addition to initial phases. 

K l., 88S R CALC R 8t:jS l: CAl.C E N 

0 
5 

4 
4 

10 
3 

3.'1 4 2 
... 1,550 

3,1 4 2 
-1,550 

2,6 9 0 
2,610 

2.430 
2.140 

4,000 
5.000 

3 ° 2 0,000 0,000 2,'20 2,392 12,000 
1 
2 

3 

° 
7 
8 

1,556 
0,000 

1,5~6 

0,000 
2,420 
2,.$40 

2,211 
2,112 

11,000 
9.000 

° 4 
3 
7 
4 
3 
0 
6 
9 

0 
3 
6 
3 
2 
3 
5 
1 
1 

1.0 
5 
5 

° 2 
1 
:3 
3 
5 

0,000 
-1,51 8 

0,009 
1,5 7 1 

-,s,11':> 
-1.357 
1,5 71 

-1.839 
-2,2 42 

0,000 
-1,518 

0,009 
1,5 7 1 

-3,115 
-1,3 5 7 
1, !:)71 

-1,839 
-2,242 

2,.520 
2,2 7 0 
2,2 5 0 
2,1 9 0 
2.1 8 0 
2,1 6 0 
2,120 
2.0 6 0 
2,0.50 

0,881 
2,369 
2,0 9 2 
2,123 
2,1 7 3 
1. 728 
2,1 79 
2,0 4 2 
1,.558 

12,000 
11,000 

4,000 
4.000 

11,000 
15.000 
10,000 

7,000 
5,000 

1 
2 
6 
4 
5 
1 
6 
3 
3 
7 
9 
0 
8 
5 
1 . 
1 
4 
4 
3 
7 
9 
5 
4 
6 
5 
1 
6 

1 
1 
3 
5 

°3 
4 
2 
4 
1 
2 
2 
0 
2 
2 

° 5 

°1 

° ° ° 3 
5 

° °2 

8 
1 
a 
5 
2 
5 
4 
4 
8 
3 
4 
3 
0 
0 
4 
6 
3 
6 
5 
7 
1 
7 
a 

° 9 
8 
4 

0,235 
-1,379 
3,1 4 2 
1,485 
3,142 
0,560 
2,930 
2,912 
0,0 9 8 
1,6 9 8 
0,2 8 1 
3.1 4 2 
0, 000 
1,57 1 
0,339 
3.1 4 2 
1,666 
0,000 
1, 53 1 
1, 57 1 . 

-1,5 71 
'"'1,5 7 1 

0.000 
0.000 
0,000 
0.000 
0.000 

0,235 
-1,3 7 9 
3,1 4 2 
1,48 5 
3,1 4 2 
0,560 
2,9 3 0 
2,912 
0,0 98 
1,6 9 8 
0,2 8 1 
3,1 4 2 
0,000 
1,~j71 

0,339 
3,1 42 
1,tl66 
0,000 
1,'31 
1,~)71 

-1, ~nl 
-1. 57 1 

0,000 
0,000 
1,5 71 
3,142 
0,~09 

2,0 3 0 
2,010 
2,010 
1,990 
1, Y7 0 
1,Y30 
1,Y20 
1,Yl0 
1,820 
1,7 YO 
1,78() 
1,1~0 
1,/40 
1, 74 0 
1, 73 0 
1,720 
1,/20 
1,710 
1. / 00 
1, 64 0 
1,59 0 
l,',sO 
1.710 
2.2 4 0 
2,100 
1. 98 0 

. 1, 68 0 

2,373 
1,593 
1.643 
1.'54 
2,370 
1.282 
2,022 
1. 964 
2. 494 
2,277 
1,794 
1.510 
2,189 
1.324 
1,:;57 
2,.5 9 3 
2 147 
1'835. 
l,~6a
2. 3 
1.530 
2,620 
1.720 
0,726 
0,000 
1. 864 
1,798 

4,000 
13,000 

8,000 
1,000 
9,000 
6,000 
7,000 
6,000 
6,000 

10,000 
5,000 

12,000 
15,000 
10,000 
11.000 

9,000 
6,000 
8.000 
9.000 
3.000 
6.000 
7,000 

10,000 
4,000 
0.000* 
2.000* 
6.000 

3 
3 

6 
3 ° 7 

0,000 
0.000 

-1,,71 
-1,337 

1.6 7 0 
1,65 0 

O,ti57 
1, 647 

9,000 
5.000 

2 
8 

3 
1 

1 
1 

0,000 
0,000 

1,929 
2,tl18 

1.6!)0 
1,64 0 

1. ~84 

1.087 
8.000 
6.000 

1 
2 
2 
1 

0 
4 
2 
1 

7 
2 
2 
5 

0.000 
0.000 
0.000 
a•00 a 

1,~;71 

-3,OB2 
-0.4H4 
-2,252 

1.6Jo 
1,010 
l,t>10 
1.~OO 

1,585 
2,003 
1,622 
1. '10 

7,000 
8.000 

10,000 
9,000 
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1 
a 
3 
5 
1 

. 1 
2 
2 
6 
1 

9 
6 
5 
3 
1 

0,000 
0,000 
0,000 
0,000 
0,01)0 

-1,747 
0,000 

-2,9 3 0 
0,]lj9 
1,~b4 

1,()OO 
1,~90 

1,~70 
1,'j60 
1,~~0 

2.105 
1.259 
1.458 
1,335 
1. 033 

1.000 * 
6.000 
7.000 
2.000 * 
5.000 

5 4 8 0.000 -,,974 ~J~~Q ~.11.~_ fJ •.0_0_0 
5 5 3 0,000 -2,226 1,~20 1,556 2.000 I
7 4 1 0,000 0,000 1,'j20 0,000 0.000 +
2 3 2 0.000 1,l)j4 1,'20 1,694 4.000 
2 5 4 0,000 -1.289 1,'20 1,692 1.000 + 
7 3 7 0,000 -1.466 1,'20 2,000 7.000 
2 
3 

3 
1 

7 
9 

0.000 
0,000 

"0,619 
1,743 

1,'10 
1,:'10 

1,555 
2,110 

4,'000 
4.000 

3 2 7 0.000 -1.~27 1.~10 1, 98 1 1.000 -I

2 5 5 0.000 1,504 1,500 2,055 3.000 
10 1 1 0.000 _1,488 1.500 1,730 10.000 

3 2 9 0,000 -0,634 1,500 1,403 3.000 
2 6 2 0.000 0. 4 27 1.'00· 1,597 6.000 
4 2 6 0.000 0.3 8 1 1, 49 0 1,398 4.000 
7 
4 
4 

a 
6 
1 

6 
8 
8 

0,000 
0,000 
0,000 

0,000 
0,0 8 0 

.1,356 

1.49 0 
1,4 9 0 
1.4 9 0 

1,977 
2,67~ 

1,936 

8.000 
2.000 
4.000 

:It 

9 3 1 0.000 1,563 1.49 0 1,734 3.000 
9 
9 

2 
2 

3 
1 

0.000 
0.000 

0,000 
2.444 

1,4 9 0 
1. 49 0 

0,000 
1,862 

0,000 + 
3.000 

4 
2 
7 

4 
1 
4 

4 
4 
2 

0,000 
0.000 
0.000 

.3.121 

.. 2.564 

.. 0.1 78 

1.~80 
1.~80 
1.• 47 0 

1,'26 
1,195 
1;~98 

6.000 
8,000 
5.000 

1 
5 
2 

10 

1 
1 
1 
2 

J 
6 
3 
2 

0,000 
0.000 
0.000 
0.000 

,,1,718 
.. 0,0 48 
,,1,0 70 
-0,461 

1,47 0 
1.4 7 0 
1.~70 
1. 46 0 

1. 967 
2,113 
1,5 9 1 
1,70 9 

13.-0 0a 
3.000 

10;000 
7.000 

° 5 7 0.000 1, !,;71 , 1.450 2,20~ 5.000 
5 3 1 0.000 1,0 8 5 1.440 0, 84 0 10.000 
3 1 3 0.000 2,824 1.440 0,688 5,000 
1 
2 

4 
4 

6 
9 

0,000 
0.000 

-2.927 
-2,152 

1.4~O 
1.4~0 

1,727 
1,659 

4.000 
2.000 '* 

0 :5 1 0.000·. -1,571 1. 4 30 1,777 16.000 
1 2 10 0,000 0.024 1.430 1,955 4.000 
5 
3 

5 
5 

8 
5 

0,000 
0.000 

0,000 
1.611 

1,420 
1.420 

0,000 
2,293 

0,000 It 
4.000 

8 2 2 0.000 2.366 1.420 1. 737 8,000 
5 5 7 0.000 -2.143 1,400 1,724 2.000* 
3 6 3 0,000 1.422 1,400 1,961 1, 000 .. 
7 2 8 0.000 1.804 i.400 0,942 4,000 
8 
6 

5 
6 

3 
4 

0.000 
0.000 

1.4~7 

"0,2 74 
1. 4 00 
1,38 0 

1,89 0 
1.354 

5.000 
5.000 

4 6 1 0.000 3'033 1.~BO 1.399 4.000 
7 6 1 0,000 "'0.~67 1.38 0 1.430 2.000* 
a 
2 

1 
1 

2 
10 

.. 3,083 
-0,339 

.. 3.031· 

.0.109 
1.730 
1,~80 

1,923 
1,878 

3,000 
2. 000 ... 

\ 

'ft-F AC TCilRS reR CA~CULATED VALUtS,. c. 0,2193 

were*' These reflections were rejected because N <3 or IEl ca1c <0.5 •. They 

added to the next cycle with un~nown phases. 
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PROBLEMS IN PHASE DETERMINATION 

1. Determine the phases in terms of symbols. 

2. Evaluate sYmbols, if possible. 

3. Determine the number of possible phase sets (and E-maps). 
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EXAMPLE I 

(Centrosynaetric) 

DIANIN'S ClATHRATE 

J. L. Flippen, J. Karle and I. L. Karle, 

J. Am. Chem. Soc. ,?!. 3749 (1970). 

Naval Research Laboratory, Washington, D.C. 

I 
I OH 

(I) 

Space group R3 Atom x y 
a 26.969 t .003 

0(1) 0.0644 0.1202 c 10.990 t .002 0(2) 0.0869 0.2611 
1200 C(l) 0.0883 0.1614r 

C(2) 0.1407 0.1753 
C(3) 0.1621 0.2157 
C(4) 0.1328 0.2436 
C(5) 0.0819 0.2296 
C(6) 0.0595 0.1887 
C(7) 0.15n 0.2868 
C(8) 0.1647 0.2593 
C(9) 0.1104 0.2239 
C(lO) 0.0874 0.2982 
C(11) 0.1197 .0.3124 
C(12) 0.1178 0.3530 
C(l3) 0.0845 0.3768 
C(14) 0.0522 0.3613 

0.3221.,.,.":;v. C(15) 0.0537 
C(16) 0.0643 0.1717 
C(17) 0.1260 0.2085 
C(18) 0.2183 0.3355 Page 83
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Table A. Uat of 1£1 

Q E PIoIASE U G G E PIoIASE G u G E PIolAS~ U U r. E PIJBE 

6 3.4930

." 3.4080

• 3.2580 
4 2.4280

• 2.3700 
,,3 2.2940 

2 2. ;l7J0 

7 
21 
13 
15 

7 
3 

11 

10 
4 
4 

12 
18 
12 
10 

6 
2 

.6 
0 

-2 
6 .. 

2.8600 
2.7700 
2.5960 
2.5590 
2.4790 
2.4450 
2.3860 

2 
14 
12 

6 
2 
0 
6 

9 
3 
9 

17 
21 
13 

5 

8 
8 

"6 
4 

-4 
& 

-2 

3,3610 
2.9700 
2.5'190 
2.4nO 
2.2210 
2.~020 

2.1730 

3 
1 
1 
1 

23 
l' 
1'7 

1 
11 
13 

3 
5 
1 
1 

~ 

II 
6 

-2 
n 

-e 
4 

2.938" 
2.878" 
2.665" 
2.4450 
2.3930 
2.3~'O 
2.1?ln 

-13 
.. 2 

·12 

2.2400 
2.2260 
2.2130 

5 
3 

13 

14 
8 
0 

6 
10 
-8 

2.3070 
2.2700 
2.2100 

4 
0 
4 

13 6 
9 ·.12 

17 .4 

2.1330 
2.1300 
2.12'70 

5 
11 

9 

9 
13 

7 

.. 10-, 
·10 

2.U:4" 
2.08'" 
2.0840 

.2 2.1910 5 12 8 2.1'00 0 19 ·4 2.1220 5 11 -6 2.072n 
-2 
.8 

2.1700 
2.1650 

13 
13 

12 
12 

4 
-8 

2.1310 
2.1110 

8 
12 

3 
7 

.10 

.. 10 
2.U20 
2.00 40 

1 
5 

17 
19 

-4 
4 

2.0510 
2.0ner; 

..4 2.1060 9 20 .. 2.0380 2 9 2 1. 9600 5 15 8 1.997" 
1D 2.0910 7 4 0 2.0270 12 9 6. 1.9580 3 3 0 1.9190 
a 

10 
2.0180 
2.0020 

7 
9 

8 
18 

-4 
6 

2.0250 
2.0050 

4 
2 

13 
3 

0 
2 

1.9560 
1.R160 

19 
15 

3 
5 

4 
4 

1.91J;; 
1.972" 

" 1.9940 :5 2 10 1.9690 0 19 2 1.82 40 17 11 0 1. 9fl9ti 
·U 1.9890 13 10 0 1.9520 4 5 2 1.8210 9 13 -A 1.9610 
-10 1.9840 9 14 4 1.9400 8 11 0 1.8160 5 11 6 1.943ft 

6 1.9620 1 4 U 1.8900 18 7 2 1.8040 23 7 -2 1.935n 
,,2... 1.9420 

1.9020 
13 

7 
8 
4 

.• 4 

·U 
1.8860 
1.8710 

0 
6 

7 
5 

8 
-8 

1.7760 
1.7700 

25 
7 

1 
21 

0 
4 

1.8A50 
1.8'12n 

2 1.9000

• 1.8260 
3 1.8250

• 1.7350

• 1.1340 
.. 6 1.7080

• 1.7030 
.2 1.6890 

13 
9 

19 
'7 

11 
7 
1 
3 

6 
2 

-0 
12 
1· 

0 
18 
10 

.. 
-2 
-2 
-2 
-6 
•.8 
-2 
-4 

1.8f>60 
1.8540 
1.8260 
1.7900 
1·7850 
1.7800 
1.7360 
1.134 0 

2 
8 

12 
6 
4 
4 
8 

12 

1 
1 

11 
1 

11 
1 

11 
19 

10 
4 

-2 
.10 
-10 

12 
6 
2 

1.7<400 
1. 7390 
1.7150 
1. 7010 
1.6930 
1.6770 
1.6400 
1.6310 

15 
1 

23 
9 
1 
J 

17 
3 

7 
:5 
1 

19 
J 
5 
7 

17 

2 
4 
4 

-4 
10 
-'1 

4 
-2 

1.8B" 
1.809'; 
1.766" 
1.7U" 
1.71'140 
1.7560 
1.7490 
1. HOti 

.. 2 1.6840 13 12 -2 1.7310 6 5 4 1.6220 9 9 0 1. HOO 
2 
2 

-2 

1.6420 
1.6400 
1.6330 

13 
11 

9 

8 
6 
8 

2 
.. 10 

4 

1.72!)0 
1.7180 
1.7110 

20 
8 

2'0 

3., 
5 

8 
-2 
-6 

1.6190 
1.6180 
1.5920 

5 
13 
11 

19 
15 
17 

-2 
4 
~ 

1.694~ 
1.6930 
1.6856 

·2 1.5990 
4 1.5890 
0 1.5660 
4 1.5610 

-10 1. 5290 
4 1. 5270

•• 1. 4980 
4 1. 4680 

.. 2 1. 4680 

.. 2 1.4630-. 1.4490 
D 1.4410 
2 1.4150.., 1. 4110• 1. 4000 
8 1.39 40 
4 1.3810

•• 1.3810 
-2 1.3680 
~. 1,3660
-4 1.3600 
"4 1.3420 
I l.J3IJII 

9 
5 
t 
1 
J 

17 
17 
11 

9 
3, 
5 
5 
9 
5 

21 
15 

5 
1 

11 
1 

11 
1 

4 
16 
10 
22 

(, 

14 
10 

0 
10 
20 

4 
2 
4 

14 
18 

0 
4 

14 
14 

0 
6 
6 
6 

.. 10 1.6940 
-2 1.6700 
o . 1.6440 

-6 1.6380 
12 1.5990 

0 1.51170 
4 1.51110 

-4 1.5790 
-10 1.5730 

-2 1.5650 
-II 1. 5620 

0 1.5570 
10 1.5300 
-2 1.4980 
-4 1.4820 

0 1.4720 
2 1.4500 

-6 1.4500 
8 1.4480 

-10 1.4470 
·2 1.4240 

2 1·4120 
"2 1.4120 

4 
10 

0 
16 
18 
12 
20 
~o 

10 
12 

it 
2 
0 
0 
6 
4 

20 
6 

14 
8 

12 
22 
l2 

15 
13 
11 
,13 

9 
13 

3 
1 
5 

15 
1 
1 

21 
11 

5 
3 

11 
15 
17 
13 
11 

7 
U 

4 
-6 

4 
0 

-6 
8 
2 

.. 2 
2 
0 
2 

-2 
0 

10 
10 
-2 

0 
-6 

0 
4 

-8 
0 
6 

1.5900 
1,5860 
1,5800 
1.5800 
1,5750 
1.5690 
1.5650 
1, 52 40 
1. 4960 
1, 4930 
1.4750 
1.4520 
1.4480 
1.4410 
1.4440 
1,4340 
1.4310 
1.4120 
1,4080 
1.4050 
1.3780 
1. :1J77 0 
i. :1"'0 

11 
15 

1 
5 
1 

19 
9 
5 

19 
19 
17 

1 
3 
9 
1 

11, 
17 

3 
25 
13 
13 
11J 

'7, 
9 

23 
13 
13 
11 

1 
1 
9, 
9 
1 
5, 

19 
J 
1 
9 
1 
J 

15, 
9 

10 1.611" 
-6 1. 668 ti 
-4 1. 631 0 
111 1.636n 
-I; 1. 6350 

2 1.6?7" 
-4 L 559n 
·8 1. 549n 

4 1.54'0 
n 1.5~30 

-4 1.5'6" 
12 1.412~ 
10 1.4&6~ 

8 1. 41J9n 
-& 1,4570 

8 1.4'3~ 
10 l,H6~ 

2 1.44,!!, 1.4'18-, 1.410" 
-2 1.4068 

2 1.3U6 

" 1.3;,6 
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Table A. (continued) 

G G lJ E P~ASE U G l. f' PIoIUE G u U u 1.J Eu E P~ASE 

,4 10 1 2.il500 10 1 2.8180 7l' 6 15 -3 3.1340 11 -15 
18 e 1 2.49 40 1 24 .!l 2.5700 20 1 11 11 -37 3.2120

6 6 -3 2.'530 3 4 11 2.5450 14 7 -5 3 73.15110 11 
10 14 -1 2.4490 13 12

4 
7 2.4550 10 9 -5 3.1000 5 3 11
 

10 4 -3 2.4100 7 J 2.3750 10 5 -7 3.0350 3 7 . 1 i
 
14 B 9 2.2950 OJ 8 L 2.3370 wl 17 3
12 19 2.7020 5 

4 16 -3 2.2790 7 18 7 2.2620 14 3 -7 2.6660 9 -51 
22 e 2.2680 5 10 2.2430 .9 15-1 7 4 1 2.53110 11 ·7 
,2 14 7 2.2490 17 17 -1 2.1620 4 7 ·3 2.4590 1 , 9
 
12 14 -5 2.1880 11 0 ·7 2.V80 18 11 ·5 2.3590 11 3 -1
 

4 6 -11 2.1320 1 10 I; 2.1120 12 13 ·1 2.3480 9 13 5
 
12 14 1 2.0810 23 6 -1
 2.1090 6 21 -3 2.3230 13 9 1 

2 12 11 2.0600 15 0 -9 2.0670 6 7 11 2.:'680 9 9 9
 
6 e -11 2.0320 15 6 9 2.0530 24 3 -3 2.:1580 13 11 Ii
 
6 14 7 1.9700 12 2.0350 3 2.2050 3
1 1 4 -5 1 1 

1'0 4 .. 5 1.9580 3 18 -3 1.9770 24 1 5 2.1810 9 , 5
 
4 2 ·1 1.9540 15 4 5 1.9700 14 13 1 2.1750 1 21 -5
 
4 22 -3 1.9510 'l P -3 1.9440 2 23 -3 2.1440 11 13 1
 

24 2 -5 1.9320 25 2 ·1 1.9250 10 19 3 2.1400 1 , -3
 
0 18 -3 1.9290 11 18 -1 1.8930 10 3 1 2.1310 19 9 1
 
4 6 ·5 1.8150 11 4 1 1.8360 0 5 -, 2.n890 9 -1
l'
2 24 .. 1 1. A010 3 8 1 1.8:?00 2 17 ·3 2.0'660 9 '3 ·11
 

12 0 ·9 1.'660 7 14 -1 1.7740 0 15 9 2.0510 :5 5 -11
,4 2 ~ 1.7570 0 ·5 1.7550 8 5 -3 2.(\260 15 13 -1
 
0 12 9 1. 7530 3 8 -11 1.7510 8 15 5 1.98'0 19 11 . ~
 

0 10 § 1.7240 15 10 -, 1.7420 0 11 7 1.9720 , :5 5 .,
 
10 0 .. i 1.7220 9 16 -1 1.7250 8 15 -1 1,9530 11 5 9
 

4 12 7 1.7220 5 20 -3 1. 61160 2 15 -1 1.9340 , 
l' 'l,. 2 8 -9 1.6~60 2 -, 1.6520 6 19 -7 1. 9160 1 9 , 

0 H .. 3 1."760 15 16 -1 1.6450 4 21 1 1, 9030 , ., 11
 
:>0 4. 1 1.6710 l' 4 1 1.6450 10 1 3 1.8UO , 13 -3
,8 8 9 1.6610 17. -5 1.6410 0 9 -3 1,8740 9 19 5
 
,2 12 -3 1.o;9jO 11\ 5
11 1.6330 12 3 -9 1.11710 ~, 1 -5 
,8 12. -3 1.5780 15 6 3 1.6150 2 23 3 1.8550 15 9 3.,2 24 5 1:5760 1 12 1. 5880 12 7 ·1 1, 8320 1 13 -9
,4 14 3 1.57JO 1 16 .3 1.5790 4 3 7 1,8290 5 3 -,

0 14 1 1.5680 1 6 -5 1.5680 4 5 1.11030 , 21 -5

,4 0 -1 1.5620 13 10 3 1.5170 6 , -1, 1.7810 21 1 -,

24 4 ·1 1.!l580 5 6 11 1.5150 70 5 1,7640 3 3 9
,4 4 .., 1. 5490 1 22 3 1.5130 4 .9 9 ., '1 1.'600 17 
,4 12 ·7 1.54'-0 5 14 9 1.4970 8 11 -3 1.7420 '.3 J 1 

2 2 -3 1.5370 3 2, 1 1.4930 12 11 -5 1,'010 3 21 -3 
!2 18. J 1.5280 4 -3 1.4910 6 3 -3 1.6430 3 9 .~
 

6 -5 1.5150 6
10 J -3 1.4830 2 3 -1 1.6420 15 3 .9 
2 6 !5 1.o;oio 9 14 -5 1.41100 14 ., 9 11 1,6320 11

,'6 6 1 1.4890 1 20 -1 1.4780 0 11 -, 1,6260 7 21 1
12 10 I) 1.4800 9 18 3 1.4640 2 7 1 1,6140 9 9 .q 
16 12 1 1.4740 ~ 14 '1 1.4330 17 9 3 -12 1.6100 19

6 12 .3 1.4730 7 22 -3 1.4320 4 11 -1 1.!H30 , 5 ·7 
,8 6 -3 1.4690 ~ 16 ., 1.3920 2 9 , 1,'110 11 13 7
 
,6 6 -I 1.4630 3 ~ ·1 1.3'50 4 9
 '1 1.55 40 l' 11 ·3

4 18 .. 15 1.4630 21 6 ·3 1.3~20 6 9 9 1, 5510 11 1 '1
 
0 20 .•1 1.4600 23 0 -, 1.3190 4 1 3 1,5290 1 19 -3

6 10 -1 1.4'60 5 111 5 1.3170 12 11 , 1,5240 13 11 ·7
 
4 e 11 1.4510 5 2 -3 1.3140 2 , -5 1,5100 1.1 '17 3
 
8 8 J 1.4340 5 22 -!5 1·3080 20 ., -, 1,4950 15 3 9
 
0 8 .. I 1.4230 5 16 1 1.2850 8 :5 -, 1.4880 19 ,
, ,3 

10 10 9 1.4100 19 2 1'~'90 14 15 , 1,4800 5 , 
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Table B Relationships in space group R3 (hexagonal). 

F (h k 1) F (h it T) .. F (k i 1) F (i hI) /: F (h k T)IS ::s 

P (h k 1) = F(k i 1) = F (i h 1)
 

where i = -(h + k)
 

(0, 0, 0; 1/3, 2/3, 2/3; 2/3 D 1/3, 1/3) + 

x, y, z; y, x-y, z; y-x, x, z; x, y, z; y, y-x, z; x-y, x, z. 

Table C • Assignments used to implement L2. 
h k 1 IE "hI . Sign 

-6 15 3 origin specification;15 iT 3" 3.73 + 1 must be odd. IT 61 } 
-10 84

8 --18 4 3.41 a
}18 10 4' 

10 16 6
 
26 10 6 3.26 b
}16 26 6 

11 75 }18 11 S 3.22 c 
7iBs 
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Table D. Use of 2: 2. for phase determination. 

(1) 
6 15 3" 

18 10 "4 
IT 25 7 

(eq to 13 12 7) 

(9) 
10 
4 

14 

8 
1 

7 

"4 
I 
5 

(14) 

(2) 

(3) 

(4) 

6 15 3' 
8 18 "4 

14 3' 7 

(eq to 3 11 7)
• 

6 15 3 
16 26 6 

22 IT 3 

(eq to 11 11 3) 

6 15 3"- -11 7 5 

5 8 2 

(10) 

10 8' 4 
13 12 7 

3 411 

8' 18 4 
11 14 7 

3 4 11 

10 IT 6 
7' 21 5 

3 411 

(15) 

(16) 

(5 ) 
6 15 3' 

11223 
17 7 6 

(11) 
10 16 

7 18 
17 2' 

6 
5 

1 

(17) 

(6 ) 
6 

11 

17 

15 
14 

1 

3 
7 

4 
(12) 

10 16
IT IT 
-1 5 

6 
3 

9 

(18) 

(7) 
10 8 4 
10 16 6 

0 8 10 

7' 10 
1111 

4 1 

6" 
3 
9 

(19) 

(8) 

-10 
11 

1 

8 
11 

3 

4 
3 

1 

(13) 
11 
11 

Q 

7' 
11 

4 

5 
3 
2 

(20) 

14 7 
flIT 

3 4 

14 7 
11 14 

25 7 

"4 1 
6 15 

2 14 

24 

2	 14 "~. 
-" 'I~

11 22 Ii' 

13 8); 
1. Page 87



14 6
2 

9 

2 
1 

1 11 

10 

21 

10 
3 

13 4 

11 7 
3 '4 

14 3 

10 16

7 18 5
 (29) 7 11
 

'4' 1
 

14 6
 
3" 2
 (30)
 

8
 

8 '4
 
11128
 (31)
 

'4 4
 

8 '4
 
'4 2" (32) .
 

6
 

5
 
2" (33)
 

7
 

7
 
6' 
1
 

(34) 

3
 
6
 

3
 

'4 
7
 

3
 

(35) 

'4 14 
18 IT, j', 

14';,j Q 

11 7 5 
132 

10 4 3 

11 11 3 
4 14 3 

15 3 6 

7 3" IT 
3 12 6 

10 9 5 

10 8 7; 
19 10 5' 

9 18 9 

10 8 '4 
17 E 4 

27 15 0 

XVII - 85 

(38) 

(36) 

(37) 

(40) 

(41) 

5 3' IT 
7; 14 3 

9 11 a 

" 

(42) 

6 
3 

3 

5 
6 

1 

3" 
3 

0 

6 
9 19· ·5"7 

14 16 6 r 
5 3 11 

(39) 

1 18 5 
12 15 6 

5 3 11 

17 5
 

6 15
 
5 IT
 

11 7
 

11 7
 
1416'
 

25 .9" 

2 14
 
IT i4
 

9" 28
 

2 14 6
 
5IT 3
 

7 8 9
 

. i6 26 6"
 
r 3" 2
 

IT 23 '4
 

10 16 6
 
'412" 
6 17 4
 

11 11 3"
 
7311
 

4 14 8
 

11 7; 3 
1185; 
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x~ 
D1anln's clathrate. 

Sections from a. 3-dimensional ,E-map computed with 550 
reflections with IE I> 1.0. The oontours are evenly spaoed 
on an arbitrary 8cale. 
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(Noncentrosymmetric)
 XVII - 87 
3,4-0ihydroxy Proline in Space Group P2 2 2 

1 1 1 
I.L. Karle, Acta Cryst. 826, 765 (1970) 

Table 
g g 

I. Reflection data with lEI 
g lEI u g g lEI 

> 1.5 for C5 H9N04 
g u g lEI u u g lEI 

0 
2 
0 
4 
6 

4 
0 
0 
2 
4 

10 
8 

10 
2 
4 

2,69 
2.34 
2.32 
2.18 
1.92 

3 
1 
5 
3 
3 

0 
0 
0 
2 
4 

2 
8 
2 
4 
8 

2.52 
1.98 
1.97 
1.91 
1.82 

6 
6 
2 
8 
4 

5 
3 
1 
1 
3 

0 
0 

10 
2 
0 

2.24 
2.01 
1·88 
1 .73 
1 .71 

7 
1 

3 
1 

0 
8 

2.19 
2.03 

8 0 0 1.74 9 2 4 1.78 2 3 2 1 .52 
4 
6 

0 
2 

6 
4 

1.71 
1.68 

5 
1 

2 
2 

0 
4 

1.74 
1.73 

2 5 4 1 .52 

2 4 2 1.61 1 0 6 1.72 
2 2 2 1.61 3 6 0 1.67 
0 2 6 1.59 5 4 8 1.54 
2 6 2 1.50 

g u lEI u g u lEI g u u IE I u u u lEI 
2 3 1.75 5 4 3 2.61 4 3 5 2 .27 1 3 7 2 .42 

3 6 5 2 .25 0 5 3 2 .12 3 3 1 2 .16
5 0 9 2.10 6 1 3 2.06 9 1 5 2.03
7 0 7 1.64 2 1 1 2 .01 1 3 5 1,93
1 0 7 1.63 4 5 5 2 .00 7 1 3 1·79
9 0 1 1.59 4 5 3 1.72 3 1 5 1 .70
3 2 5 1.57 2 3 1 1 .65 3 3 7 1 .65
5 6 3 1 .56 8 1 1 1 .64 1 1 5 1.60
5 0 7 1 .53 2 3 7 1 .51 1 1 9 1 .60
7 4 1 1.52 2 5 5 1.50 1 1 1 1 .55
3 2 7 1.51 10 1 1 1.50 5 5 3 1 .53 
3 2 9 1.50' 7 3 7 1 .52 

3 1 9 1.51 

Table Ill. Phase relations in P2 1212
---h.- kL cp hkl hkl hk1 hkl 

1 

302 2.52 ex7 3 0	 ggg} -ex -ex -ex2.19 +0"I~} origin specifieation uuu5 3 2.12 + "/27 0 7 1.64 + "/2 enantiOlllOrpho 8	 gguj ex -ex TT-ex "-ex 
3 7 

2.34 a (0 0-\. rr)	 uug
2.42 p

4 3 2.61	 q gUg} ex "-ex "-ex -Q 
ugu 

0 n-ex -0 ·fr"'Qguu} 
ugg 

Ogg' 0," gOg 
'Ouu /2 uOg±.;" , . 
O~g +." /2 gOu 
.()gu ~O,ri uOli 

; .. 
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Table IV. The application of Eq. 3 
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, 
-
2 0(2) 

0(3)
 

-:~. I": . C(5)c 
C(3) 

C(4) 

\ ~. 

C9} 3 0 L 

9 1- 5 
6 1 J 0(4) 

hree-dimesiona1 E-map for 3,4
e computed with 214 reflections 
e phases were determined directly 
factor magnitudes. 
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EXAMPLE III 

(Noneen t ros ymme t ric ). 

CYCLOPHOSPHAMIDE 

IN SPACE GROUP R3 

I. L. Ka.rle et al, J. Amer. Chern. Soc. 99. 4803 (1977) 

Table 1.	 Equivalent points: 

x y Zj Y Z Xj Z x y 

Table 2.	 All 

Table 3.·	 Phase relationships: 

2a(h k 1) • a(k 1 h) a(l h k) 

a(h k 1) • -a<h' k 1) 

For origin assign phase to u u u.
 

For enantiomorph choose sign for phase near ±. 90°.
 

Table 4. Assignments: 

-\
h t~ , phase 

7 -1 1 2.71 0 origin 
0 2 -2 2.75 a 

-7 6 3 2.46 b 

-4 0 9 2.01 c 
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Partial Structures and Use of the Tangent Formula 

ISABELLA KARLE 

Laboratoryfor 11Ir StrllctUTr a/Matte" Naual Research Laboratory, Washing/on, D.C. 20375 

Phase determination procedures often re
sult in partial structures, rather than com
plete structures. This is particularly the 
case- for noncentrosymmetric crystals. The 
partial structures are properly oriented 
and usually correctly located with respect 
to a proper origin for the space group. At 
times the partial structure is properly 
oriented but not correctly placed. One of 
the ways that the correct location can be 
fcund is by use of translation functions. 
In view of the common occurrence of 
properly ori¢nted structural fragments. a 
number ofprocedures have been proposed 
for readily developing the partial structUre 
into a complete one..The tangent formula 
offers the basis for such a procedl,lre 
(Karle. 1968). The partial structure can 
consist of a light atom fragment or it can 
involve a heavy atom which may have been . 
located by use of the Patterson function. 
In the case of a fragment containing a
 
heavy atom. special precautions are re-

quired to avoid obtaining phases which
 
correspond only to the heavy atom
 
position.
 

The tangent formula (Karle & Haupt
man. 1956) is 

}: IE" E.-III sin (cp" + q>.-k) 
tan CP. ~ .. (I)! IE" E.-III cos (~k + tpll-Jl) 
. II 

where tpll is the phase associated with the 
normalised structure factor E.. Use of 
~q. (I) in developing a complete structure 
is implemented by the computation of 
structure factors from the partial structure 
and the selection of an appropriate subset 
for extension by Eq. (I). The extended 

set of phases so obtained is employed in 
the computation of a Fourier map of the 
structure. When the partial structure 

.contains a heavy atom, this procedure is 
clearly dist!oguished from the usual heavy 
atom method by the interposition of a 
calculation with the tangent formula 
before proceeding with the Fourier &eries. 

iA relatively small srructural fragment 
Jcan generate phases' which are sufficiently ·1 

accurate for use with Eq. (J). However, 
only certain of the phases computed from 
the partial structure are suitable for use. 
The~ phases are selected by means of an 
acceptance criterion which is based on the 
amplitudes of the diffracted rays and 'the 
corresponding amplitudes computed from 
the structural fragment. A phase computed 
from a partial structure is accepted. if 
IFllle.le ~ p!Fblob• where p is the fraction 
of the total scattering power contained in , 
the fragrpent and where IFhl is associated 
with an IE./ob• ~ 1·5. The quaI:1tity IFlllulc 
is the value ofthe structure factor amplitude 
computed from the partial structure and 
IF. lOb. is the experimentally observed 
amplitude. As' a working rule, if p < 0'25, 
it is tcplaced by 0·25 or, at least, a number 
somewhat larger than p. If p > 0'6, it is 

. replaced by.0·6. 
. Phases obtained by use ofthe acceptance 
criterion do not change very much through
out the structure development procedure 
as more and more. atoms are added to the 
initial partial structure (Karle, 1968). 
It w~ found in studies starting with about 
20% of the structure that the average 
change in the values of the phases was 
about 0·7 radians. It was also found that 
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Fig. ·1. The development ofthe structure ofL'olinomydnfroJTt a structural 
fragment by meansoftbe tangent formula. Atoms labeled I, 2, •.., n were 
used in the nth c;ycle to produce atoms labeled n +1. 

VALINOMYCIN PI 

atomic positions for the partial structure 
changed very little. generally much less 
than 0·02 of a cell edge. in the course 
of the development of the complete 
structure. Incorrect atomic locations will 
disappear in the successive cycles. The 
Jimited variation of the initial phases and 
atomic positions as the structure develop. 
ment progresses ~nd the disappearance of 
incorrect atomic positions account for the 
usefulness of the tangent formula in the 
procedure. 

A number of examples of the develop. 
ment of partial structures into complete 
ones by means of tIle tangent formula 

. ha.ve been revi~wed previously (Karle, 
1968~ 1970). Two examples will bediscus~ed 
in some detail here. One is valinomycin 
(Karle, 1975a) which is composed ofatoms 
having almost equal atomic numbers, 
except for the hydrogen atoms, and the 
second is a lithium antamanide complex 
for which the counter ion is bromine 
(Karle, 1974). 

The form of valinomycin to be discussed 
crystallizes in space group PI .'vith two 
molecules (156 nonhydrogen atoms) in 

the unit cell. To illustrate the capabilities 
of the method. the recycling procedure was 
initiated with only 9 atomic positions•.... 
although about half the atoms were~· 
actually available initially' from the phase. 
d.etermination by the symbolic ·addition 
procedure. These 9 atoms however fonn a 
chemically sensible cluster of atoms. It is 
worthwhile to start with a good chemica!! 
unit even though this may mea.D using 
fewer atoms than are indicated by a phase 
determination. Although 9 atoms repre
sented about 0·06 ofthe structure. the value . 
of p in the acceptance criterion was set at 
a value of 0'10. As the number of atoms 
increased.p was correspondingly increased 
to a maximum value 0[0-6. With a start 
based on only 0·06 of the structure. it 
required 9 cycles and a final difference 
map to complete the development. Tbe 
number of atoms employed at each step 
of the application of the tangent formula 
were 9. 13. 20, 25. 29. 36. 81 and 99. The· 
last cycle produced 141 atoms. The re· 
maining 15 atoms can be readily.obtained 
from a difference map. This process is 
illustrated in Fig. 1 where the numbers 

Page 98



tx - 3 

~,."'"'''~'- -

\ 3 

a'. 5 

Fig.2. The d~L'elopment0/thestructureo/Li+ Antamanide-Br
from a structural fragment by means ofthe tangent formula. 
Atoms labeled 1.2•...• n were used in the Dth cycle"to produce 
atoms labeledn + 1. 

5 

ne,(t to the atoms represent the cycle in 
which they were employed together with 
those obtained Previously. Atoms labeled 
1,2•..., n were used in the nth cycle to pro~ 

duce atoms labeled n + 1. 
Phases were selected for lEI;?: 1'5, were 

refined twice using the tangent formula 
and were then used as a basic set for 
proceeding with the detemination of new 
ones. In our tangent formula program 
new phases are added in a stepwise fashion. 
each time roughly doubling the number of 
phases which were used as the known set 
in each Cycle oj calculation. Once new 
phases are determined. they are used in the 
succeeding cycles without further refine
ment. This process is continued with sets 
of .unknown phases corresponding to 
lEI values of continually decreasing mag
nitude until some lower limit is reached. 
In t:1.is calculation the lowest value con
sidered was lEI = 1·3. Ordinarily the 
lowest value would be about 1'0, but 
computing capacity was a factor to be 
"considered" for this large structure. The 
9 cycles of partial structure refinement are 

more than have been otherwise required 
for any structure in our laboratory by 
more than a factor of2. This number might 
well have been cut down had the lower 
Jimit on lEI been set at 1·0 instead of 
1·3. 

The lithium ion complex of antamanide 
associated with a bromine ion crystallizes 
in space group P21 with 95 atoms in the 
asymmetric unit (Karle, 1974). This jn~ 

eludes three molecules of acetonitrile. 
The development of the structure, which 
was initiated with the location of the 
bromine ion with the aid of the Patterson 
function, is shown in Fig. 2. The bromine 
ion represents 0·31 of the total scattering 
and this number was used for p in using 
the acceptance criterion for new phases 
based on this ion. The new phases were 
use~ as input to the tangent formula for 
the co~putation of additional phases in 
the stepwise fashion described above for 
the remaining lEI> 1·1. In space group 
P2h phases based on one atom result in a 
rnapwhich contains atoms for both cnantio
morphs. Fourteen atomic positions were 
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chosen which seemed to form a good 
fra,;~ent of one polypeptide chain and 
were used along \vith the bromine ion for 
the next cycle of development. With a 
heavy atom present it is most important 
not to recycle with the tangent fonnula 
for the purpose of refinenient of the initial 
pha~:es selected by means Mthe aci:eptance 
criterion. These phases w~uld, in fact, 
not refine but instead, with a heavy atom 
present, the contribution from the .light 
atoms would be lost and the 'phases would 
converge t6 those which would be obtained 
from the heavy atom alone. Of the 14 
light atom positions selected, t\Vo were 
incorrect in that their mirror images 
a~toss a y = t plane should have been 
selected instead. This was conected in the 
next cycle when 14 more light atoms were 
obtained to make 28 in all. Pairs of atoms 
corresponding to both· enantiomorphs 
still appeared in the l'esulting E map, but 
they were of unequal weight with the 
correct ol1e usllally the stronger. Choosing 
only the stronger of the pair and making 
sure that· a good structural fragment 
ensued avoided errors of selection. At the 
next stage a total of 54 light atoms were 
located and finally in the last stage, 
the E map reveal.ed all 95· atoms in the 
asymmetric unit including the three n:l(~le
cules of the solvent, acetonitrile. 

Valinomycin and antamanidc are ex
amples of some of the more complicated 
partial structure developments which have 
been pursued. With the equal atom 
structuresprcviousJYdcvclop~thestarting 
partial structures Consisted of 25% or 
more ofthc atoms, and the total number of 
atoms· was consid~rably fewer than for 
valinomycin. Often, the complete structure 
was obtained in one or two cycles of 
partial ttructure development. The same 
has been found to hold for the heavy atom 
structures. Some tests with equal at.om 
structures (Karle, 1970) have shown that 
it is possible at times to start with a partial 
structure possessing only two atoms.
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Proc. NatL Acad. Sci. USA (EXCERPT) 
Vol. i8. No.2, pp. 681-685, February 1981 
Chemistry 

Conformation of cyclo(GlY-L-Pro-L-Pro-GlY-L-Pro-L-Pro)2Mg2+ 

complex crystallized from C2H3CN solution 
(,,-ray ailalysis/magnesium-o"ygen ligands/sandwich comple,,/solvent channels/tangent formula) 

ISABELLA L. KARLE AND JEROME KARLE 

Laboratory for the Structure of Matter. Naval Re~areh Laboratory. Washington. D. C. 20375 

Contributed by Isabella L. Karle. October 29. 1980 

ABSTRACT The cyclic hexapeptides~GIY-L-Pro-L-Pro-GIY-L
Pro-L-Pro) in the (peptide-Mg...;peptide) + complex have nearly 

oidenticaJ aSYJ!lmetric conformations. Each has two cis Pro-Pro 
linkages and lacks any intraring hydrogen bonds.- The Mi+ ion 

.forms six ligands in a regular octahedral array with the carbonyl 
oxygen atoms of the two Gly residues and one Pro residue of each 
peptide. The "sandwich" complex has an approximate 2-fold ro
tation axis through the Mi+ relating the two peptide moieties. 
Cyclo(Gly-Pro.Pro-Gly-Pro-Pro)2Mg(CI04)2·4C2H3C!'l crystal
Ijzes in space group P3l with a =b = 15.744(4) A, c = 24.002(6) 
A, 'Y =1200 

, and Z =3. Ahighlight of the structure determination 
is the ready location of the Mg self-vector in a Harker section and 
the development of the entire structure by use of the tangent for
mula starting with the Imown position of the Mg atom. 

Cyclic peptides complexwith alkali metal and alkaline earth ions 
in several different modes-e.g., encapsulation, infinite sand
wiches, and discrete sandwiches. Crystal structure analyses 
show that encapsulation occurs in the Li+ and Na+' complexes 
with antamanide (1), a qecapeptide, and in the K+ complex with 
valinomycin (2, 3), a dodecadepsipeptide. The formation of 
complexes with smaller cyclic peptides results in sandwiches 
rather than encapsulation, such as the infinite sandwich of a 
stack of alternating Rb+ ionsand the L, D,L, L, D,L stereoisomer. 
of enniatin (4). Discrete sandwiches have been found for the 
complex of beauvericin and barium picrate with the sequence 
[beauvericin-Ba{picratehBa-beauvericinj+ (5) and also for cy
clo(L-Pro-GlY)4 with Rb+ in a(peptide-Rbr peptide)2+ complex 
(6). Recently, Kartha et aI. (7) showed that cyclo(L-Pro-GlY)3 and 
Ca2+ form a (peplide-Ca-peptide)2+ sandwich that has 3-fold 
rotation symmetry and cyclo(L-Pro-GlY)3 and Mg2+ form a 
(peptide-Mg'3H20)2+ complex that has approximate 3-fold ro
tation symmetry. ' 

In this paper, we present the crystal structure of the 2:1com
plex of cyclo(GlY-L-Pro-L-Pro-Gly-L-Pro-L-Pro) and ~tt+. 
Radics and Hollosi (8) have shown by N~1R spectroscopy that, 
in C2H3CN solution, the peptides in this complex assume two 
cis Pro-Pro linkages and two trans Gly-Pro linkages and that the 
number of resonances attests to the lack of overall symmetry. 

EXPERIMENTAL 

Crystals grown from a C2H3CN solution of cycJo(GIY-L-Pro
L-Pro)2 and ~1g(CI04>:Z were supplied by L. Radics of the Cen
tral Research Institute of Chemistry, Budapest. The crystal 
used for data collection was a clear colorless rhomb having di
mensions of 0.4 mm on each side and the c axis along the body 
diagonal. The crystal was sealed in a thin glass capillary with a 
drop of mother liquor. The space group is P31 and has dimen
sions a = b = 15.744(4)'\, c = 24.002(6)'\, 'Y = 120°, and V 

The publication costs of this article were defrayed in part by pa~e charge 
payment. This article must therefore he hereby Jnarked "adl:ertise
ment" in a<.'COrdance with 18 U. S. C. §l734 solely to indicate this fact. 

=5153.5,\3, and there are three formula units in the unit cell. 
For the composition C48H68Nl2012~1g'2CI04'4C2H3CN, the 
calculated dens,ity is..1.358g cm:'~ Reflection·s were scanned 
with Ni-filtered Cu radiation to a scattering angle of 28 = 112°. 
A four-circle automatic diffractometer was used in the fJ-28 scan 
mode to collect 4600 independent reflections. Lorentz and pq. 
larization corrections were made and normalized structure fa~" 
tors, IEhl, were obtained with the aid of a K curve. 

An (l:EhI2 
- 1) Patterson map showed one major peak in the 

Harker section. It proved to be the Mg-Mg vector from which 
the entire structure was derived, even though ~1g represents 
only 3.0% of the total scattering. In retrospect, it is clear why 
the Mg-Mg vector was prominent although the CI-CI vectors 
were not apparent. The anal~sis showed that the thermal factor 
for the Mg atom, B = 2.7 A2, implies a rigidly held atom of 
concentrated electron density, whereas the thermal factors for 
the CI atoms, B = 7 and 10 A2

, imply considerable positional 
disorder. 

Two hundred fifty-five phases based on the coordinates of 
the Mg atom alone that satisfied the criteria that IEhl > 1.5 
and IFhlca'c > klFhlubs ' where k = 0.20, were used as input to 
the tangent formula (9, 10) to compute the phases for the re
maining IE"I > 1.1. Only those phases for which IE"lcalc > 0.5 
in the tangent formula extension were.used in the initial E map, 
which showed the positions of four 0 atoms at ==2.1 Afrom the 
Mg and arranged in a square. In four additional rounds of phase 
extension by the tangent formula, in which the input phases 
were based on the ,~1g atom plus any additional atoms located 
in the intervening E maps and the value of k was raised suc
cessively to a maximum of 0.5, the coordinattls of 75 atoms were 
determined. The tangenlfQrmula was used only for phase ex.· 
tension, not phase refinement A series of cycles of \east
squares refinement on the coordinates and thermal factors of 
the known atoms interspersed with difference maps yielded 
approximate coordinates for eight highly disordered °atoms 
in the two CIOi anions and for 12 atoms in four C2H3CN solvent 
molecules" also highly disordered. 

Two different procedures for refining the values of the co
ordinates and anisotropic thermal factors were used. One pro
cedure was the conventional full-matrix least-squares refine
m~nt (11) in which parameters for 95 nonhydrogen atoms were 
varied and parameters for 68 hydrogen atoms were held con
stant. Two passes were required for each cycle of refinement 
because the capacity of the program was restricted to 500 vari
ables. Refinement was terminated at R =8.8% and R... = 7.59C 
for all the 4543 observed data points. Although the dlanges in 
the coordiuates for the complex itself were minimal at this point 
in the refinement, the large thcnnalvalues for the CIO" ions 
and the C2H3CN solvent molecules, which suggested large po
sitional disorders, precluded the determination of good values 
for the coordinates of these moieties. Our present interest 
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[!--euSlenkephalin: Folir Cocrystallizing Conformers with Extended Backbones that Form 
an Antiparallel p-Sheet . 

By ISABEllA L. KAI\LE AND JEROME KARLE 

Laboratory for the Structure ofMatter, Naval Research Laboratory, Washington, DC 20375, USA 

DONALD MASTROPAOLO AND ARTHUR CAMERMAN 

Departments ofMedicine and Pharmacology. University of Washington, Seattle, Washington 98195. USA 

AND NORMAN CAMERMAN 

Biochemistry Department, University ofToronto, Toronto, Canada M5S lA8 

(Received 25 January 1983; accep'led 14 April 1983) 

Abstract finement (with six-parameter thermal factors) is 11·9% 
for 8155 data with IFo ' > O. The procedure used for 

[LeuS]enkephalin (Tyr-Gly-Gly-Phe-Leu) grown from phase determination and structure analysis is de
N,N-dimethylformamide(DMFA)/water crystallizes scribed. Parameters for an extensive antiparallel p-sheet 
with four quite different conformers side-by-side in the are presented. . 
asymmetric unit. The four conformers with extended 
backbones form an infinite antiparal1el p-sheet. p-sheets 
related by the twofold screw axis are separated by a . Introduction 
12 A spacing. Side groups protrude above and below 
the p-sheets and are entirely immersed in a thick layer Endogenous enkephalin, a linear pentapeptide func
of solvent occupying the volume between p-sheets. The . tioning as a natural analgesic with opiate-like activity, 
crystal, stable only in contact with its mother liquor, occurs in the brain as [Leu5]enkephalin and [Met5

]

appears to be a hybrid consisting of rather rigid sheets .enkephalin in varying proportions, depending upon the 
of peptide molecules separated by spaces filled with species (Hughes, Smith, Kosterlitz, Fothergill, Morgan 

,mobile solvent, thus having some resemblance to . & Morris, 1975). The extreme flexibility of peptides, as 
molecules in solution. Many solvent molecules are compared to the more rigid molecules of morphine and 
completely disordered and may be fluid. The space other opiates, necessitates the delineation of probable 
group is P21 with a = 18·720 (4), b = 24·732 (6), conformations for the peptide to facilitate structure
c == 20·311 (5) A,p = 115·86 (1)0, V = 8462 A3. Com- ' activity studies. In the present study of the crystal 
position of the asymmetric unit includes four enke structure of [Leu5 ]enkephalin, the serendipitous oc
phalin molecules, eight water molecules, eight DMFA currence of four molecules of the peptide, each having a 
molecules, plus an unknown number of disordered different conformation, and a large amount of solvent 
solvent molecules: 4C28H37Ns07.8Hp.8C3H7NO.X. surrounding the peptide may give good indications for 
The R factor from a restrained least-squares re- the preferred conformations in solution. 

0108-7681/83/050625-13$01.50 © 1983 International Union of Crystallography 

):. 
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[Leu']ENKEPHALIN: FOUR COCRYSTALLIZING CONFORMERS 

The structure contains more than 210 independent 
C, Nand ° atoms in space group P2., It provides an 
excellent vehicle for the application of formulas and 
techniques for direct phase determination and demon
strates that the practical limit with respect to size of a 
structure containing only light atoms has not been 
reached. This particular structure lies in an area 
intermediate between small-molecule crystallography 
and protein analysis. Small structures are normally 
considered to be those that have about 100 or fewer 
non-hydrogen atoms. in the asymmetric unit. The 
intermediate range is an area in which few structure 
analyses have been reported. 

In this paper, the procedure$ for determining the 
peptide will be described. In addition, the use of 
restrained least-squares refinement and the location of 
the $olvent molecules will be discussed. The solvent, 
consisting of HzO and N,N-dimethylformamide mole
cules (DMFA), comprises about 25% of the total 
content of the cell. Many of the solvent molecules are 
.moderately well-ordered while others, occurring in 
special regions, are grossly disordered. It is con
ceivable that some of the disorder may be resolved by 
further study of the data. The low thermal factors for 
the atoms in the peptide molecules indicate that the 
peptide conformations are well.established. 

The labelling of atoms in an individual enkephalin 
molecule is as follows: 

Experimental proCedure 

Leucine-enkephalin (CU H 37N,01) was crystallized 
'from a mixture of DMFA and water maintained at a 
temperature of 31S K. Upon standing in air the crystals 
lose solvent of crystallization and their diffraction 
pattern changes to powder rings. Consequently, for 
collection of X-ray photographs and diffractometer 
intensity data, a single crystal was sealed in a capillary 
tube along with some mother liquor. X-ray data 
indicated space group P2. with unit-cell dimensions as 
in the Abstract. The density of the crystals was not 
measured but calculations assuming a reasonable 
density for such a molecule suggested that the 
asymmetric unit consisted of four enkephalin penta
peptide molecules plus 40-50 solvent atoms, a total of 
over 200 non-hydrogen atoms. X-ray intensities were 

collected on a Picker four-crrele diffractometer with a 
fJ-28 scan to a resolution of 28 = J100 with Cu 
radiation on a crystal measuring approximately 0·6 X 

0·2 x 0·1 mm. A total of 10942 independent 
reflections were measured of which 5965 had intensity 
greater than 2ul • Three standard reflections monitored 
periodically during data collection indicated no 
measurable crystal deterioration. Absorption correct
ions, based on the variation in intensity of a reflection 
on the ffJ axis as a function of ffJ angle and ranging from 
1·01 to 1·42, were applied to the data. . 

Normalized structure factors IE I were obtained 
from the measured intensities by means of a K-cu~ve 
where the K-curve was fit analytically by the ex
ponential function k exp(Bs<') (Karle, 1976). For the . 
enkephalin data, B = 13·6 and c = 2·7. A value of 2·0 
for c is equivalent to the Wilson plot. 

Peptide structure determln.-don 

Phase determination 

Since the asymmetric unit contained more than 200 
C, 0 and N atoms with no heavier atom present, 
solving the crystal structure was not a routine 
procedure. Attempts utilizing several computerized 
direct-phasing multiple-solution methods were uni
formly unsuccessful. The successful structure deter
mination, although somewhat circuitous, made use of a 
combination of several approaches. 

An immediately obvious departure from a usual 
distribution of IE I values was the large number of 
reflections,S3 with unusually high lEI values ranging 
from 3·0 to S;3, that indicated· a considerable reg
ularity in the structure. In addition to the direct phase . 
determination employing the Symbolic Addition Pro
cedure, a Patterson map using (IEIZ - I) values for 
coefficients was calculated employing a special set of 
only 55 reflections with high lEI values. The particular 
reflections chosen were those that occurred in sets with 
varying k indices such as 17,k,8 (0 5: k 5: 7) and 16,k,4 
(0 5: k 5: 6), all with lEI> 2·4, in order to determine 
the implications of these sets concerning the structure. 
The peaks in this vector map, Fig. 1, were consistent 
with a p-sheet structure. When all the observed data 
were included in the (IEt 1 - 1) map, the vectors 
defining the p-sheet were sufficiently masked by vectors 
from other parts of the structure to make the analysis 
of the implications of the map much more uncertain. It 
is possible that in other structures such an abbreviated 
(IEIZ - 1) map derived from only special sets of 
reflections may give indications of characteristic 
features of the structure. 

Direct phase determination by the Symbolic Addition 
Procedure (Karle & Karle, 1966, 1965) proceeded in Page 103
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(RESTRICTED TO LARGES-T lEI VALUES)
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Fig. I. The highest p~ks in aPat;erson fu~cti~n c~~puted ~ith -. 
- (IE~I - I) values for coefficients. A special set of only 55
 

reflections were used, each with lEI> 2·4. The vectors indicated
 
by the abbreviated (IEll - I) map are consistent with a p-sheet
 
structure.
 

the usual fashion for space group P2 •.'" An origin was 
selected by_assigning a phase value of zero to 
reflections 10,0,19, 17,0,12 and 014. The phases of 
reflections 020 and 060 were readily determined to be 1C 

in the initial stages. Four other symbolic assignments, 
a, b, c, and d, were required for the phase deter
mination to pro~eed. They were assigned to 16,0,4, 
7,1,13,170 and 335, respectively. All assignments were' 
made to reflections with lEI > 4·0. From the 
application of the E2 relationship and examination of 
the values from multiple phase indications, it was not 
possible to make an unambiguous evaluation of any of 
the symbols. At this point, the E3 relationship for 

_ non-centrosymmetric crystalst (Karle, 1969), proved 
to be useful in evaluating symbols a, band C as 1C, 1C and 
0, while symbol d remained indeterminate. Accord
ingly, since up to this point all phases would have 
values of 0 or 1C, _as in a centrosymmetric crystal, 
symbol d was chosen to be +7C!2, a choice that 
effectively selected the enantiomorph. In the resulting E 
map the strongest peaks represented segments of four 
parallel chains. The atoms, although near y '" 1, were 
not _coplanar but showed the characteristic pleats of a 
pleated sheet. With the aid of the indications from the 
restricted (IE 12 - I) map, forty peaks in the E map, 
calculated with -1800 reflections, were selected con
sistent with an antiparallel p-sheet. Phases for re
flections with IE I > 1·5 calculated from this partial 
structure, and accepted if IFca1c I > 0·18IFDbs l, were 
used for phase extension by the tangent formula for 
reAections with lEI > 1·2. The phase values were not 
recycled in the attempt to refine their values, since in 

• The Symbolic Addition Procedure is programmed for inter
active use on a computer (program SAPPI; R. Gilardi, Naval 
Research Laboratory, Washington, DC). 

t See Appendix. 

space group P2 1, particularly if a heavier atom is 
present, or, as in this example, where many atoms lie 
near a plane parallel to (010), recycling has the 
tendency to shift the phases toward centrosymmetric 
values (Karle, Gilardi, Fratini & Karle, 1969; Karle, 
1974). The 84 atoms in the backbones of the four 
conformers were found in two stages of partial
structure development by use of the tangent formula 
and calculation of E maps. 

The satisfactory appearance of the p-sheet, the many 
hydrogen bonds that were indicated and the relatively 
low R factor of 46% for the initial stages of phase 
extension by the tangent formula suggested that the 
structure could be-correct u1'TtQ t-his poin·t. The location - 
of the 76 ~toms in tlr~j:ide chains was very difficult, 
h?wever, smce the pamal-structure technique did not 
gIVe any further infor:mation. From the known se
quence of the [LeuS]enkephalin, it was possible to place 
the twelve CfJ atoms fairly accurately. From difference 
maps and models, the positions of most of the atoms in 
the side chains were eked out. Cycles of restrained 
least-squares refinement (Konnert, 1976; Konnert & 
Hendrickson, 1980) were interspersed with difference 
maps that showed possible water molecules separated 
~y distances appropriate to hydrogen-bond separa
tions. The R factor, however, could not be reduced 
below 29% for the 190 to 210 atoms that were included 
~n ~he refinement process and this high value, in fact, 
mdlcated that the structure was incorrectly placed with 
respect to a proper origin. 

At this point it was decided to relax the space group 
to P~ (Karle & Karle, 1971). The data base was 
doubled _with IEu/1 = 1Ehi) and IEAk/1 = IEAkll. 
About 150 atoms comprising the backbones and most 
of the side chains in the appareniIy misplaced structure 
determined above were used as the partial structure for 
computatiQn of.the initial phases in Pl. Refinement and 
extensions of phases with the tangent formula and 
c~lculation of an E map based on the derived phases, 
With IE Imin = 1· 2, yielded peaks that reproduced the 
original backbones but not the side chains. Thirty 
peaks in the other half of the cell, i.e. near y = ~, were 
assigned to the backbones of additional enkephalin 
molecules potentially related to the original molecules 
by a symmetry operation. With these additional atoms, 
the twofold screw operation, for the original space 
group Pl., could be satisfied either by the original 
position of the origin, or by a new position shifted by 
x -C. 0·068 and z - 0·135, or by another new position 
shifted by x - 0·096 and z - 0·257, or even largely 
satisfied by origins in several other locations. Another 
round of the partial-structure development in PI, with 
the addition of the 30 new peaks, yielded another 30 or 
so new atomic positions that could be more definitely 
related to the original backbone atoms by a twofold 
screw placed at x - 0·096 and z - 0·257 with respect 
to the original location. 

/: 
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IX - 10 

[Leu~lENKEPHALIN: FOUR COCRYSTALLIZING CONFORMERS 

The next step involved the return to space group P2 j 
with a shift to the new origin and a partial structure 
development based initially only on the backbone 
atoms. Since some of the side-chain atoms in the 
original structure. may have been in error, they were 
omitted at this stage so as not to prejudice the 
calculation. This time, with the correct placement of the 
atoms for the backbone with respect to an appropriate 
origin, use of the tangent formula only for phase 
extension and not for phase refinement produced 
atomic positions for the side chains quite rapidly. After 
three cycles of partial structure development, positions 
were obtained for 156 of the 160 atoms in the four 
peptide molecules and seven atoms in solvent mole
cules. 

The initial incorrect placement of the enkephalin 
chains with respect to an origin may have. been caused 
by a subset of phases derived from reflection 16,3,4 

(lEI = 3·4). The phase of 16,3,4 was accepted from 
two strong :E2 triplets, each of which indicated an 
erroneous phase displaced by nearly 7t from the correct 
value. Under such circumstances, when a large subset 
of phases is inconsistent with the remainder of the 
phases, there is no combination of values for the 
symbolic phases that will produce a correct E map. The 
best map may be displaced from a correct origin. 

Refinement 

Several cycles of restrained least-squares refinement 
were computed with the newest version of the program 
RESLSQ (Flippen-Anderson, Gilardi & Konnert, 
1983) that included a six-parameter thermal refine
ment. Atomic scattering factors were taken from 
International Tables for X-ray Crystallography (ln4). 
Cycles of refinement were interspersed with difference 

A 8 c o A 

Fig. 3. A schematic representation of the orientation of the 
independent enkephalin conformers A-D that form the 
parallel ,B-sheet in Fig. 2. The semi-arrowheads represen 
carboxyl termini. The backbone of molecule C is flipped ov 
compared to A and similarly the backbone of molecule 
flipped over as compared to B. Four water molecule! 
represented by W. 
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PREFACE

In 1923, Sir William Bragg received the following
letter from the mineralogist, Arthur Hutchinson in Cambridge:

Dea~ Sir William Bragg 25th June 1923

I am venturing to write to you on behalf of a pupil
of mine, Bernal by name, whose work on point systems has, I
think, been sent to you - Bernal is I think quite a remark
able person; he is a shy, diffident, retiring kind of creat
ure, but something of a genius. lie attended my course on
Elementary Crystallography and I realized that he was inter
ested and was taking things in quickly. I did not however.
realize (and he never let on) that he had got so keen that
he· spent the whole of his next vacation in developing a meth
od of dealing with point systems in the hope that it might
be useful in X-ray work: I\'hen therefore, he suddenly appear
ed and deposited on my table a thick type-written MS., rather
with the air of a dog bringing a poached rabbit to his
master's feet, I was quite amazed - of course I make no

. pretence of being able to appraise its merit or even its use
fulness - still it seemed to me a remarkable effort for an
undergraduate in his third year - and Professor H.F.Baker
was much interested in it and I believe thinks "ell of it. ••

This paper ~as thus written by John Desmond Bernal
(1901-1971) when he was 21. It was submitted as a prize
essay to Emmanuel College, Cambridge where Bernal was an
undergraduate and earned him the Sudbury Hardyman prize of
£30, but it also got him a post with Sir William Bragg and
set him on a career in crystallography. The paper was then
presented to the Cambridge Philosophical Society on 7th July
1923 as "The Analytic Theory of Crystals" but, although it
was accepted, the paper was, on account of its length, never
published. One manuscript copy, typed, we believe, by
Mrs Eileen Bernal, has circulated in this department for many

years, surviving precariously, but we now hasten to publish
it in facsimile to avoid further danger of its loss.

Some of the circumstances of the production of this
paper are described at length by Professor Dorothy Hodgkin,
O.M., F.R.S., who was the earliest of Bernal's students and
co-workers during his period in the crystallographic laborat
ory at Cambridge, in her biographical notice of Bernal
(Biographical Memoirs of Fellows of the Royal Society, 26,
(1980) which we quote for Prof. Hutchinson's letter and to
which reference should be made for details of Bernal's
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The accompanying article, "X-rays and Crystal Structure"

was written by Bernal in 1929 for the 14th Edition of the

Encyclopaedia Britannica (and is here reproduced by kind

permission of the copyright holders). It clearly follows

from Bernal's essay. Bernal also wrote the corresponding

article for the 1953 edition of the Encyclopaedia (Vol. 6,

pp. 809-829. It ends with the sentences:

"Thabeating out of metal under the hammer, the brittleness
of glass and the cleavage of mica, the plasticity of clay,
the lightness of ice, the greasiness of oil, the elasticity
of rubber, the contraction of muscle, the waving of hair and
the hardening of a boiled egg are among the hundreds of
phenomena that had already been completely or partially ex
plained. They ,,,ere an earnest of the millions of others, old
or new, that still had to be explained."
In the period Bernal prepared a further version for the

sclcceeding edition but, regrettably, this was not published

because it was too long and had too many illustrations.
Evidently the successes of crystallography in explaining the

~aterial world and Bernal's enthusiam had outrun commercial
prudence!

J.D. Bernal was elected a Fellow of the Royal Society

in 1938 for his work on the elucidation of the structures of

biological molecules by the methods of X-ray crystallography
and in the same year he succeeded P.M.S.Blackett as Professor

of Physics here at Birkbeck College in the University of

London. Almost immediately Bernal was drawn into the war

but in 1946 the Birkbeck College Research Laboratory for

bia-molecular structure was founded in two old houses at

21/22 Torrington Square (now the site of the library of the

School of Oriental and African Studies). This was formally
opened by Sir Lawrence Bragg on 1 July 1948 for which occasion

Bernal wrote: "the central theme of the laboratory is the

application of physical methods to the understanding of the

structures and reactions of moleCules in biological systems".
The formal teaching of crystallography (M.Sc. by examination)
began at Birkbeck also in 1948 and has continued ever since.

In 1964 the Laboratory became the Department of Crystallo

graphy (moving into the new extension building and separating

from the Department of physics) with Bernal as its first Head

and first Professor of Crystallography, bur in the same year
Bernal suffered the first of a series of strokes. On his

retirement in 1968 he was succeeded by C.H.Carlisle and in
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1978 by T.t.Blundell, the present occupant of the established

chair of crystallography and Head of the Department.

We have invited Professor Rolph Schwarzenberger of

Warwic~ University to give an assessment of this, Bernal's
first paper, which, by accident, has remained hitherto

unpublished, and we are most grateful for his note which puts

the paper into perspective and explains quaternions.

We'believe that nothing could be more appropriate

as Occasional Paper No.1 from the Department of Crystallograhy

which Bernal founded to continue the studies which he

himself had advanced so much.

Alan Mackay

July 1981
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INTRODUCTORY NOTE

R.L.E. Schwarzenberger
Science Education Department

University of Warwick

One way to assess the novelty of Bernal's manuscript is
to place it side by side with the two books which he him
self used:

H.HILTON. Mathematical Crystallography and the theory of
groups of movement, Clarendon Press,Oxford 1903.

P.NIGGLI. Geometrische Kristollographie des Diskontinuums,
Borntraeger, Leipzig 1919.

The two books have in common that they include the listing
of the 230 space groups as it was published by Schanflies*~

1891 (Niggli copies Schonflies exactly whereas Hilton .
changes some nomenclature in translation and alters the
order in which the crystal systems occur. Bernal follows
Hilton). They differ in that Hilton attempts to give
a full proof that there are precisely 230 possibilities
whereas Niggli gives proofs of general results, Ilstings
of groups and much additional information about each
group (along the lines of the future International Tables).
Hilton is more interested in group theory than in
crystallography and uses geometrical methods which stem
directly from those of Schonflies, whereas Niggli uses
algebra more and deals also with crystal form and with
deformations of structure.

It is worth recalling that neither Schonflies nor Fedorov
nor Barlow succeeded in getting the number of distinct
groups correct at their first attempt: the list of 230
space groups was achieved only as a result of mutual
checking between Schonflics and Fedorov. I do not
believe that Hilton would have done better, had he
not been writing with the list of Schonflies in front
of him, because his method is not guaranteed to catch
every possible special case of existence or equivalence.
Thus Bernal was inspired by Niggli's more analytic approach
to try to make more precise the "simple and geometric"
qualitative proof contained in Hilton's book. In this
approach Bernal was following very closely in the foot
steps of Fedorov who had written over 30 years earlier:

-Krlstallsysteme und Krystallstruktur, B.G.Teubner,
Leipzig, l89l.
The second revised edition appeared as Theorie der
Kristallstruktur-ein Lehrbuch, Borntraeger, Berlin, 1923.
There is no eVidence in the manuscript of Bernal having
consulted Schonflies directly in any case Hilton is
considerably clearer.
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" •••here, for the first time, the symmetry of figures
is expressed in analytical terms and in this way the
theory of slTI~et~y is itself introduced into the realm
of analytic geomet~y. Originally I intended to find
analytic te~~s for the sy~etry of finite regular
syste~s. I was prompted to do this by the difficulty
of interpreting Sohncke's derivations •••••.. an error
which remained unnoticed for a long time by the author
himself .•...... this could hardly have happened if these
systems had been expressed in analytical terms"

(E.S.Fedo~C'v "Symmetry of Finite Figures" 1889
translated by D.Harker 1971)

Similarlv Bernal realised that more precise and analytic
methods were re~uired for the quaf.itative listing
(Sohncke,SchBnflies,Barlow,Hilton) to become useful ~n

the new crystallographic applications. In the remainder
of this note I would like to draw attention to three
ways in which Bernal notably achieved this aim.

The first important improvement made to Hilton's proof
is the decision to work in vector space (i.e. with fixed
origin) rather than in affine space. Hilton follows
Schonflies in writing, for example, A(~) to denote a
rotation thro~gh angle ~ about an axis A, or SIt) to
denote a glide transformation with translation component
t lying in the plane of reflection S. But the axis A
and the plane S need not pass through the origin, which
is gcod for nice qualitative pictures of crystals but
bad for precise analytic proofs of the mathematics.
Bernal chooses an origin and assigns each affine
transformation

x ~ f(X + c

its linear part f( and its translation component c. The
importance of this change for the development of mathematical
crystallography is in no way diminished by the fact that,
under the steadily increasing influence of modern algebra,
many other mathematicians did the same thing quite naturally
and most crystallographers do so today.

This leads to the most striking aspects of the manuscript:
the influence of modern algebra in the discussion of 1
quadriltic forms (in Chapters II and III the symbol SXY "
is the scalarproduct of X and Y) and in the use of quater
nions throughout. In crystallography the linear part
of a symmetry is, of course, a 3~3 matrix determined by
coefficients. The fact that ~ preserves lengths and
angles imposes 6 conditions so only 3 degrees of freedom
are left for ~. Clearly a more precise analytic approach
would benefit from a ~ore economic method of presentation
of 3 paramcters. It was fairly \\Iell known amon')
theoretical physicists and mathematicians that all such
linear parts arise from transformations of the form

X ~ :tqXq-l

where q ~s a unit quaternion (the correspondence between
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unit quaternions and 1 ~ear p~rts is actually not one-one,
1::.2cause -q deter:-~i~es ~~e Sa::'.~ tra:--.s:orm3.tion as q ; this
does not caus~ anv co:: ~sic~ in c~a2~ice). Most re~ders

of this note ~ill'be £a~iliar ~ith this fact but, for
those who are net, a brie: no~e on quaternions is appended
Wllich covers t::.:-se f..1cts ass:..r::ed wit:;'cut CO::1.11ent b~l

Bernal in Chapters II and II:. Note that the quaternion
notation - unlike ;:latrix l~'otation - allows angles of
rotation, axis of rotation, plane of rotation to be read
off immediately. 7his is a great advantage when trying
to decide whether two groups are or are not equivalent.

The third important i~prevement is the explicit mention
of specialisation : no doubt influenced by the algebraic
geometry of the time. This is merely the very simple
observation that, fer exa~ple, a tetragonal lattice is
a special case of a orthorhorcbic lattice. This
observation is present but less explicit in Hilton, and
explains why Hilt0n (and so also Bernal) deals with the
tetragonal s,:,ste:c irw..ediately after the orthorhon:bic
system ( Schonflies has the~~ombohedral system in between,
presu~ably on the ground that 12 is between 8 and 16).

The effect of these three improvements is that far
more facts can be established as general theorems
applicable to many crystal systems. Here Bernal is
follC'l.;ing the example set by Niggli in contrast to Hilton's
insistence on a separate discussion for each crystal
system. It follo'..;s too that the listing of space groups
becomes essentially a listing of the relevent translation
components which can be handled algebraically. In modern
language, Bernal is listing the relevant cocycles to
determine a first cohomology group.

In summary, Bernal has rewritten the proof (Sohncke,
Sch5nflies) which he found in Hilton but has brought
to it the more analytic attitudes of a quite different
crystallographic tradition (Mobius,Fedorov,Niggli).
His excellent knowledge of current mathematics yields
an improv~~ent upon the treaL~ent of Hilton,20 years
earlier,and comes close to foreshadowing the cohomological
work of Zassenhaus, 20 years later.
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NOTE ON QUATERNIONS

Any set of 4 real nlli~bers a, b, c, d can be displayed

ccnveniently as a single quaternion a+bi+cj+dk. The

chief advantage of the notation is the ability to multiply

using the idenitities i 2=j2=k2=_1 and ij=-ji=k. Many

properties are analogous to those of complex numbers;for

example if q=a+bi+cj+dk then the conjugate q=a-bi-cj-dk

satisfies qq = a 2+b 2+c 2+d2 •

For present purposes we need to consider two very special

kinds of quaternion q those for which q=-q (pure quaternions

so called because they must necessarily have the form

- -1q =xi+yj+zk) and those for which q=Cl (unit quaternions

so called because if q =a+bi+cj+dk then necessarily

a 2+b2+c 2+d 2: 1). Note that a pure quaternion xi+yj+zk

may be identified with a point X =(x,y,z) in ordinary three

dimensional space, while a unit quaternion q=a+bi+jc+kd

can also be writeen in the form q = cose:>( + sino( (b'i+c'j+d'k

222for some angle ~ where b' +c' +d' =1. We assume this

form for q in what follows.

If X is a pure quaternion then the transformation

~ : X l---+ qxq-l

sends X to another pure quaternion because

qxq-1 = q-lxq qXq-1 -qXq-1

Moreover it is easily shown to preserve lengths and angles.

The vector X is fixed under the transformation if and only

if qX=Xq. Inspection shows that this happens if and only

if X is a multiple of b'i+c'j+d'k. '1'hus ~ i5 a

roTation about the axis (b', c', d'), and it can be checked

that the angle of rotation is 20<.
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Similarly the tra~sfcrm~tic~

-1X ~ -qXq

is a combination of a reflection and a rotation, that

is a s}'1l'.metry of the second kind.

The power of this notation can be seen when considering

preceded· by the rotation X~

composit':'on. If the rotation X ~ v~ -1 is
r--r <11""1

qot.xq~ -1 then the

composite rotation may be re~resented by the transfor~matlon

X t--+ q~Xq.:l-l ~ ql (q~Xq4-l)q,-l

or precisely the transformation X~ q3xq~-1 where

This is a very m~ch simpler formula for the

com?osition of two rotations than that of Euler and

Rodrigues quoted by Hilton.
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I was led to the subjeot of the present paper by a oon

sideration of the X-ray analysis of orystals. The general

unooordinated and tentative aspeot of the metho~s used seemed

to point to an unsuitable geometrio groundwort. Vfl1en

Schoenfliea. Von Fedorof and Barlow solved the finel problem

of the 230 types of homogeneous structures there oonolusions

were purely geometrio and there seLmed no immediate prospeat

of applying them to aotual crystal structure. As it was only

neoessary to distinguish one auoh struoture from auotLer. a

qualitative besis was suffioient. But this qualitative basis

4id not meet the needs ot X-ray analysis of orystal atructur~.

and the pioneers in this field consequently fell bnck upon

8impleand geometrio methods which they eVOlved in the course

of their work •

• IYhat was wanted. it seemed to me, waS an analytio theory

in whioh the struoture of a crystal could be reprfsented by

• quantitative formula, and the analysis of thia structure

oould be reduoed to th9 solution of certain e~uation8. It

occurred to me that the application of simple vector and

quaternlon oalculuB would supply the n~ed of ey.perimentalists

While at the Barne time prOViding yet another solution to the

problem of homog-eneous structures. .
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!his solution oooupies the flr~t six ohapter. of the

paper. It is given in extremely oondensed form. and the abseno.

ot examples and diagrams may make it difficult to follow the

geometrio meanin~ of the various expressions. In this oonneo

tion referenoes under the heads of Classes and Systems should

be made to Hilton's Mathematioal Crystallography. Chapters

VII and VIII are deduotions from the theory whioh lead to

Chapter IX on the X-ray analysis.

Ciroumstanoes prevented this Chapter from being as tull

as was ori~inally intended. especially With respeot to the

laok of examples and the soant attention paid to the Laue and

Bull methods. defioiencies whioh I intend to make good at a

later date.

As the theoretioal part has been written independently

the absenoe of referenoes will be understood: the only works

to whioh I am indebted are Hilton (ibid) and ~iggli. Analytisohe

. Geometrie der Discontlnuums. from whioh I have takensome of the

proofs in Chapter III. In Chapter IX I have relied almost

entirely on Bragg's X?rays and Crystal Struoture, and in view.

of the forthooning appearance of the 2nd edition of this work,

the elementary nature of the Chapter IS perhaps not ull!ottunate.
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I.
CBAP'1'ER I

lOIBl' SYSl'EIIS

1.1 ieint §lete.e

Con8ider a alit.. of point8 in an n di.enlional oontinuum.

The p081tion of &n1 po1nt 18 determined b7 the Yeator X repre8enting

the line drawn fro. an arb1trarl origin 0 ( not neoe8sar11l a point

of the slstem) to the point. This point 18 c.lled~the p01n~ X.

The whole ay8te. i8 determined when the origin 0 and tho yeotors

oorresponding to all the pointe are siTen. Thus the system 18 oompl,tell·

leterminad bl

.X,.X~.X5' ~ written for short /x~

/X~ ia oalled the aspeot of the slatem trom O•

•2 If n independent Teotorl are ohosen. i.e. if A, .A •••••••A4 •

oan be oho8en suoh that

x,!,+xtA,+x,A,+ ••••• x.,.A.,.~.O unleel x,.x••••••• -x..-o
then X, ·oan always be written

x..A. +x" -'t +x,.A, +. • •• +x,.,A4 •

an! the aspeot ot the sllte. represented b7

/ x,,,!, +l\,.Aa +•••••••••x..,.A. .,,>

tbe Teeters .1, ••( •••••••••AR• are oalled the ooordinate ."at..

or referenae Teotors.

The soalar eoeffieienta XII'~I""""Z'~ are oalled the ooordin

atel of the point X,and are otten ulel to denote the point ~.
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. ])1s00nt11'11lOllS State.s.

It tor two pomta ot the qat.. S; ,s, I ••••••s., ~ ,zI. I •••• x;. •
all the poaltl.e aoalar dltterenoea

are either .0 or e, when e i~ finite poaltlTe aoalar, the s1stem i_

8ald to b. disoontinuous. In eTerrthing that folloW8 all 81.tem8

are a8sume~o be disoontinuou8.

II HOl!lOgeneous SY8tems.

If there exiat8 at le&st n points whos•••otor8 are independent

and from whioh the aspeot ot the 81.tem i8 the 8ame, 1••• tor whioh

IX~ repre.enta the a.peot of the 87et..; then the a,ete. i8 oalled

homageneout.

Let the pointe

B,. b.. A.+bnA.+ ••• ·••••••b..J..~
B, • b,.A, +b"J.. +••••••••. ,.A••. ........... . .

be BUoh a .et of point.

~I' a. lt
t.~

then ainoe the a,atem haa the same .apeot troa B,.Bt,

haa from 0 there 18 oorreapond14g to &nJ pOlnt S"S,I ••S_.

the points s, +6" I Zt +b.. , •••••• x" +b.., •
S, +b,tt St. +bs S,,+\t>.........................

Oone.pon41q to theae again are the pointe

s, +2b" I. Zt +2btt, •••••s" +2\1' eto.

alao the POint8 x, +11" +b'lt xt +11" +bltt •••••••S"+b••+bat••to.

lD ,eneral all the points
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Wher. :1 la.,s OaD haT' int.gral nl••• po.iU.... OJ' aepUTe

••1 hrther) the ooor41naha of U17 poiDt z..~ •~ ••• •• x".

'.ooa. If the point n.b~ +n..b" +•• +n,.'•• D,t.b.. +nllbu+" +1\,.bro' •••••

,. oho.en aa orlg1n
x, -nllb" -n"1>,, - ••-n..b... x, -D;., bl,-nullz..- •• -n...b, .

&D4 linoe tbere 1. a polnt With the same ooordinates referre' to thl oli

origin, tbe s7stem mu8t haTe the 8ame aspeot from all the polnta

I !la, ~, +n,tb,: +•• +n..b,.. Delbw, +DlI~! +•• +nttPla' •••••• nw.,b~,+nlllb"t:",+n..Jl",
!ie.e points form a point s7stem Inslde tth. glTen one and aa the

with
or1g1n was ohosen arbltrar1l7 In 'he first plaoe a setAthe 8ame 88peot

oaa 'e found for 8D7 origin.

fhese 87stems haTe the propert7 of haTiD8 the .... a8peot from e.,..1'1

point of the 87stem. Such 87stem8 are oal1ed 1attloes. All lattloea

oan be wriUen In the form

In,rA. +n,.,.A.. +•••••• +1\)..'

when 1f1s,. are integers and A, ~ i, ••••• i. • a a.t of proper17 ob08en

Tlotor8 •

• IS Betunung to the orig1nal a7shmt DOW nppoa. there 18 anoth.r

pOint b.tll • ,.... • • • • • ....... laognomlo with the origin 1... hoh that

the ..,81:.m haa the lam. asp.ot When Tl•••, from th.ae two point.

th.n thejpolDt :a; +q..~,....+D.tbll +•• +n..b, •• z .. +!\,~, ..tnttbtt+•• +n,.b,,, •••••••

and the point XI +n"b" +~lb'l+' .+n"~,,Zt +l!;,'ba,+n1,bn+"+Dr..b,., •••••• t

ar. pOints of the slstem. Subtraotlng, we haTe the dlffer.no. of

000r41nat.. n,""b......n..b". n, ...' ••,-De,b,••••••••••

low none of th.se must bl Inflnlt.n81mal and thl. oan onl; happ.n

tor all integral Tduea of n"s It I ""'( 18 Gommenaurat' l6
11

.zhn41ng we haT' I:\"~··oommensurat••
r s.
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The points m•• mt
il," n\

and there must 'be a

"
'!'herefore all pointe 1808'l1o.io with 0 ~ be nitten 111 the tora

P,. bIt +Plt11,( +•• +I\"b... P"btl +l\.b.l+•• +Ptnb,•••• • •••

where IPr~ are rational fraotions

.6 III the isognomia p'1i.h of the .,stem mal be nuten

/ P,,.B I ·ptrB. +. • ••••• +p..,;a" •
P't" oan alw81s be written 1: n; where ~1lI.n,.are all integers

an4 n7m" 0 Me. 81881 i 'II Jl ...e '8e!\'Be.'. ,e1&~11

!!:. IllUst belong to the .,stem
n"

flnite number k of suoh polnts. Of the.e n
as referenoe Teator.

independent polnts mal be chosen.... (U It,n some of the po1...nt.
Iaognoml0

B,B. Bno~be taken ae well) The number of/pointe with pure

fraatlonal ooeffioiente referred to these Teotors must be le8s

than before,ani,oontinuing the prooess we must arriTe after a finit.

number of operatlons to a set of referenoe Teotors 1n whioh there i.

Onll one point With fraotional ooeffioient8 and th18 i8 the point
set

O?G•••••• O. Suoh a i,sts. 18 oalled ~ primitiTe •

•61 Al~~he 180gnoml0 points referre4 to a prlmltlye .et of Teotors

A, •• l ••••••A~. oan be expressed in the form

11,rA , +~,.Al + +l.,A".

Where Il~, take all integral Talues positiTe 01' negatiTe.

This lattioe whioh inoludes all the l~ognomio pointe of the 'Jste.

With respeot to the origin 0 1s oalled the sltel.tal latt10e of the IJX

81stem.

Page 123



•
~

• '1 ne 01L010e ot all .h••"418'7 ••t 1. DOt uni",e. th.re are esoept

tor the oa.e (n-O) an infinite number of .uoh eete.

. . .
1e .uoh another .et it .aet

Bow the oondition for this ie

I
~~J:'~1,. ~1
~, Inl~) 1.. . . . ..

"~..1,.1,.. • ••

eo that thl. relation mnlt hold so04 tor the ooordinate. ot ~

primitive .et expressed in terme of &n7 other.

B.r an extenaion of thie proof it oan be 8een that 1t the d.termtnant

( " ,
• ~I" .,1.) a ~a the .et of referreno, veotore AI.Al •••••~.

1e of the m th order,tbat Ie the number of proper fraotional pointe

is m spd the higheat value of &n1 denominato. muBt also be a •

•8 Component Set.

The general expreasion for a homogeneouB ayetem may now be

wrltten I (x,,+l. U" +(x.,+111)1: +•••••••• (X.,+l,.,)A •
"I (X"+l,t )A, +(x1t+lli)A, +•••••••• (x.l+l"tl A

~ •....••............................
I C", ..+1,R )A, +(Xh+!t,,) At +•••••••• (X~t1~.). •

whert IA~ la. a primitive aet. Thi8 e"pression repre.ents eveJ'1 point

ot the .,stem onoe and onoe oDl7 if IC~r"~) are· not all integer.

for all values of rCs oonstant ) and of 8. 'it taoh point ""x"x,.. ".s
Is aeen to to be aooompanied bJ a lattice of equivalent poInts; ee6

~numbeP-O'·euoh·lat.leeem te 0811.4 .h&

.1
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,
Sinoe ,hue an a of noh latU.... '.a S;1It_ 1. called an _ btUae

01' IS pout ~.t... '!'ha ..t o'Z p01.r:: l;a " .z,~. +~>...~ +••• '•••y"'.
1. oallad a oomponellt set at 'the .;rat... One oomJ:oOuent .et oorre.pon48

to ...." po1nt of th. 8keletau latUciit 1l18te&4 of Ix" Xl' x's Xn

/tS.s+ln ). (%,,+l,,) ••••••• (x,.,+l,.) might haTt been ohosen a. one of the

oomponent .et, 1t 18 oonaequentl;r pO.81ble and 80metlme. u.efUl to

lta1t the Talue. of the ooord1nates of the p01nt8 1n a oomponent .et.

The 11mlta moet often empl07ed are (A) 0 ~ X " 1 and (B) -t 4 x ... t
(A) ayold8 negat1ye ooerd1nat88. (B) 18 more 8rmmetr10al,
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nCi+1)"'totor. tb.re 'Iallt•

torma of the t,pe Qrl) tCIT)

,

CB.1PfBR II.

QberaoS.rlltl01 ot • Veotor at!

Jlor .....17 ..t ot n Indep.ndent

.,...trloal of t~. tJP' quadratio

thes. torms are called the oharaot.ristios of the s.t•

• 1 COMruenoe

Two 8et8 of ...eotor8/A~d I~ are aald to be oongruent If
. I , 1
~r~:ltQ(J.) and QU.... ~) =Q(A~' A4 ) for all valuel ot rand I

faking thee, Teotors al r.t.r.no....eotora, wa ha.... J~

Q (X,A, +Xt.Al+".+X.J." ).t(x,A; +X~~ +••••• +x,.A',.)

and Q( x, A, +s.J., +••• H%,tJ." )( x; J., +X:At. +•••• +x~A4 )

• 1'\( " r , ) ( • I " 'A' )" x,-. + x, 1.:&+•••• +z,.A" x,.&:, +X; A:, +•••• +x" tl

for all ....luee of Ix.,.. hom this 1t follows that if 1n two 11st..

wlth oongru.nt r.t.r.no. Teottr8, there oorrespondl to .....ry point

x,x, ....x" ,in one ...... a point X,:ltt ... ,X n In the other, then the

two s1stems are oongruent and oon....rs.ll•

•a Szmmettt

If a a1It•• 18 suoh that two or mol" ••paot. Of It are oongru.nt

though not In g.n.ral id.ntioal, It ls sald to b. symm.trioal•.
If 0,0 ,e' •••• are the pOints trom whioh the s1stem has ... S"I

oongru.nt asp.ots then for &n1 two poi.ts K and 1 thlre are oorrespond

ing points

wher. X ,Y

1 / , ~ , "o +1 ,o.y 0 +1 ,0 +Y : •••••••
, I

; I.Y ; ••••• are oonnlot.d b1 the equatlons

Q(I)= Q(X)

Q(D)'" QrtY)

..............
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I
low • lDUat obnoual)- b. .om. Teotor faDotton of J: ooDlt1atent

I tben
Win tb. aboTe .0nUtion.. .!'U~ J:. f(X) .. ba.e if Y 11 tb.

point oorresponding to X. 1.. if Y • X' .C w. ma1 write a. tbe

general form of the EI oondition of 8rmmetr,r the id.ntit7.

Y : f(Xl+C •

•, Szmmetrz in thr.e timensiona.

LeaTlng at thia point the atu47 of point a7stema in n ~1meDltioDlt

•• ma1 eDllline the form which the .1JIllDetr,r funotion f(X) takes up D

where n = 3 that is in the ordinarr 8pace Of thre. dimen8ion8.

In thi8 ca8e we may write Q(X). XL and Q(XY) pS.XY and tbe

oonditions wbioh f(X) must 8atis1) beaome

f(X)&'. Xl.and St(X)f(Y) csn

One form of f(XI wbiob 8atisfies both the•• oonditloDlt i8 the

quat.mion tran8formation

f( xl • gXg-' where q 18 a quatemion
•

aneth,r i8 the negatiTe quaternion traneformation

fIx) • -qXg-' .

There are no other forms wbioh can 8atiB~ the oondition8; for 8inoe
• L ,

f(X) =X .Cl can alwa18 be found such tbat fLt): qIq- ant 811111ar17
, .J' ..,q'oan al_18 lte found such tbat f(X) ...1q' ,

tben S f{X)f(X) ~SqlqqX~~= S XX'if and on11 if ,/ aq

.5 Thus the general condition ~f 8ymmetrr lDU8t a1w81s take one or

other of tbe forms Y i QXg~+O Y i_gIg .0 • TheBe identities are

known as symmetry relations of the first and seoond 60rt respectiTe17
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(12)

9

.6 . ft• .,...tf7 retation !Ja1CU';"'o 1187 alw&7' be written 1D th. :I:
., • 0(

inverse form X a!qYq;O where C sqOq MultiPl1ing both of theee

expressions b7 q adding them and dividing the sum b7 two w. arrive

at tbe symmetr,v relation in its moat sJmmetrloal shape,

(Y- j}q !q(X+ i) • 0

or (y- i'q +q(X -¥l ~ 0 for relationa of the fir,t an4

,eoond sort reapeotivel7, or more 8impl7 still

CY-C)g-g(x+DI £0

{Y-C}g+g(X-D~ ~O where Oq-qD-O

In tb, i~rtant partioular case in whicb c- 0 the relation take'

the simplest form of all

Yq .. 9.1 • 0 ,

The unsymmetrical forma are in «eneral more .a&7 to 4eal with becau.e.

the7 involve onl7 on. constant veotor, and thw,y wll~e used in all

the subsequent work. the other form4 were onl7 introduoed to show
I

the essential symmetl'7 of the relations.
I

.' Combinations and Transformations of SYmmetry ielatlon~

Ita system poeesses two symxetr,v rela&ions

(1) Yii (-I l"qXq-' +0

(2)
I

(-I fq'Xc('+O'Y~ where v i8 an integer Odd or even

and in (1) we put X iiY' ••e haTe

.71 (12) ( l't( )tt -I }... ,Y~ -1 q -1 gXq +0 q +0

.bioh reduoe& to ,
'I+Y I ..,"1 ( "'c '" IYi (-1) qq.Iq q + .1) q q +0 .

, ., ~

and ainoe qq is a quaternion whoa. reoiprooal is q ( this i& eqUivalent

to another aymmetr,v r~latlon.

Page 128



(writing D for C to aToid oonlnlion)

10

fJl18 n.w relaUon 18 oalled til•••t<iiil'''l nlaUon (Ull •

n. oombin.d relation (21)

(21) I. (-lr~q~"rJ."+{-lfqcq" +0'

18 ill general not the aame •

It abould be notioe' that if (1) an! (2) b. both rel.'iona of the flra'

or both at the .eoond aort 'heir oombination ie .. relation of the

firat sortiwhereas 1f one i8 of the first and tbe other of tbe seoond

Bart their oombination is of the aeoond 80rt •
•,. The oombination of one relation with It aelf n times will alwa1a

be .. relation of the a18tem ao that the relation,.
.L "II C-l)qXq +0 a1w81a Impliea tbe .further relations

Iii (-1rq~ xq" +nO

Where Ii m&¥ haTe all Integ~ Talue, po'itiTe or negatiTe•

•7' . !be oombination (-f21~

(-121) Y~ (.,J. r~q'q' Xq-q'oIIl-1 -(-1 )"~c{q"Oq{'q'"' +qO;t +0

il 081led tbe transformation of (2) b1 (1)

.8 ReduoedSzmmetrr Relations

In &nf point aystem we oan alw." write
, Ix- X,.,,+X ; I+Y,,,,,,+Y where X'",p.U+IIB+nC • .l.B.O

being prlmitiTe referenoe Teotora. andll.m,n integera I wlile

X ~"+'B+~O where p,q.r are proper fraotion. th~ugh Dot Deo••aarllJ
I

rational;- 81m118r1, for Y,,,,~and Y. The general 8;ymmet1'7 relation now

tat.ea tbe form
~ ') .1

Y~ ,~Y. (-l)q(X, tX q +D
'11.' "'''

l~••Dare the lntegers corresponding to l ••• n •
, I

'or the akeletal lattioe that inolude. the origin X-Y-o

The rtla~ oan theretore be oon81d6red .a the aum of the two rel-
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relaUou

( " ofy,.... -llql:,....~ +D,
.. ' ( iI I -/ ....
& • -llql: q +D1. wh.re .-r~D

If 1.m.n b. put :: ,t oan b•••en from the fir.t relaUon th.t,
D = ll+mBtnC where l,m, n are integ.r•• now putting t;t~, inatea.

of , we ha.... Y,: ,a (-11 qX, q-'. In the same w&7 Dt-0an b. mad. to take.... ' "'It

the for. p!+qB+rC wh.re 0 lib: p, q, r < 1 • Thus .....1'1' symmetry r.lation

implies • relation of the type
•

Y Z (-119M' for the .t.l.tal lattio.. and of the

(
{ .,

y: -1'9X9 +pA+gB+rC for a oomponent s.t, or for the

whole .,st.m. If in addition the system has no relation of the type

y : (-l}cixq'~n' where q'":;q

the abo.... relatione ar~ oalled the r.duoed symm.try relationa of the

.telet.l l.ttice and of the system resp.oti....1y.

t Egui....lent Points, Simple and mUltiple Slst.ma.

A point system poss.ss.s, in general m distinot r.ID,.4 e,mmetr,r

relations, III being always finltefr th.re would b. an infinite nUlllber

of points in eaoh component set. Of these m relations D o~y Wll~.

independ.nt al~he others oan be deri....d from these. by oombining

them in differ.nt ways, To any point X th.re oorrespond the points

_,,~ 1:'" to whioh it is'related

by the III r.latione. also the points ~~t •.••~~deri...ed from I: by

the. rel.tione .ppli.d 2.3•••• t times eaoh(the ....lu•• of tWill

bejaXPlained .ubsequently,) All the points l,,~~. -11' belong

tp the sam. oompon.nt s.t,the7 are oall.d eqUivalent points.
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:&.2

It the.. are all the point. In ..oh ooapollent ••t, the point .78t

18 oalled almple. If there are other group8 of equinlent pointa

/y~ /Z~8to the 8yatem 18 oalle4 ~ltlple, The groups /x~/~ eto

may have more but oannot khave r.wer 8ymmetry elementa than~ 8yst~

, The troup with the

fewest symmetry elements determines the aymmetr,r of the ,yetem.

If /X~18 suoh a group th& other groups /Yr.i~? oan be aplit up Into

partial group8 I.Yr-.I'reto. eaoh with the 8ymmetry of Ix and deBiv- i

able from eaoh other by l"elat10ns not Inoluded In the 8ymmetry of /XI

The whole syatem ia now expressible aa: the pointe X .1 ?l ." ,.Z ,~ ,

and thei~ eq.ivalent pointa making up aaoomponent aet;and the point8

oorresponding to alJ/these points, The points X .,Y 'tY .,. "Z 'lZ •••••

may be infinite in number and taken together make up a geometrical

figure whioh 1s in genetal asymmetrioal, lor most purp08es howover

It i8 suffioient to oons1der aimple Byatema remembering that every

point m&7 represent an as,mmetrioal figure.
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ClUI"J'n !II

3.1 ,S,...trr of sret.. and of Steletal lattlo••

It hal ' ••n .btwn already that If a ayatem haa a .,..etr,r

relatlon Y.(-l{qXq~+D the skeletal lattloe haa the relatlon

~ Y. C-lrqlq~ • Suoh relationa not Involving &nJ oonetant Teotor

are oalled rot.tlon8. Thel are In taot reprBaentable geo.etrloal~

bl a rotation of the Whole 178te. about the axil of q through twioe

ita ·ang~e. I'o.rther we must haTe if I taC _l)"r <t,.Xq: +D.. 1B the lymt!letl'1

group of the Iyatem that the Ikeletal l.ttlo. p08se8see the group

of rotation8 It .(-l)··~q~ We muet therefore examine all~he poa8ibl.

olaasBa of groups of rotation that lattioes oan possess•

•1 Posslble Rotationa.

To begin wlth we need only oonaUer the form Y.qXq-l tor 8inoe

the relation Y&-X hold~ for al1~attioe8 Y~qXq~a1wa7' Implle. Y.-qlq~
, '07·"" porld

and only those relations Of the .800nd kind Whloh~to possible relat-

10ns of the .first oan exllt.
A-

Wri ting q in the form Aft where J. 11 a .ector and 1\ ft. loalar

the general rotation beoo.e.,

Y ;0 Aft u-h

Th. T.otor J. 18 oa1led the ax18 of the rotation.

Ifhl. relation ImpU.. t. J."~"~ w~e"" '" " aft f1lht,Y"

But 1••• Y • X 1. al..,. a

relatlon of the lattioe.
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..1.", ...~•.l.
C_,~ •• ha... Y 5 A U

low iili+'Ii1.e .here • h a fin1h poaUl•• lIoalar or (1 - l')ft~1l DOt

be .. f1n1te Teotor: II E18t therefon I'll rat10ul

WrUing h in the forlll ~ .Where k.m.n are int.g.r. and n>m
2k ~~ ft m

then kjh.~ • 2 - ~
I II It,+ i

I.~ •~ .! Where p 1s tn integer;>.
~'l • l::l+p

aDd this lII1.t b... po••iU. Ta1ue of the index of .1. Con'timaill« the·

proo••B .e IIllBt ..rrh. u1timat.l.7 at .. Talue + linoe the Talu.
reduoed

-!- il ina4mlls1ble. The B,...~P.V gen.ra1 rotatlon now takes the
oc

fona

Suoh .. rotation i. oal1ed a k fold axil of l,mmetr7 beoaUBe repeat.d

k tta•• it 1...T•• tbe ..speot ot tb. 1att10. a. lt was to begin wlth •

•s Poe81ble Taluee of Aan~

.51 from tbe oondltlone of sJmmetr,v •• haTs

S.U co s.u
S.A(Y.X) ii 0

but IT - I)_at be a point of th. lattio. for ..11 oon.apon41q nlu••

of Y and 1. !bi. ahowe that in .. plane through ~ point of the 1atUo.

perpendiou1ar to any /luls of 87J111llet17 tbere i8 a net of pointe of...."
the lattio••

furtber l.t

••••••••

..IUDs
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.061ar produotl

;
tu. 18 o~ po.IUI. if ~ 1... - p1 ;., .. ,he 'ftllle of ·.!'Itl t.enlor

of A ~o.. n.' aff.ct the QIIlD.tr;y nb'tien, and i. I ..18 a pou\ of the

1attl0. ~an alw~8 be chose~s a point of the latt10e•

•13 Let I •• It.I, be three pp1nts of the lattloe s8tistying the

conditione S.ll - S.ll - S.ll .. 0

I .. ",fu-l X... A~xAi
t I '

BaUonal .8~ue. of p;q;r oan alwqa 'e found auoh that

throughout bl Ilan~ i&A4Dg

t
pS.X,I,+qX,+rS.X,X.ao

• Dr 1(p+r)I;oos -.. +qI t .. 0

fir ...=.!L..
0087 .. p.~-

COl If 11 rational , it oan onll haT. the nlu••

-1. -i. O. 1.1 oorre.ponding to/the ftlu••

of t, and these llll18t be the 0n17

.,alU88 that k can ha.e. Excluding the identical relation k .... oo

w. ha•• ~he following theorem.

II aD1 lattioe or point s18hm there can only be 8%.1. of

2. 3, 401'6 fold symmetry. Such axes are known as 41ad. tr1a4. tetrad

and hfllAd.au':j.sp.(rtivel~'1'hegeneral rotatlnn must now take one of

the particular forms

11.=2 y" All-I

=3 Y·"'~xA~

." y.,;",tut

c6 ye ",'fut
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16

., Combinations of Rotations

We will first establish .o~ trlrono..trioal formmlae oonneoting

angles between axes llnd their l!lJJgl'~s of rotation t. e. the angles o/!
,,41 Transform a rotation Y ••~n-~~7 the rotation Y Ii lxAt.

this gives y!!e At.B~ A~xA"BilA·t(A-tBii{x(J!BiY~ B';'XB- t

B'" A1Bi*" is oalled an axis equivalent to B. The angle between" ind j

18 given b;y ooe ll ., s.lffi" s.Wm:-~., s.lH ooaf ..lain f )li( oosF +Isin f)
(Where A,B stands for versor A B) = oos'[ +oos2lsin'f

sin ~ ~ Bin¥" s1n ¢'

where <p 1s ths angle :·U
f ·f , -£

Combin.1ng the two relations y. A U and Y • B IB we haye
t ... .s, -' "" - J l { -5;

Y .. A B Xl! A 'eo xc "where 0" .lB. wrlt1ng the quat8rnione in full

(ooe f ..1rs1n { ) ... (oosr +i81n f )(008 {!;; ..Bll1n~) .

oosf· 008 r oos 'f, +00sBsin1 Bin f,i Whe,.. 8., th ~'" I. A

Oonsider the two eqUivalent rotations y""if;li\ Y-B'"n-\
. i --1. , ~ - ~

transforming the Seoond by the first giY88 Iii H xB Where B ~ J. BA

A rota~ion 6~may exiat that transforms B/lnto A and A into B.
-!;; ,i,. -\ 4-

Then B !.' 0 AC and B ,. C .10. Irolll these we have
·r" - rlB-A'C (A-B)C

The angle between (B-A) and (A-B)~ ,!
oos r.e" -S(B:"A)(A-B)

SIB-AIJTI:'B)
SA .SAB.SBA+SBB'

t sll.B)
t7f () If-1+8006£/-00S "* -coe2 s1n. where & ie the angle

e ~+200s between A and B.
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1'1 ''I

fhat l' '1n~.'11l~OO'f 01' oc.~.c .U ~ .
8U ~

G1ylnga and Il all allowable Yaluea for whioh • ) n we obtain all th,

possible .-lues of coelwhiOh ara 'hown 1n the fGllowing table

......••.......•.........
:n~6: 4 : 3 : 2 :· . . . . . .· .

'm~' 1 . 1 . A. 1· •;... ;... ;!I. ;'f ;.I· ;... ;
::,: : : :./2: :
• • . • • 2. •· ~ .
: 3: : : 1 : ,,}: :
: ... : ... : ... : ... :.~. : ... :
: 2 : : 1 :· . . . . . .· .

from th1a •• a.. that

6 fo14 ue. oannot .nat 1n different 41reoUone

4 fold axe. muat be at right anglee

a fold ues DUet illteraeot at angle. of oo~or the oomplementar,v a

angle of 008-';1;
2 fold ues when equivalent must 1nter••ot at angle. of ~ f f

..
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.D C1as••• of Rotation groupe: lire' Sort.

W8 are now in a position to oonlid.r the Tariou. olae.e. into

.whioh groups of rotations of the first .ort maJ be 4iY14e4. The•• a

o~ass.8 will be designated for convenience of reference/by their
,

Sohoenflies symbols.

Groups oontaining one rotation only. General type Y ~ A~ll ~

6

0.

group•

B, ,Bt ' are equi'f'alent U'•• jzq t1lO

of the axe. A' B•• B~ B,,' 0+ taken

•• the independent rotations of the

symbol

;[".

fher.ar€ four olasses
""

~,.l:' ~
• ('PI.'. \ Groups with one k fold and 2 fold axes only.
, ..~~

Oenlral t)PI y... Alxii

.. IIIMe " iJDIU'taURfJ ill h'ansforming ~ b:v B w. IllUst obtUn -A

or the:v would be two k fold axeS Which is ,inadmiSSible in this type

ne angle rf> between A and B lIlUst b. f .and RbltibUng in 5- M

we haTe .in t c ain T e • La1 I) 1)

If k i. of the form 2h I Bq •4-B II there are onl:v h distinot axes equi'f'

Talent to B. In thl. oass .110 the oombined relations 11'B glTtr.j

riel to h 11a4 axes ~lt1Aot B:B~ B~distinot from B,?B t BII
" .4 I

low A'B, - A'B,~ B. so that B,oan be put in the form B.+B,
. ~

If k ~3 the oombined relatlon A B,-B$so that there 11"'e only three

equITalent diad axes and no more.
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1•..•
Ben qaln then ue faa' olas...: Il -I a • ,

Qllbol a,aQ DJ D.. D,

With the oon41tioDe S.BC =S.OA.=S.U =0

•

•

Q RobUon.

•

•

•

Y~J.U-I
Y~BXlr'
Y= CXC·'

Y:A.tn-t
Y3 BIB....
y!O. CXc'" ...
Y~ (B+C)X(B+O)
y,=, (13-C }X( B-C rt
Y~AfxA-f •
Y-;,o:BU-'
Y,=, CXC·'
Y='DD)'

.J.. • .1.
Y'!:!A 1n]
Y ~B.XB··

Y -:! CXc'"*
Y...,DXD'"
y ~ (C+D}X(O+Df'
Y ='(D+,B}X(D+Br:
Y£ (B+C}X(B+Or

..

•

•

•

•

•

8.m .... -l

S.U =S.AC-S.BO =0

.,.~t

S.AB =8.A.C =S.A.D =0

S.tm "'S.mI =S.Jt!--I
I. L I

B::o 0 =D

B+C+DCIlO

Same allD

.N lion tllan one k fold uee (k) I) • n .... ue two ola.....

, with trlad and diad axea. 0 with tetrat.trlad ant 41a4 axe••

Both baTe a eet of four trlad axea f,.'•. 'l,.T. Whlob are all equlyal

ent ant DlUat b7 ~43 and oonaiderationa of sJ1IIIlet1'J hUn the oon41t

10na ~T"1..;p3lft~s!'~1·STI.';ST,T+.slf,T,-.jf : Tr'·t':='l~"f: : ',+TlT,+'l'+='O
ther~rjn addition J

In olas. '~onl7 the thr•• diad axes A,B.' related to T, ,'£,T,?'.

'7 the rotationa 'written in thelr aJ1lllletrioal form}

A.'f _, A.. A.'l)-TA. cBT - T B -BT -T B - 0'1'.- '1' 0 =-OT -T 0 = 0It. ... ) ... If 13

,t'-irl't..TtC- AT-\" Tt A-B,'.. ,-IB-0'\ T\O TAT '.TtA 'to B'1' \'.. 0 .'1IIl1lar'"
I I I I. I l &.. I. l L 6#

& C &
tor ',and ' .. , frOlD th••• w. flnt S.IO ....S.OA.-S.AB-O A-I-O

allo ',-A.+I+O; '.--.1-1-0; ',--.1+1-0; '". -A.-I+C • We haTe therefore for

, Rotationa YsuA'
Y.. BU-'
y; CXC·' -\- .Jo.

Y. (A+13+O)LXLl+B+C} :
Y!r (A I C)"'X(A B Cr.,
Y~ fA+B O)~(J.+B or\
Y£ fA B+O)'X(A I+C)-~
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has

are

20

Clae. 0 41ft.!'. ~ haTing ATB.O aa tetrad .axea anll in oonaequene
t -t

foU%' more triad axe. w~oh IJ) Tlrtue of the relaUonsf.'riA '1', A

the inTerses of the original four. Alao for the same r~ason8

&a D~it has three pairs of d1a4 axes of the t7Pe B+O or ~ ·'1
, I ar.

I~l~ther.~thirteenrotations any two of wh10h m&1 be ohosen as

independent if thel are of different kinds.

yeAtu-t
y~ BtXB-t
y '= c1xc-t· _!

y:;; (A+B+C)~X(.hB+Cl_~
Y .2(A+B+C}'X(A B 0) 1
ys (A+E C)tX(A+B cr~
Y=:(A B+Cl\X(A B+Cr t
y=. (B+C}X(B+C)-I
y ~ (B-C }X( B-C )-.
y;:.'(C+A}X(C+Ar'
Y s.(C-Alx(O-Ar'
Y =(A+B}X(A+Br:
Y!!! (J.-B}X(A-B)-

nertue no other 01asse8 of rotation rroup. of the f1r.t lort
. h

B.r3~lthere are no ot~r arran~emente of triad and tetrad axe. p088ibl l

than those of T and 0 and a lattioe oan onll posse8 one hexad a116 •

..
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06 ClUeell ot Botatien mUM: aeoOll« 80ft

!'Iae general rotation of the uoond .ort 1.

y 1i. J.flll

Coa1t1Jled with another relation of the .eoemA .ort l' glT•• fU. \1

one of the first .ort. 80 •• ne.d oD17 oonaider olalls•• oontaining

aeoonA lort operation. onl1,or those formed b1 oombining with one

of the 01assI8 of the firat 80rt one rotation of the seoond 80rt.

hrthn sinoe the effeot of combining ye Atxi 'and Y l! -J.ill" to
l ·t I -ftorm Y~-A XA. 18 the see a8 that of oombining YIE A"XA. and Y::!-.1

onl1
we need ;::.oonsider the oombinations of Y ia! - X .ith ola...s of the t1"11

80rt alii the oombination. of Y2 - h.A\itb olass.s of the first-, -,
eort wbioh bave no axie in the 41reotlon J. • Y ~-J.ll i8 the onl;,

8.00nd eort rotation wbiob oan b. oombined In thi8 wa1 beoauee allt

the otbere Inolud. a rotation of tLe flrst eort~

61 S d t ti al G 1 t "'"'e • y~_.ty.-f• eoonsor opera one one. enera ~, ""-a AA

THere are flve olasses k = oD 2 3 • 6

Symbol CL Cs C
ft

0'
OJ"+

c· Rotations y~-.1 'l'bls 1_ oalled a oentre of 8J1IIIIletr;r.L

Os " Ye-UA,-f " II " a plane of sJlDmetl'1.

On 1i t .1-
y~-! US
Y~ -l-

e'
y_ A u J

"
ye. -AtIi'•
ye lJA-r

... _.I.
Y!!-A~ U J
Y;;! -AYA-1

Ie A\U-}
~E%oept 1n the oa.. wbere the axi. to Whloh A 1. perpendioular le a

41ad axie. We have therefore al.o to oonsider the resulte of oomblning
seoond class .'8.a~ rotations witb perpendioular 41ad axes.
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"

"•62 CoablUUoa of Y!!-'I With tl:rn .01'\1-* .1.....

,_ olaa... oorr.aponding to 0. CJ C. f. il • D. D. D~ , 0

S1Jllbol C'" <;; q~~ ,,::,;, Q4 D1( D4,\ Di4 '. V4

On.' ot tbea. ~ib.longa alao to the laat aet ao that their are 1'.a117

01111 n1n. olaaa.a.

C,. R.laUons 1..1.441tion totho•• o.t CJ I If -x
.... T Y!!-UA-'

Cond1tion. as for C~

~f· •

"

•

•

•

"

•

"

•

"

•

•

"

"

•

•

•

•

•

y!l -x
Y4:-UA-'
I~ -A"tU-t.

Y!! -x
Ys -llA"'
Y.-A\U·~
Y'!!l-A'tu·f

Y!I-X
I ill - JJ.J.-'
II!! -RXB-'
y. -cxcr-'

Yo!! -Xc &
Ye -A 'U'S
I~ -BU-'
Y ~ -CXC-"
Y<! -DXD-'

Ya-x
Ya ·A.U·'
Ylii -A'tXA-f
Y~-BX:B-'

ys-CXC·'
Y == -(B+C)X(I..C)-'
Y= -CB C)XCB C)_'

Y:! -.x
y=t -ill:'
Y!!! -A'hc f
Y. -ii-n-t
Ie -Bn-'
Y, ex'}·'
Y ~ DO·'
Y'!L CC+Dlx(c+,i)'"'
Y "" CD+B)XCD+B)-',
Y =. CB+C)XCB+C)-
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a.lationa in addition \0 \ho•••t ,
oonUtion. .s ~or ,

" • • " " " OY;;:-%
YII - J.:i..A'
Y-=-BXB-'
y~ -cXC·, _I

Y~ -{B+C)XCB+C} ftC.

y.-~ut ftO.

Y;;: -C A+B+O)-\XCA+B+cfJE'1'O.

.61· OombioaUon ot y BIJ With rot.\ioneYof the first SOI'\

Woar ola,.e. oorre.pondius to 0" Os c. C4'

SJmbol 0,,. e,.. c.,. ejr

e,.. R.lations inadditlon to tho.. of Ct Y~ -BIB-'
Y' -cxe"

C" • " • " " es y!! -BXB-'
Yii -axc'"
Y~ -DXD-'

O'r • " " " " e,
Y!!!'-BXB-'
Y'!!. -axc·'
Y. -DXD-' /
Y~ -cc+Dlx(O+Df
Ys -(D+B)X(D+Bl-'
Y:- -{B~Cl%CB+C)-I

e~r " " " " " 0 Y. -BXB-1

• yy or -cxe·' _,
Y~ -(B+C}X(B+O)
ya -(B-C)X(B-Cl-l

The on17 other ola•• of the firat 80rt with no axes perpendioular

to a'. k told axie (t '>21 il'. hom thi8 .e have therefore. one

01.8. 'i Relations in addition to thOSBOf ,
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~'!4. La.n, •• haft 10 oonsU.r the 01a88e. whioh are the result at

combining a 41ad axle yl! :u:a-f.ith with a 1"0t&t'lC111 of the .eoond

tort yll -Alxi\'here S.U -0 and It ~ 2 I There are three 01a8se8
.! - ~

It .. 3 4 6 A.S Y~ _A' Xl i tsd! possesses a oentre at 8YJ1l-

~ whose rotation8 are

metry D~mu.8t have ODe and .e have alreaq

dealt with it. Thsreremaln two n.w olass••

Y!! -.lixit with the oonditions
YS'llA-!
ya BXB-' S.U "S.AC'" S.BC"'O
ye CXC-'
Y~-(B+C)X(B+O)-I B.... C

l

y ... -{B CU:(B cr"'

• • II
.L _.L

Y!!!.-A)U J

YllA~XK~
Ys. B.lB-'
Y s C.10-1

y!If: DXD-I
Y!! -(C+D)X(O+D)'"
Y!! -{DtB)X(D+B)""i
Y~ -{BtO)X(B+Or'

S.AB :. B.A.C'" S.AD -::. 0

S.trn =.S.tm =S.~ =--i
L .. «.

B"" C -D
~-

0, .0..

Os .Oz • ClA

0/,. I Dz ID,,, or Q·QIl

°4 .04,..0.4. D• .D44 •

0' .D" •..
" I Cli I CJ.... D j I D3t/.""3

I. both th••• oa••• oan be expressed alternativel, With rot.tiona

y. _AU-f eto and Y= (B+C)X(B+C)-l eto • Thle 18 At 80me importano.

8ub8equent17•

•, Wei have now derived all the 01a8se8 of both torts into whioh

groups ot rotations oan b8 diVided. There are thirty two in all)i!

we inolude that olass with no rotation bU," the identity relation Y-X

The;y are divided for reasons that Wll1rppear later into tiTe "8;Y8t ..8"

I. Triolinio s1stem

II. Monoolinio s1stem

III. Orthorhombio s1stem

IV. Tetragonal s1stem Ca) tetra4 axi. 11t,Iort

(b) II It 2nd II

V. Rho~bohedral 81atem
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28

TIo Hexagonal .,at.a fa) Rexad ans lat aort 0, .e,,, .0,,. .D, .D4 0

(b) .. .. 2nd· ~" ,D,. 0 •

TII. aegular l7atem I .', .1,.0 .O~ 0

b..
The olasses Ci • 01,\ .Q. '])4" '])JI~O" are oalle4 halohedral.

Holohe4ral 01as8e. han alh the rotaUone of both aorta that &1'8 11l

the other olaaae. of the s&me erstem.

The olasses CI ,Q • DJ ,]). • D. .0 • are oalled holoanal • the;r 0

oonta1n all the rotationa of the first eort that ar8 in.the.yst...
and D;,

The olasses OJ ,C's ,C. • C, ,O,p. 0,... O~.... 0..... ' ..rtl • are oall.d

hem1morphl0 • Ther all oontaln one alde4 axes. that i. axes auch aa

A,to whioh there corresponds no axis -A.
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CItlP!!R . .. If.

~nJ2H

o !Jp!8 of .,..etrloal lattloe8 •

We are now in a po8itlon to examin. the uwaber of tJP•• to

'0 on. of whioh &n1 lattloe mu.t oorrespond. !be 8~etr.v of &n1

lattioe mustbe that of one of the thirty~wO 01a8.e., but the follOwtar

oon81deratlons abow that the choloe of theae la limited.
~:pt~-

,~1 In a lattic. oontaining a X fold axis A., (k ) 2) let B be a prlm1tln
,t

,. TectOI' perpendicular to A ouoh that no Teotor B also perpendicular
t ,Z l -\ -t...;....

A exista ... making B ,.B • Then if B,"A, BA • 8-i-A, BA"the pair.

I ,I/and 8"'1.B IllUst be prlmitive veotor8 for the net perpendioular
-I

to A • .uao 8ino. 8,"B B_,B B and UkewUe B.and B..lllUat be 41ad axe.

tor the net , fIlrther A, B ,B ,and -A ,B •B_
1

are oOngl'llent referenoe

.'8tems whioh are related by a rotation about B 80 that I must be a

41ad axie of the ~attioe. '1'011 thi8 w. have the theorem

There are diad axee perpendioular to evel'1 triad
J
tetrad

J
an4 heza4 axi.

of a lattioe•

•08 Every lattioe has a oentre of 8flDlDetry Yl!! -X • Combining thi8 with

the 8,JIDmetry axe. of the lattioe .e have the th.orem.

Perpendioular to every diad, tetrad, and hezad axi. of taaa lattioe

there is a plane of symmetry and every triad axis 18 ~XiS of the

8eoond 80rt. 'rom theae two theorems we oan lee that the Onlt

ola••e. of lfmIIIetry to Which lattioes oan belong are the holohedral

olane. Ci • e", •Q~ • DII,. ,DJ,( ,D'4 ,0" •

Page 145



IY

1 .0 Lat .e 'Isln wlth lattlol. wh~•• ~l••• ot .,.mIt!)' 1~ that of

0i !h1a 18 the IIOst Sineral t7P8 !!;tIll '~h. ohoiol of a suitaill.

retlrlnoe ••t 18 arbitraq so that w. oan alw&1's ohoose three" primU',.1

.Iotors a.b.o and wrlte the formula ot the lattioe

7"" I 1& + mb + no
'tr

SerB and In the SUbsequent work the emaIl letters a,b,o (d) are

used IXolu81ve17 to denote referenoe veotors; oapitals A,B, beiD!

u~ed in the general expresslons for axes. The letters l,m,n.~) will

alwaJ8 repre.lnt integers, While p,q.r.{s) and u,v,w,Ct} stand for

rational fractions. fhe rotationa of the nrious lattioes are not Si.ID

hire • the7 are thosl of the 01a.8 of ~etq to whioh the lattioe

belonge•

•1 en.
a oan hire be ohosen to 'e the Onl dla4 &Xis while b and 0 oan bs

ohosen arbltrarl17 eo a8 to bl pr1aitlvl vlotor. 1D the nit perpen

dioular to a • The formula of the 1attioe i8 now /pa+qb+ro as a,b.o

are not n80essari17 primitive veotors for the lattioe. Now if p,q,r

Is a point of the lattioe the rotation y.axa-'give8 p,-q,-r, a8 an

equlvalent point. B.F subtraotlon w. find that X!l2p,O,O and O,2Q.2r

must be polnts of the lattl~e. But bl the ohoioe of the referenoe set

1,0,0 and O,.,n are points of the 1attlol. ',q,r, therefore mu8t bave
t" 1the torm ~l,!, ; , When"i8 odd m and n oannot both be even. if?W as

b and 0 wre ohosen arbitrarill in the first plaoe .e oa.~ alwals ohoo.e

tbem so that 11ther 1,m,n ar8 a1.als Iven Or 80 thatr~ 1s &1.87S even

and 1 and m both even or both odd. ThUB there are two tlpes of lattloe

Who••
.!1

.22

formulae mal be written.
r. /la + lib + no•
r;.' I¥A + ¥b + no
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~

.", Qil a. 'tC are bere cho.en al01l8 the three 41a4.&ze•• Writlq tbe

fol'llUla of the aatUce in the first plaoe a. I la+III\)+nc.w. can .how

exaot17 as in the previouB oase that the points 2pa • 2qb • 2rc

belon~ to the lattioe p.q.r. must have the form i, ~, i . Bere

however aB a,b.o are geometrioally indistinguishable, there are four
n 'n' lit r. ItneB I.,C,tD,r. aooording aa .,1.III.n are alway8 eveniC,Heay) ie

~

always even and afnd n are both odd or both eveni 1: ,two of the number.

'"are odd and the other is even or they are all eveni T.? l.m.n are all

odd or all even. The formulae of theee are written

.31 r: I la + mb + no .,
With the conditione S.bo. S.ca-S.ab.

.32 [" I 1a + m=Ab + IIl;D...o• 2 2zr.: I -l+lII+n &+ 1-1II+!b+~
8 (--r

.S4 r: I m2n.Jn211l+~

., .. D
44 • 1. oho.en aloll8,the tetra4 ae~. , an40 al01l8 4ia4 ax••

then either brud 0 are primitives or (b+o) and (b-o) are. but a.
I

the.e are a180 diad axes ~and 0 oan always be chosen ae primitives.

Sinoe a is alao a diad axis this 1. only a speoial oase of Q,
I f1

but here thers oan be no types oorresponding to r, and r,beoauae

when 1 is even ~d n must a1.0 be evenJeo that there are on11 two

types: 1; l.m.n a1wa18 eveni 'l'l.m.n all odd or all even. their

iormu1ae are written a. before

/ 18 + m\) + no. wlth the oonditione

S.ab -S.&O -S.bo-O

;. b~o·
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S. bo co S.oa_ S.ab ... 0

at... b~o-
l+m-n

2 0
l-m+1\2 +I -l+m+nE a+

In thia and the lUooeedimg 01a81 fo~ rlferenol .eotor8 wl11

be oho••n • thie ls not atrlotly neolssar" but It exhibits the

e,mmetr,v ~t the lattioes. Whenever four .eotor. are taken the lin.ar

relationbet.een them of the type pAtqB+rC+sD-O imposes a relation

of the type tp+uq+vr+we - 0 upon the ooordinate. of aD1 point

If the ooordinates 8atlst,v lUoh a relation there oan be no ambiguity

about them •

& ls taken along 'he triad aXie.b,o,d along the diad axes

perpendioular to It. Tha formulae of the lattioes oan then be written
•

; I !a+qb+ro4sd With the oondition q+r+1 -0. Inthe net /qb+rc+e4

any pair of b.o,4 are primltivee.An1 point of the net is mb+no

but to sat1at,v the oondition we muet add t{a+b+o) -0 80 that

m+t+n+t+t--O , zt must be an Integer.The most .ymmetrioal expreesion

that eat!efiee these oonditions fo~polnts In the net 1s

I 2l-m-~ -1+2m-n -1-m+2nd~ + e. i o+~-

with the oondition l+m+n =0 lIow by the rotation about & )there

are the three oorresponding pointe of the lattloe p,q,r,.; p, •• q,r

and p,r,8.q henoe we must have jhe point 3p,Cq+e+r),Cr+q+.',(s+r+q)

that is the point 3p,O,O,O. Therefore 3p. 1 ~Il ,"tt'~l"r

also by rotation about b there are the oorresponding points

.&1 r:-

.&2 r'r

.83 p',.

.6 Ds4

.a' 0" _,b,o •• oho.ln aloaa the thr•• tetrad .xe•• and 81no. &11

thrl.-.e 41.4 axe••• well,the oae. 1. *lmilar tothat of Q,
. n' n'Ixcept that 1n th1a oaee s;vmmet17 makea f. the eame •• '. 80 that

In thl. 01a88 there are three types onlJ

I la + mb + no • Wlth the oonditione
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p,q,r,., and -p,q,r,s. henoe the point 0, 2q , (r+.) ,(.+r).

and 11milarl1 the point. O,(.+ql,2r,(q+.) and O,(q+r),(r+ql,28

and ainoe these must be p01nts of the net /(2l-m-nlb/3 +

q.r.s·must be of the form 1/3~m/3,n/3. Now kf sinoe ~+q+r+sO 0
(Zm-n-ol/3,I-m+2n-o)/3.(-m-n+2o1/3 .

we may write q.r.e either as L.L",;-,:,..a or •• (m-nl/3.(n-ll/3,(1-1ll1/:

This ~eads to two lattioes: ~ written .

•61 Ila+( 2m-I: '-0 )b/3+( -m+2n-o )o/3+$-m-n+20 )d/3

lor 1 must be an integer as the remainderof the expression i. the

formula of the net 1= 0 ;and~" written

.62 1(1+m+nl./3+(m-nlb/3+(n-llo/3~-mld/3

.7 D'k Ever,v lattioe With a hexad axis a180 has a triad oneao that

the onlJ type of lattioe that oan oorrespond to ~must be one of

those oorruponding to \namely ~ and 7J ,Bow in the 01as8 DiA
there are oorresponding points p,q,r,s and -p,q,r,sl and henoe the

point 2p, O. O. O. P must be of the form 1/2 but p oannot at the

same time be of the form 1/3 unless ~ is an inte~er. and this is

only thee oase for ~ 80 that there 6s only one type of hexad latti

.8 This completes the number of possible lattioes. There are

fourteen in all and every lattice oan be reduoed to one of theee.
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.0 Possible tom!) of the General Sl'1ll!!let17 relation.

Returntng to the general symmetry relation whloh ••~ write
v\. .1 ClO

y~ (-1 lAo Xi. +C Where k -2 .S ,4 01' 6
"w. are now in a position to .xamine the possible value8 of the oon8tant.

veotor Can4 their Signifioanoe•

•1 Sorew and Rotation Axes.

Co~sider the the most general r.lation ot the tirst 80rt
\ -1written in the form Y£ a Xa +ua+Tb+wo where a. b • 0 are pr1lll1Uve

vectors of the skeletal lattioe. It the origin 1s on the az1s a

it oan oU1' be related to the points pa and oon.equent11 v-w-O

and the relation takes the form

Ye a.xa'+U8

Repeating this k times we obtain

Y I!X + kua

4 hae one of the values ~ i but 1l IIlllt aleo have the value .-1. I
so that the value of n m&J' alWays be _de to 11. b.tw.en noh 11m1te

8S CO O~n<.k or CU) -!~O<~
" 2 2

Ae it 18 alW81'8 possible to ohose one ot the primitive veotor8 along

q axi8 of the 81'stem the 8ame argument applies to all axee, at

£D 8.D.~.1 if if so that we mar write the general relatlon of the

11rst sort 1n the form
-l -. Ii"Y Q {pa+qb+rol I~~+qb+rol+i(pa+qb+ro)+ua+vb+WC

where ~p are the referenoe veotors of one of the 14 lattioes

h 18 an integer and S. (pa+qb+ro I (ua+vb+wo) -0
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_.11 When h 18 not 0 suoh a relation 1a oalled a.•orew: if h- 0

1t 1s oal18d a. before a rotation. Consider the two .orews

Y. ,J.Ial:. ~a and Ye ,11.8.1_ ~ ~a where h<.l .The ..oond ID81" be nitta

in the inveree form YJ!!/: ;,fI.a-f< + ~ which shows that 1t differs from th

f1rst onl7 in the sense of its rotation, 1f the sense of one ls that

• right handed screw the seoond is lett handed/and vioe versa.

It however k=2 or 2h =k right and left handel screws are ind1etlngui

able.

.12 When h is a faotor of k the

ill =k Repeating k time8 we have

Ys: haf.

.!o _\ ,
80rew reduoes to Ylir a" Xa + k' Where

" _L
YE!!8"I.a~+a • ther 1s a rotation

The posslble t7pes of soreWs and rotations are given in the table$

The7 are expressed as 1f the axls passed through the origin and With

a primitive vector a a8 axis buj this is onl7 for oonvenisnce ssake.
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·13 !lpee 01 80rews and rotatlons.

33

General torm -t -fl l-I.a Xa +

Partiou1ar forme

t-2 !l-O y. aXa'
1 Y. aza-'+a/2

or I .. aXa""-&/2

t-a !leO Ya.aJXa'"
1 Y~ a"'Xa"+&/3
2 Y'll!. alx~l+2a/3

or Ylia 5 -a/3
or Y~a-lia +&/3

t .... , b-O Y1!at Xat
1 Y l!I a}xat +&/4

-I Y'!!!'a xa i +a/2
or Y!! at Xa7 _a/2

a Y!! at Xat....+3a/4
or YE ai Xtfr_a/4
or y. afiit +a/4

.L _+
t-a b-a I-aJ,Xa

1 y p a;xa-f+a/6
2 I~ ai Xaf+ar3
3 Ye a;Xa\.a!2

or y 7!. a-tI.a.-t-a/2
4 Y.!! 8-1 Xa f +2a/3

or Ya a~a-t-ll/3
or Y;; a a't +a/3

IS Y~ a-t Xa t+5a./ 6
or Y~aiXBt_a/6
or Ye: ~ai +a/6

..

Inoluding tbe '~d ute Y == da-'
n " aorew Y iii aIa-'+&/a
" " " uts Y= aXe-'

" " " Borew Y:!.1&-I+&/2

" axls
I " triad " yva 1&
" 41ad a: n 80rewS Y c= a Ia +a/3

diad uts a: " sorew Y"'a Ia +28/3
n sorew a: " axis 1,.;a I.e.

" uta a: .. Borew Y'll:& Ia +a/3

"eorew a: I " Y•• 1& +2&/S

•
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.2 Axes not throught the oridn

and U If is ohosen to satisty
~ -I..

Y~ -A X.A. I(

i -i
Y. -A X.A. +pA+1 Where S.AD - 0

origin to the point ~ + If 5.AB'-O
.!o.1t. &..1

ya: -A"'UJ<_A~B.A.:B~D
J,. a.
,. ''1 J .

A. BA +13-B =- 0 this reduoes to

fransferring the

we haTe

We mer now wrtte tthe genoral rolatltn of eJMmotr,r o~ the firat
I: -: .

eort in tho form Y!! A X.A. , + pi +B nero S.U"0

Let us oh&ngo the origin to & point C where S. dO ....O I~ zan4 Y
I Iare the now values ot X and Y then X" X+O ; y ..y+C and the relation 1

I of I -tbeoomes y+e ~ A (X+C)A +pA+B
t -~ .A--tyeA X.A. +pA.'A. cOA -ChB

The axl8 pasees throughthe new origin if
I ·t

A 0.1 -C+B-O

!hi. equation gives the the position o~ eDT eorow or rotation axi.

1n terms ot the oonstants ot ita 871DDletr,r *elat.a. •

An importantpartioular oase i8 when ~8 the re~erenoe Yeotor a J

and B takes the form Yb+wo 5·b&-5.0& ... 0
-t 1; -t & Xb+70

If also a ba _:tp+g,o a oa~+~o the equation for a point on the axj

takes the form x(f,b + g,O)+7(f,b + g,o)-xb-7o+vb+wo=O

whioh gives for ~nd 7 (l-f, )x-~ =-v. -g, x+rI-g&)y ...... w

~3 Relatdons of the second sort

As before we may write t~e general relation of the seoon4 sort

In the form

Thus the general relation ot the 8eoond Bart, exoept in the particular
r.dvct" t.,ar"tat'lI1l of tl,e ~c"hJSC,..t.

oase k~2hwhose centre is in general not the ori~in. In partioular

the general inversion Y= -X+B 18 a centre ot s;vmrnetry nt tho point ~
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.al Refleotion. and sl14e Plane.

In the oaee k· 2 the equation tor the oentre 'eoo...
I-I I

ABA +B-B-O
, ,

-B+B+B=O

hom tl11. equaUon .e see that D-'OCIf"ADd that in seneral the equation

oannot 'e reduoed any further thaD
-I

Y. -AXA+B

fhis relation repeated onoe stYe.

Y-X+2B

It Det tate the form iCpa+'lb+rol .here ....b+ro il a Teotor ot ne

skaletal lattioe, thia .., alW87. be re4uoad to one of the form.

0,0,0; 1,0,0 eto ;t.l,o eto ; t.l,1 lor if p.q.r are of the form

l' I or i ! S, to t.O.O eto or 1. 0 .0 eto
1". l .. t ,:t ,,3

If the Pmb oan be reduoed to the form Y.-UA"~lp
L..-------1

it i8 oal1ed a plane refleotion; if it reduoes tothe form

Y . -AXA+PA+B!it i8 oalled a Ili4ing-refl~otion; in eith-er-o-a-.-e;

the plane passes through the point tpA •

•4 Parameters of the ge.eral szmmetrr relation,_

If the leneral relation be writte. in the torm
\' ... _.1 .

Y=(-l) j,""u •...u..+yb+.o

u.Y•• are oalle4 the parameters of the relation, th.., tiz th~ t1Pe of

the relation .hen the axls aDd rotation are Biyen. !heoriliD oan

alwaYI be ohosen either to be on the &%1. of rotation or in the plane

ofrotatlon,.hlob allows U,Y,. to be glysn &n1 desired walues 8Ub~eot to .

oertain restriotions; one for an axls.two tor a plane.none tor a oentre

of symmet17'
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~ -.,mmetr,r of a point 8~atem ie oompletely determined when the

rotations and parameters of: its symmet~ relations are known
v,. t ~~...

l.t. I f I ... (1) A_'XA +UB+vb+wo are known
.,.1 .- r"''' .

&helee ef the same origin being taken for al~Of them .Afhange of orlg1~

I
wil~giVe different values for the parameters but there are some invaris

relations between them. Two partioular oascs are of speoial importance

•

It three of the relations are of the
A _I. •

Ys a~'X8.~'+u,a+v,b Hr,C Where
~ • .1

YJIi! Ia "'xli •...uP.+~btwp
.l- _I

Ys 0"'.10 r..ua+vbtwo
J 1 ~

form

S.bc =.S.oa-S.ab= 0

tiere it i8 ea8il~ seen that ohange of origin does not alter the

values of the three quanti ties ui"u,. Y.s-T, • w,-w,,: and that aD7 three

parameters, one chosen from eaoh of the paira ~. u., :,. v, : ~.Wor oan be

given aD7 desired value •

•42 If the olass of symmet~ is hemimorphio and it has relations
I ..

Y.a .xa~t~at,\b+w.p Where 8.ab -..8.ao =0

Y~ -bXb" +ua+v}l+wo
L ~ •

Y1!!! -0.10·' +uf+,,\b'~O

here on1~ Y,-"i and WjW, are unal tared by ohange of oddn and Onll two

of ~. VI :~.w; oan be given any de81red Talue•

•e Relations betweon parameters

In general the set of parameters in ~ 01as8 of 8ymmetr,v
all

are notAindependtnt, the~ are oonnected by relations and oan C~~

be determined when some of them: tuall, one/two or three are kMWIt.

As these oan only have some tew traotional values the number ot

of types of symmetry in any olass io alwayo finite. It is the purpose
chapt~r

of the next &eet~ to derive all these types,but it is f6rat necessary

Page 155



3!

: to obtain in their mist general form 80a. of the relations oonnecting

the parametere of different symmetry relations.

Relations with the B6me rotatioa-

)1 Parallel axes

B ::ua+Tb+wo
B'= u8+T'b Hr'o

S.AB ... 5.J.B' .. 0Where

ConSider the Bpmmetry relations
t _s..

Y!!!A XA"+hA/k+B
~ -~

Y~A"XA"+hA/kd

f' ,
SUbtracting we have Y - Y =(h-Jt)A+B-B.:. (..h=h.lA+B-B IIlUlt be a point of

1\ k
the skeletal lattice. In general A- P1'Q,b+~c

with the oonditions

then if pa+qb+ro represents a TectoB of the lattioe, we haTe

¥(p'a+qp+J.~o) +(u-:.u l.+ (v"-T)b, (w:w)o,.. pa+qb+ro

whioh giTea the three oonditions
't/. h h' h I h b ,TPo+u'-u ... P ; ~~V-T ..q ; ~+w-w=r •

in important partioular oase 1\.-1;' -0; .1'.-0 : S.ab: S'ao ... 0
• ~.u·O

l£-h =: p ; T-:'T =q ; w~w .... r :
k

If p, q. r take the form I, m, n h~h == kl; allparallel sorew &Xes MUst

have the S6me pitoh.

,62 Parallel planes

Consider the planee

Y: _llA-4 +ua+Tb+wo i y'. _UA-4 +u'+Yb+WO • Subtraoting and

equnUng to a vector of the lattioe.we obtain
, , I

u-u :: p ;T-T "'q i w-w· r

In the partioular oase where A..a and p,q,r. are l,m,n we 8ee tbat

parallel planes are all reflection or all glide planes ana that the,

are plaoed at distances !l apart.
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.62. Centres o~ gmmet17

Consider the two oentree Y:: -~ +lla+Tb~wo ; Y, -X+u'a+T1l+wo

sUbtracting and equating to a Teotor of the lattioe we obtain •
, I I

U - u'" p ; T - T cq ;w - W -I'

there are o••tres of 8Yl11111etry at all the pointe

li(u+pla+i(T;qlb+t(w+r)o

., Relations with different rotations

.'1 Perpendioular axes

Consider the relations
!< - t

Ye sl<xa +ha/k Where Sab - S.ao • 0
...

ya (qb+ro lx( qb+ro 1 +u8+Tb+wo

!ransforming the first by the second we obtain
-l.J. ..1 -l

Y. a xa "~haik -a"'(T'b+wO la +Tb+wo.

81lUraoting the original relation and equating to a point o~ the latt1

at(Tb+wo la!vb-wo .. pa+qb+ro
~ r. .. t.

And if a ba"... f'b+ll:o ; a "oa":f'b+go we haTe
, , &. L

T( f,-l) +w~ -q
TO+W(g-ll =1'

'5/ ~

.'l8 Ans and parallel plane

Consider the relation8
1, .1<

y"", al< Xa'"+ha/ k
.4

y;o _ (~b~ro )X( qb+ro) +u"+Tb+wo •

transforming the first by the second we obtain

Y'" ~Xa ~-ha/k-a{(Tb+wo hl~-.vb+WO

Thi8 i8 eeen to be an screw of opposite pitoh. SUbtraoting from the

original relation and equating w9have~
~ .1,

2ha/lt+a-r (vb+wo) a "-vb-wo = pa+qb+ro

Page 157



II;

.. -I ~ -l-
It a. before a ba -fJJ+~ ; a ca "tb+gp •• haTe

2h:kp; T(f.-l)+wG.=:q ; To+./g-l)::;1' •
'51 .z.

39

'13 uis and Centre of Sy:nmetrz.

Consider the relations
j. _.! .

Y = a"'za "+hal k+v,b+,o

Y:. -:I+ua+vb nrc
t 1 L

.here S.ab-S.so-O

transfcrming the first by the second .e ob~ain

.!. _. c. "
Y= s"Xa'-h!\/k-a~/vb+wc la- .... /v..-T)b+(w-w)o

t. • I l'

• 80rew of opposite pitch. sUbtraoting and equating as before
. .l. _1

2ha/k+/2v,-~lb~~-,lc +8"(lb+~o)&"~p&+qb+ro

ae .bo~ this gives

2h = kp i 2v,+ ((-1 )T,:{W
t
.'= q i 21rl8;"+ (8-1 )wl._ r

In this and in the previous oase 1f p 1s of the form 1 • h ik

llwn
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CHAP'l'ER VI

TYPES OY POINT SYSTEMS-------------------------

6.0 W. are now 1n a position to to derive the possibl. type. of

aymmetr,y of point sY8tems in three dimensions. The plan adopted in the

work is as follows.

The symmetry relations of every olass are given 1n their general

form. \fnere)however)any class is de~1ved from another by the adii tion

of: symmetry relationsjonly these relations are given. The conditione

oonneoting the parameters are then found,the origin .i , i8 ohoson IU1d
Ptlrsmet'en

the posSible reduced values of sU~hAas are cbosen to be independent

determined. Corresponding to each permutation of these there is a type

of 8ymmetry but some of these types may be shown to be geometria1ly

1ndistinguisbable,and will not oount 8S separate types. In general

there are several lattioes wbioh include any c1aSB of symmetry. 1be

types of symmetry oorrsepondin~ tO~hese latt1ces wil~e derived in

turn. the lattice whose formula may be written /l&+mb+no where a,b,o

are axes of symmetry i8 dealt With first, to every type of s~~etry

whioh it give8 rise tt ,tbere oorresponds one for the other lattices oj

the same olass, but here they are not all distinat.

The types are designated by their Sohoenflies symbols even when'

the order of their derivation would suggest different notation.

In some oases the position and nature of axes and pIanos are

given but these oan always be obtained by from the parameters

The formulae of the varj~us types of symmetry are reserved for 8

later ohapter.
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.1 frlo1inl0 tlpee

Two olasses 01 and Clone lattioe r:.-
.11 C, only the identity relation Y.X~+Tb+wo u.~.w alw8T1 reduoible

to 0.0,0 • only one type C;
•12 0\ only the oentre Ya -X+ua+~b+wo u.~.w a1war8 reduoible to

0,0.0 •
,

only one type Ci

• 2 Momoolinl0 Types

Three olasses CL • a, ,t\~. Two lattioes 1';. and r..' .
•21 C~ the axis YII aXa-l+ua+~b+wo The origin OM a1waye be ohosen to

make ~:aw_O By 5.1\\1-0 O]ol=!,&<ilshows that for r.. u-Oand u==t

give distinot types but that for 7;,' u.= 0 impliee u t 80 that there

18 only one type. In all there are the three types

C' skeletal 1attioe 1;.. parameters 0.0.0I

C: it it ~ it t,o,O

C
J

it it T!.' " 0,0.0, and t.O.O.a ..
.82 It The plane Y -aXa +ua+~b+wo '!'he origin oan always be chosen to

make Jl O. ~ and w can have the ~alues 0 or t . In band 0 ha~e been

Oho8en arbitrarily so that the ~alue. for T.W t.O :O.t it.t are

geometrioal1y indistinguishable so that there are only two distinot

types. In by ~~the values 0,0 imply f,o but there Bre still two,'7
~

types ainoe band 0 are no longer arbitrary, and the values o,t :i.t

are distinot from the former pair. In all th ere are the four types
j

lattice ~Cs skeletal • parameters 0.0.0

C
f it " 4. it o,t,os

c: " " pi " 0,0.0 and 0,1.0..
c· " " r..' " O.O.t and O.t.t, ..
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.23 C'" Deri..... trom Ct-b7 the add! tion at the oentr.

Y!!! .X+ua+Tb.wo '!'he or1B1n oan lt1ll 'e oholen,.
B7~. ha.... torr.. 2T=1; 2w-m ; and torJ,;:(4u::: l tm : 2T.,.1;m

but linoe u oannot£i thes#both B1Te the same possible Taltt.s

42

~
'.0 tha~

; 2w.= n

for the

parameters name17 0,0,0; o.t,o; O.O.t; o,t.t.ror~the last three
I

are geometrioa1l7 indistinguishable, for r:, the first two and the last

two imp17 eaoh, other. In all there are 8ix t7pes

C~skeletal lattioe ~. deriTed I parameters 0,0,0from01.'

C· " r:. "
I

" o,t,o" " Offlo

~ " " i7- " " 0: " 0,0,0

{ " It r:.. It " oJ It 0,1-.0t

c:. " " 7" It " 0: It 0,0,0 and o.i.o"o· It r' " • " 0,0,1- O....rIt " 0, "flo at

.3 Orthorhombi0'tnes,

Thr.e 01aS8es Q. ~~,Qh : tour lattioe•

• :51 Q '!'hree axes y::aXa-l+ua+Tb+wo

Y=: bXb-' +ua+Tb+wo

Y!> oXo-1+ua+vb+wo

Combining the three we obtain

and I1no. Uabo=-l we haTe
for r.

u:uru, ::::: 1
v' 1;.' nil
• J•
1 -l+m+n m+n

2 T
miD l-m+n n+1-,-- T
m-n l+m-n l+m
T -,-- T

we Oan alwql ohoose the oriSin to make UJ'"i'T,~Wr.:;: 0

U,.Tt.W,. oan take the Talues 001' 1-;her. a,b.o are geometrioal17,
indistinguishable this leads to tour t7pes tor r: ,tor r. these reduce
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to two ainoe the Taluel 0, O. 0 for 'A•• T& •wJ • tapli.. the Talu•• O. i-.i
and. the Talues'l 1.0,0 implies 1.1••• for n'allthe t7pell reduoe .to

on.; forP,~th.re are again two types 0,0.0 imp17ing t,t.•, and t.O,O
D.•. t. 80 that there are altogether nine types.

Q'skeletal lattio'r., parameters 0.0,0
000
000

•

: t t ~
It tot

000
000
000

o 0 0 and ttt000 "
000 It

o 0 ttoo
O. 0

OOO&n4Mto 0 0 " .
000 It 0

.00
000
.00

•

•

•

•

•

•

•

•

r'"I

r'•

"

•

•

•

•

•

"

•

•

•

•

•

l "

Q'

. "1
Q

interseoting diad sorews:
f' L
Q is a oombination of Q and Q

one 4iad aorew aeeting both

one diad axis p&88ing through

hom the.. parametera· we oan a.ejthat
, L

Q hae three intereeotins d1ad axee; Q has
J

of two non interseoting 4iad axee; Q has
,..e~t;lnft"

the oentres of the ~~ formel b7 two
'I

Q hasthree non interseoting diad sorews;
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" , Jl "J4"" .rQ O~ Q and ~: ~ oom~lne. all the t7pe•••Q.Q.Q : Q oom~lne. Q and Q
, t ..

Q • Q and Q •

•S! C~.ln axi8 and t.o planes

Y. aXa-' +ua+.b+,o, ,
y~ -bXb-;ua+.b+.o• ~ c

I-n
T

m+n
T
m-n
2

m

n."w-.I • ,

y~ -aXo-~ua+.b+wo
J J ,

the three we obtain YBabo.Io"b." +(u,+u..~)a+("".~+.3Ib+(.,~~-~0

Uabc==-l we han tor r: r;' r:" ,-;'" T;'~

L 1 m+n -1+m4n ul+n
T 2 T
n.l I-m+n m
T -,-
lim l+m-n
T -r

Oombining

and 8inoe

•• can al.878 ohoose the origin to make .,••, ....0

UL.Ul ••~ ••JJ oan take the ...alues 0 or t. ~orr.permutation8 o~ the••

lead to 16 t7pe8 but 8inoe band 0 are indistinguishable 6 pairs ot t

these t7pes are likewise,leaving only 10 distlnot types. PorT,7'

as ~b an~ 0 are no longer indistinguishable there are two divisions

aooording as we write Cas Ila+m+~+~a or as~'I~l+na+mb+l-nc. In eaoh
2;:; "2 2

of these div1s10ns several sets of types corresponding to the 10 above

imply eaoh other whioh reduoes the number to 3 in the first and 4 in

the seoond division. Forr,the number is reduoed to t.o and tor~;~

three types. In all there are 22 types .bioh are set torth)with th8i~

parameters 1n the following table.
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'I ,~,

C:" lattioe r;. u ••
parametera 000

000
I 000

elr " •
taoa 0
000

oJ • " a 0 0rtf"
tooo 0

q~ • • • 000
a t 0

1 a 0
°ter • " •

tao
oIg

or • ." • t 0 a'tv"

a g I
4 • •

figc"

• • II •etv- a 0 a
~tt

Of ., • • tttt ...

/I
" II • 000q..

ttt
It • r,' • o 0

gIl~" a and
000 "o 0 a "

c't • " • too " tJttt .
fr- o a "o a 0 "
IJ

" • • 000 " o t IC
II?' t 0 a " ito 0 "
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I .6
0;: latUo. T.; parameter. oooanlllo-i

000 " 000
~'" 000 " tot

IS" I

tOlOf... " r,~ " 000 "
too It o 0

o 0 " o 0 t,
0" " q " 000 " lotfir

o t 0 " o 0
o 0 " tll

I
0'7 " ~ " ot 0

.. t 0 f·tIT t 0

..
~ 0 .. o t ~

" flit " 000 Ott ~ll t gt anll t 1 00,,. " I« 000
000 " II 0

c., " r· .. 000 " 01*
..
t~t " -itolro 6 t ·l.l .... i- "t . " ... t 1 ~1 " iit.. i

c" " r· " 000 " tttt,. j

000 "000 "
0'1 " T!" " 000 "

gilIF j

too "o 0 "
ou. ." r." " 000 ..

t~t
tv- I

o t 0
..

o 0 ..
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1
.33 Q" Dtrlftt fro. Q b7 the adUtion of the oentre of lJ1IIIIetl7

Y. -X+ua+'Yb+..o

B,y!-Bwe ha'Ye the possible''Yalues of u.'Y." are O,O,o:t,o,o:o,t,o;o,O,,,,:
£"",t ~II t,I'u d~r,'V" r...... <1,

o.t.t:t,o.t.t,i,o.i.t.t.~For Q sinoe a.b.o are equiTalent this reduoes
. LO,O.O. & t1o,O, .
to four types. For Q a,e?Q ~ g,2.~1 : o.t,o & t.o.i : o.o.t &t,t.o ;

o,t.t &i,i.t giTe rise to indististinguishable types leaTing four.

For i o,t.o & O.O.t and i.t,o &t.o.i do the same leaving six types.

lor .'0.0.0 &t,t.! and i.o.o •••• O.t.t give rise to indistinguishable

t,pes leaving only two.

lor Q$'"and Q'blI'H.G,O,O implies O.t.t ; 1.0,0· i,i.t ; o,t,o 0,0,1

and t.t.O t.O.t also in ~ 0.0.0 & t,o.O and o.t.o & t,t,o give rise
~

to indistinguishable types but they 40 not 40 so in Q so that four
latter

tJPes oorrespond', to the faun and onll two to the former.

For Qby~&Jp.o.o. impll o.t.t .".0,. ;•••• 0 and l,!,til.o,O ;0••,0;0,0.}

80 that there are only two types.
, 1 .

For ~ and' byYIJp.O.O implies t.t.t ; t.O,O O.t.t; eto and as the

last three 8ive rise to indistinguishable types the•• are only two
, 1

types oorrespondi~ to eaoh ot Q and Q.

Insll there are 28 types

Q lattioe r: derived from Q,l parameters °°0
~..

II " II Q' II lti
~

~ " " II Q' Q too

Q't II " " It Q' " oil
~

~
II " " " " .. 000

QC II

-
.. II Q' " itt~

qh ~

otoII " II II Q ..
t ..

ooltQ, .. II II It Q II
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lattice r.derlTed frOIl QJ parameter.

" II

000

000

000

ttt

000

too
000

t 00

ttt
too
o t 0

ott
t t 0

000

tit
tOt
000

"

II

"

II

II

"

"

"

"
"

"

"

"

"

"

"..
"

..

II

"

"
"

"

"

"

"
"
"
"

..

.. t
" ,,"
" Q7

" Q,I

" Q'

" Q,'

" Q'

II

II

"

"

"
"

"

"

"

"

"

"
""

"
'1 "

/I

"
.,.." .(

11 "

~It ",

/I

'I
'1

"

II

"

"

"

"

"

"

"

"
"

"

"

"

"

"
"..

..
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•• 'etraGonal !lrOB , ~ ,
Seven 010.0000 0•• 04,<:'II,D .~Jt~"'~4. fiiO Inttioes'~ tmll r: .

.J.. ~ ....

• 41 0 to The axis Ys: .txif..ua+.b+wo. Tho origin OM &lwc.yo be ohoson to

make v=w=O. U oan have the values o.t-.!.i (~he relations they

represent are oalled tetrad axis. right. neutral.and left tetra~cre.8

respectively) ByS'i/wo have forru:u.:.l forr~~u=i 80 that forT: there
I

are four 01as8es and for ~ two. The position of the tetrad axes

are given by.f1.. here f,.. gl.:aO g,=l f.:--l 80 that the ooordinates

of a point on the axis are given by x+y=-v ;x-y .. w 'or ~this gives

x.!±!! yaT; for~'xc1m y"in but here if m and n are both olld2 _

or even1the pitoh of the axis differs by t from tbat wbich passes througl

• point where one is odd and the other even. The tetrad axis implies
_I thar

the diad axis Ye aXa +2ua and we bave tromS-!" tbeBe must pass through the

pOinte 1m. in forr: and m
4
+n. !!!::!! forr: '; being all of the same kind iO the

o 4
first 08se and alternately rotation or screw axes 1n the second

In all there are six types

ot lattioe 7lparameters o 0 0+

al It • i o 04

a~ It • It t o 0..
a~ It II It t 00..
01- It V' It 000 and ittII .., • i 0 0 ittc " It ..
'f
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sO
, ~ .L

0. the &:1e 'Ie -a~Xa'+ua+Tb+.0 • !he origin oan a1118y8 be ohosen

to JDake u c", ...... 0 80 that there are only t.o typee one deri",ed from 1;'

11' ~ .L n'and one from f' By 8ubtraoting Y:: _a&xa1we haTe u. T.w-l.m.n for'",

and-L+:+n • l-~+n •~ for r:: ByStthi8 shows that th oentres of the

set or alternating tetragonal axes are at the points l.~. ~

in the first oase and -l+l+n• t. mEn in the eeoond.

There are two types
, I T"J

C, lattioe~parameters 0 0 0

o~t • r;' It 0 0 0 and ii i

.43 ~1I Dad1'8d from <:. by the addt tion of tho oentte of S7llllllet17

'I s -X', +u,a+T,bHl~o The origin gan bo oholen to malte u..o

Sinoe b;y~lra oentre of symmet17 tranLforms right into left handed
8 , ., r •

80reW. tnos of this 01881\ oan onl7 be derlTed from the t;ypes °
4

, Cit' 0•• C•

•• ha",e a180 the oonditions: for 7,? l7'
2u, - 1 -ltm+n

!
~+W, = m l-m+n

-2-
';-w. ... n 1 +m-n

-2- r
'" and • ma;y haTe the Talues 0.0 or t. t but for 0." linoe u 18 0 01' t
"'. w oan onl;y b. 0.0 while for 0 linoe u is t or i • T•• oan only be

i.t • There are in all lix t;ypes.

0~4 latt1oe~derlTe4 from 0;. parameters 0 0 0

0:4 " t:. .. "C; " 0t i
OL ",., .. .. OJ " 0 0 0

.,4 'i •

0" .r. " "C"1 " 0.1.1-ot t • "2" 11"

0:1 "1;' .. "C; " 0 0 0

Ci "T:" " "C' " Oll.41 t 4 11" 11"
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,4. l>.. fi.e ax•• 1
2

3
4.
&

&1

'he parameters are oonneoted by several oonditions

!l'ransfo1'1:ling 2 b~· 1 we obtain Ye OXo"'.(2u.u,'a-",b+v,o 'ut this., ,.

the same as 3 and we have ,\-u,.2u;••"-~;~::r..,.

similarly for 4. and 5

Combining l,2,and
Jor 7]

u - uz• u, 1

The equivalent parameter8 ,,~,w)and

,,~.l,.~or ~'l,~+l represent different axes

.,...,
w - W

J •

m

n

U -u-2u;v=: w.;w .,-v,
4 1 + .. 4

4 "e han sinoe atb(b+o~X(b+O'-'b-'airX
1;;"t

-1+m4n
2

I-m+n
-2-

l+m-n-,-

000
000
000
000

_~71 ha f r. m+n m-n f ~, 1 m n b b $$'h 1
UJ ",we ve or f.-T ;"-T or,~ .-'2;""" ~ ut y t e V8. uea

0,0,0 for u,.,", imply the values i.t,t so that these oan only give
t"o

rise to one case. !bere oorrespond' ... *tpes of this olass to eaoh of
types , r , 4 ,. 4

the aluu8 C4 , o~ •O. ,°4 , and one to the *t,ea 0•• O~; making 10 in all

D;lattioe ?parametere 0

,

,

•

•

•

ogtt
°to ~

i 0 0 0! 0 0
~ 0 0
1" 0 0
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62

i 0 00
000

i ° 0too

n ' "If .

D' "+

D' "
+

DJ
"•

D',

"

"

•

•

•

"

•

"

" iooo "2"" titotitgg
1" ° 0

.4& D~ three. axes and two planes

• y. _at xai
Y· bI.'b +l\a+T,b+wp
Y.oXo +ua+vb+wo

L I ..

Y~ -(b+c lX(b+c) +~+Y.b+wo
Ye -(b-o )X(b-o l +uadb+tlo

" " f
The relations of this olass oan aleo be written ina torm where 4iad

axes and planes ohange plaoes eaoh of these ways give rise to distinot

typesi it 18 more oomvenient however to oonsider them derived from

the above relations with skeletal lattioes~~'~written/la.m2nb+mino

and~'written /mtna+ Dfb+ ~mo •

As in D we. obtain the oonditions u."_u v,cw,; w.::-v ,
n· .. u VL -W; W ~V
-q ~ j 4 J
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Combining 1.2.3.4 .. han: for r; r.' r.'. t"~t t

U - U • 1 -l+m+n 1 m+n
,) /

2 T

T,+T,=m I-m+n m+n n+l
-2- T T

w - w =n l+m-n m-n l+m
, I -2- T T

As in ~ equiTalent parameters U,T~W and U. T+l, w represent differ

ent kinds of plane •. The aotual arrangement of axes and pIanos oan

be seen by oonsidering the arrangement in tbe oorresponding ~pe8

of Q and C.
• /;,' r./'B1 5.'71 .e have: for 1; T;' t

V, • m+n 1 m 21+m+n
T ~ '2 2

., II m-n m-n n m-n
T T "2 T

and b7 U II I• ~

lor 1;' r.1I 81noe ~. v,. oan have the Talues O,t there are four tne.

eaoh torr the values 0.0 and t.t.O.t. and t.O imply each other eo

that there are onlj two, torrt",l~so do 0.0 and o.t: t.O and i.t so

tlJat again there are only two.

In all there are twelve types ( only tho parameters u,v,w, are given)
U

J
vJ W,

D~ lattloe~oorrespo~dlng
, "to Q ct.,. parameters 000

000

It II It " Q' C';.. II 100
o 0

~
II ~ II gil, " • CIP'

n

.. " " n. Q.' e" " ittDI.( l.r

,..
" r:P "

6 , ottDzJ ~ c,.,. " o 0 0 andt
000
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&4

6 I:~ Q.<t too and t t t~ lattioe toorreapondlng to parameters
o 0

~ • ' r • Ott·• Q C;v 000
Ott

n' • " • Qe" " too ttt'" '1,,- tt
D" • r..' • Q'"e" " 000 ttttJ t- 'Ir 000

D'l II • " Q' c" II too gIlt4 tv o0

D' • r' • Q' ct
.. " 000

~ttl( t tlr ,-
000

D/f .. • ' tJ .. too tttIi Q Czv o 0
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65

~-v, m

B7 •• ha....

••6 Con. 018 and tOUl' plan••
• P ~ J

l' • ac.x.a I.+ua
Y II -bXb: +,\a+'9jb+wp
Y:a-eXe +U/l+lb+wp
Y ~ - (b+e lXlb+c)'" +u,.a+'I;b+1Ip
Y S - (b-e )XCb-e i' +ua+TD+wo+ • •

~ 1s in D. wo ha.... the conditions U'I.-u,: "'c.'" -1\; ......,
~..u; ~.. V ,. -"'$

1;"
-l+m+n

2
l-m+n,-
l+m-n
-2-

u-u I -l+m+n
'2 i4

"', m+n I-yo '2
w/ m-n m-n

'T T
'oe 1;l1n08 1l oan 01117 ha...e the nlues O. i and ~. w, oan onl7 ha...eO,O or *
there are 8 tn••• Porr'; can have the nluesot t i but 0 impli.s t and

t. i,fUrther,in the first case the ...alue of ~.~ are limited to O?o

and t.t and these imply eaoh othe~; while in in the seoond the values

are limited to t.O and O.t whiob also imPlr eaob other, so that in

eaoh of these oases there are onl7 two t7pes. In all there are twelTe t

types whose parameters are sbown on the follOWing table.( Only the v&

reduoe' ...alues of the parameters u u/T/./are shown the others ma7 rea-
u,v, w.J

di17 be oaloulated by the equations ab$ve.
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66
C' latt1o.~ parameters o 000
4~ 000

ot " It .. °gtt.,..
0'S" .. 1/ " otoo4,.. °0

" II " " °ttt04 ..

0' II " " too 0.... 000
4i ..

tgtt°4.. II

C., .. " tlO O
4". ° 0

0' • II

tttl4..

t
" r.' .. o 0 °0 and l tOO0....

000 tt
~

" tt 0 0c... " " otoo "
. 0 ° " ott

" tot 0 {oot0.,. " " n

tot i °
I(

'I " tlt o It {t t g0,,. " t 0

.t? D411 Derlnd from D..by the addition of a oentre 01 cymmet!7

Y!5. .X+ua+vb+wa
;- S F

As in the 08se of C4~he oalytypee of D from wbioh types ot D may

be derived are are those for whioh u -0 or t or wrere it ",o,t it.!'
, z • • , 1#

at the same time namely D4 • D" ,D•• ~ •D••~

As in Q" U,.}. '" cnn take the values 0 and f but sinoe b and 0 are equi

valent axes there are only four values 0 ,0,0 i O,t.t i t,o,O ii-,t.t
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5'1..~~ ,
be 0.0.0'l'h1ltt eaoh of D4 giTe riBe to :!our t)'pes. Por D.. UTii' IllUBt

/.

or t.e.o and tor ~U.T•• IllUst either be O.t.O impl)'1ng OfO,t or t.t,o
* t' ~ to In all thereimplying ~.O. . D" and D. giTe rise two types eaoh.

are 20 typea.
I I

~4 derived teom D.. parameters 000

Dr .. .. "z .. II

44 D"
D

/ .. .. DS" .. II
44 "D/'I .. II D' .. ..
41. 4

f " "
, .. i o 0D4~ D.,

t
" " DC .. ..D44 "., .. .. 0" .. ..

D"4 D"
D

/J
" "

, .. ..
44 D+,

II .. D' " oilD4l. "7
II II

l

~" D. " ..
D'L II .. $'

" ..
:14 D"

D" .. II • II "4~
D~

4 .. II D' .. ttt~4 4•
D' II .. Dl

" ..
,,~ 4

" " .. D: II "Doll.
D'S" .. .. #

" ..
4Jr

D.

n/7 " .. D' .. 000
.~ ,

D/t .. " D' .. t o 0
,,~ "

D~~ .. .. D" .. o 0 t and at a,
~

.. .. D'" " t 0 i- " tt 0
~
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5'1..~~ ,
be 0,0,0ThUs eaoh of D4 giTe riee to four types. 'or D. uT'ii' IllU8t

/.

or t,O.O and for ~U.T•• IllUst either be O.t.O implying oto,t or t.ttO
* t' ~ to In all thereimplying ~.o, • D

it
and D. giTe rise two types eaoh.

are 20 typea.
I I

~4 derived feom D" parameters 000

Dr .. .. 't
" II

"4 D",

" .. .. nS' .. II
D"'4 "D''I " " D' " 1I

tl. ~

t " "
, .. i o 0D4~ D.,

t .. " DC " ..D44 ".,
" .. ," .. "Dlt4 D"

D'J " .. .. .. ..
44 D+,

" " D' .. oilD44 it

7

" .. t

~" D. " ..
D'L .. "

$' .. ..
;j4 DII

D',' .. II • .. .... ~ D+
-4 .. .. D' .. ttt~4 ..•• " .. D

t II "114 4

" .. .. D: .. "D44

D'S" .. .. # .. ..
4Ir D"

n/7 .. .. D' " 000
4~ ,

D/t .. .. D' .. l' o 0,," "
D~~ .. .. D" .. o 0 l- and ot 0,
~ " .. nil' .. t 0 i- tt tt 0

'9
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.e Rhombohedral TYpes

Pin olasses 0J'C,i.DJ•• ~.D~. 'two latUe.. r; G.
• 51 OJ the axis ....1.

Tie a~ Xei-'+ua+Tb+wo+d td

The origin oan al.ays be ohosen to make T ..... t ..0

U oan haTs the Taluee 0.1/3.2/3 Por~these are independent. the

positions of the similar triad axes or Bor~.s can be found bySZto be

m-n~ n-o.2::!!' Por l;}. the values 0.1/3,2/3 imply eaoh other but these 1l.1
T·)'- 3 21-m-nl/9,eto
dissimilar axes pass through the aama points. There are four tlpes

c; latUoe14u a tt:c; latt1o"~'.uJ~'~ :0; latt10eli:.u.~

O~
J " 'du:o and land. !

3 3

.52 C,l DerlTed from II bl the addition of a ana a oentre of srmmetrl

T!! -X+up+~b+wp+tP.

The origin can alwB1s be ohosen to make u,.O.. ..
As in the oase of 040nl1 the types OJ and 0.1 oan giTe rise to a t,pe of

S-71
thisolsss. B'"we have: for bothT;.q v.m;n:•• n;o:tco;m

m-Il
eo that there are onll theVtwo tlpes

C;i lattioe r,: deriTed from e'] parameters 0 0 0

c~; "J;( " "Ci " 0 0 0

D
3

four axes .!:." .
T;; a~ Xe! ius

y~ bXb-' +ufl+y;b+.,o+t,d
ye CXO-/+U[l+~b+J]P+~4
Y!! dXd-'+ua+Tb+.o+ d

) J :r

• -I
or (o+dIX(04d) + eto

(d+b lx( d+b 1-' + "
(b+o)X(b+or'+ "

the two .als of writing the relations depend on the faat that both

b.o.! and (o+41.(d+b~ .(b+o~ oan be taken as diad axes of the lattiae~

though only the first oan be taken for~.
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&t
frsna:f'o1'l:ling 2 b7 1 and equating to ~. ";0 obtain u c- u,.2Urrt. -t,;w.. "'9;; t. -.,

" 3" 2" 2 "4" " UJ " u/2U;") --;;wJ=t; t'J ..T,

"

..

(o+el)t (d+b). (b+o

"

..
It

It

"

"

..
000

"

"
"

It

..

o 0 0 0 0 Diad axes b.atel
o 0 0 oc
000 0

! I0 0 0000
000

~ °000
.. 0 0 0
! 0 0 0
3

0000 Oan4 11 O!l aIld110 11
0000 3;J10' 33 33
0000 33! !!o!

f~!O

;w, • n;o ; t,'" o;m but tllis is of the same ferm as

axial parameters in OJ so that only one type in
, , I

t)'peB c" OJ ,OJ' and only one of the

It

"
"

..
•

•

"

..

..

..

..

D'
J

eaoh form corresponds to the three
(0"'''' 4first ~ to OJ' there are in all seTen t7pes.

D;lattloe ~ parameters

D~ "., "

D~ "" "1

D')
D'l

this holds for both for both forma of the relations.
;-'71 m n

'hi we haTe T. .., 'T
we obtained for the

.04 OJ.. one ane and three planes

y~ af.x8~+us.

or .(o+d)X(o'tdf' +eto
.(d+b)X(d+b)""' +eto
.(b+o )X(b+o P +eto

y ~ -bXb-'+u.a+~b+wp+t,d
y'!' -01.0" +up+Tb+wc+td
y~ -dXd"+U8+Tb+wo+t'd

1 J J J

Exaot!)' as for n.. we obtain U::U.U;T-W .t;w.,t "T; t.v "w~
-lI "}'I,")'I-:

b7 S'-7ZU ~O and byfltu cO or t . Further as for DJ there oan only one
I "Feaclc .."rt.

.et of independent values of T",.~ Thus we have two types oorresponding
attJ tw, fI' t~FI"t $" ...r,t. c; "

to __ of C~. ~~ ,C , In al~BiX types.
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60 t' (,1

II

..

"
(0+4). (d+b). (b+o),

"

"

..

..

nIt

perpendioular to

II

"

n

"

..
o 0 ° 0 0

o to 0 0 0

o 0 0 0 0

o too 0"

"

..
'II

I U u l VI ", ~
C' lattioe T! parameters 0 0 0 0 0 planes
~.. ~

r;.. • T! " 0 too 0..
af. "
-:3.,. 14
C.. " ....,

J... '';

c5' " ~J ...

c~..." ~

.5D 1\.1 d.ri....d from D;y b;r tbe addition of • o.ntre of BfIIIDlet1'7

Y: -X+ua+vbt'll'o+td.. .. " "

D
7

u =t
J

II

Exaotly as 1n ~iwe find that the only types of D,tbat oan give 1'188 to
, I 7

types of ~ar. DJ , 1>, ,DJ , alBo that VIt'~' \ always roduoe tcIi the same

values 0.0.0 • but 1n this oase utoan have the values 0 or t 80 that
, ( ?

to eaoh of D) ,D
7

,D
l

,oorresponds two t7pes, making 8ix in all.

D' oorresponding to D,' U =0
r~

Df." D' ~
jJ :r u-"2"

nJv " D~ u .. 0

~" .: u .... t
D~ II D: u:: 0

6

n.",
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Ys atxit.ua+vb+.o+td

The origin oan always be ohosen to make v". '" t - 0
o

U oan have the values 1/6,1/3.1/2,2/3.5/6,

By5-Lwe oan find the pOo1tion of the hemd axoa to be 2l-m-n'p+eto
3

and as eaoh axis is also a tri~d and diad axis there are euoh axes

through the pointe limb+eta and 21-:-nb+ respeotively.
/f,,'S'J

There are six types C•• c, •c•• C•• ~ • Cb • with, the eix values re~8pliat-

Ively ~hat are given above for u.

centre
.620,,, derived from C~by the addition of aJI KX:ta of symmetry

y~ -)t~ua+vb+wa+td

As in ~iwe aan see that the only types 01 C6 from whiah types of C,~

I • _~

can be derivel are C,and C.' also that that u.v.w.t,always reduoe to;-'

Thus there ara only two tppeSi 0 derived from 0 ;C derived from 0

C
.53 ~"The aih t .k

Y:: -a Xa ~ua +vb +.0 +td

The origin a~~ always be ohosen sothat u,v,.,t, 0.0.0.0.,
ihere 1s only one type c~

.~4 D~ The four axes. and the three planes
-'- -'-

Y~-nlXa"+ua .' .,
y~ bXb-l+u,a+~b+\'{o+t,d and (o+d)X(O+d) + eta
Y:o oXo·' +u"a+\.b +.,0 +1;,d
Y == IUd·' +utl~v}>+WO+td
YE! -(o+d)X(c Idl{' +u.:a+V)l+'!.O~-tvd and _bXb'l' + .ta
Y=" -( d+b IX(d+b)"' +uP+v)l+w,»+V
y:,: -(b+o)X(btor' +ua+vb+wo+td

~ . , ,
The relations bet~een the paraTooters are Bi~11ar to those in D

1
6nd r."
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Here hown.!' 11 oan be 0 ort 80 tbd<tb81'. two t,P" of eaoh Bort.

D:" u::o diad axoo b.o.d. D;~ur::o diad ax.. (O+d).{d+b),(b+o)

l\~ u=i" II. ~·,u·l·· "

Seven uea
Y-a xa +ua
y.. bXb +,\!l.+'f;b+~o+t,d

i .. (~;d iii ~;d; .:~~;l'b+wo+td•. • +
It It ••••••••••••••••••••••

fbe relatione bet.een are

There are 8ix types D:

u ;: e

8imllar to

Dr n' D'.. " .
III
~ ! !

tho•• of D.,.

D~ D'
~ ,

2 5
! ~

.66 0,.. Six plane. and orii axie

Y '!; afxa-J+ua
Yl!!. .bXb +ull+~b+1l~o+t,d

i~': i~:ciii:( ~;di' :~~:~bt.r\d.......................... ..
The relations between the parameteBs are 8imilar to thoae of 0J

p

u ='0 or 1 I U u,·~ - u.... Oor t there are four t1Pe.

C,' u"O ;u-o. Of u=O ;u=!. c' u ... l ;u .. o • O~ u-. ;u:ai.,... ..... . '''" 'r
c." ti'e.6' D'4Derived from D, by te addition of a~ of ayrnmetr,

Y~ -X +up.+~b+w/e+\d

.1e in the oaee of C, So T~ wIt Oan alway. be reduoed to 0 0 0
"'l I 1 ,

~ and u ,u,oan only have the values O.t so that again tberb are four

t1P88
,

Do. u ::0; U :.0.
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·7 Re;nlar !ypoa~

liTO olassos !f • 'fA.. ' .... 0 .0,.. Threo lattic.. r; 1"':.: 8 N

.71! seven axes

All r. " C'~ all

"

y. aXti +ua....;btwo
y. bXb-' tUStT,bU::o
y. cXo-l t ua.vbtwo. , .
Ye (6+b+oh:(a+btCr1tl\atvbtwo
Y= (S-b-o)X(a_b.crt+ua+Tb+wp
y.. (a+b-o lx( a+b-o rl+ujl+V.b+WO
y= (a-b+o lx( a-b+o r:+u,a+~bt~O

be oonsidared as spooial forma of Q w. muat acoordingl,

have rotation axes in the direotion of eaoh of the triad axos.

the origin may aooordingly be chosen to lie on the rotation axis
triad

A4bto 80 that u
t

' T.", wt ' 0 also the parameters of the other .etatlen 8%1

can alWays be made to reter to rotation axell if u-v-w ;-UtV,.w; -u.T.tW," ..,. , , "
respectively are made. O.

Trans-forming 1 by 4 and equating to 2 • and similarly for 2 an~

we bYe the oonditione U,t\i:W,;u-v
3

",w, ;u~"'';'''£'

elS
NowAT may also be regarded as a speoial torm of Q then the only types

of ~ to whlcp types of T may oorrespond are those whioh satisfy the

above conditions namely ~' •(l •Q' • 'l 0.' so that there tivo type s of T.

Transforming 4 by 1 and equating to 5 .e have us"a,tw, :vs " v,+u, :w.-.w;-v,
II 4 2" £ 6 II u,.u~-w. :v, 'Y;.+u, :w.' Wtv..
II 4:3"" 7 II U,:U

1
+W

3
;V"v,-U

3
;W"W

3
+V,

,I lattioe Coorresponding to Q' parameters 0 0 0
000
o 0 C
000
000
000
000

j.

II II II lot
f ' 0
o i t
050

t~!
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to Q+paramoterelattloe roorreepon4lng 000 rt !~t ttl.. 000
000 igo~Hg000
000 o O! 0 t000 000
000 ~ 0 0 t t 0 ~

• r/ Q'

Itt
, " " " 000

000
000
000

II'000
000
000

" " r- " Q' " OOt ttt.. tOO 0
oto tOt
000 ttot 0 < 0t ~ ~ gg

.72 " Derl....d from' b;rtho addition of a oentre of symmetry

~ .,.X +v"+';b+1'1,g

As 1n the oase of Q... tho only possible ...dues for u, ,:. wr are 0 or t
but b;r the trigonal eymmetry u,. v," w.. eo that these reduce to two

o 0 0 and t t t but Juet as 1n Q+we have for T f 6 0 0 and t t t
are indistingu1shable and 1n T1 and Trthe;r imply each other so that

only T' and T'give rise to two types ot T~thus making 7 1+11.

~(latt1oe r,:'der1ved from T'parametere 000

• r; T' titTIL " " " "
T' " r " If T'" " 000...

T' " rr' n n T' " 000"
T~ " ,-;' " " ,. It tttl,.

T~ n r;" " n T' " 0 o 0 and t t i.. -~

T' " 1;" " " T r
" 0 o 0 " ttt

'"
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.73 ~. Deriyed from ~ by the addition ot the 8iz plane.
-I

y~ -(b+o )X(b+o J +u..a+~b+~
Y= -(b-o )X(b-o r +ua+vb+wo
y,,= -(o+a)X(o+a)-' +~8+~»-Itio
"fa -( o-a )X( o-a r +u·8+vb+wo
Y: -(a+b)X(a+b)-' +U8+Vj)+'RO
y= )( a-b )X( a-b)-' +ua+vb+w'o

It II ,j

'!'hi8 class may be oonsidered as a speoial oa8e of both Dzol and 0
3

•

~rom the firet we see that as there is no type of D~oorrespon~ing to ~+

there can be no type of ~oorrespcnding to T·. From the second we aee
-~. "

that a8 in O. u 0 or t 80 u+v+W =0 or t tarO and 0 or i tor r:.... / ", "
Further D~.. i8 the only t,pe of D oorre8ponding to Qrand u+v+w ~ 0, ~

a180 n" ".... II II II II II u+v+w ~ t
80 that there is only one type oorresponding to T~and T~

In all there are 8iz types

~~ oorresponding to ' , r 000lattioe T D.&J q. paramoter.

T~ II II T'D' 0' " ttt.Itt IV'

T~ II II T~ TJI 0" II 000
.4 'r

T[ II " T' n' 0' II i 0 0 andtii

~
II " T3 D~ Or II 000../ ..

T~ " II T
r
D' c' II t it,14 IV

,." 0 DeriYe4 trom '1' by the adcl1tion of the .1z axes

Y!:! (b+o )X(b+o) +ua,+T,b+,O
•••••••• III •••••••••••••••

Y!! (,-4.)X(l-&) +ua+vb+wo
II j~ jJ

'l'h1. 01a88 may be regarded as a partioular O&Be of DJthe 41ad and triad
tor

axe8 must aooordingly alwsy8 interseot, ~ by wo oan 8ee that there

Is always a diad axis 1.0 V+w O. Also ss

h t t dt to mlTlwe ave or ypes oorrespon ng 4

u 0 .... f

o 1s a particular oaBe of D
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nore in &11 then oight types. As the Qla68 0 has tetrad axes in the plaoe

of tho diad axes of T the parameters u.y.w are giyen as well a~u.T.w

'r.. I I 000o lattico roorrespondlng to T D. parameters
000
000
000

. OJ .. e It 'I' n.r It tOO
ot~
~ g0

0' I r..' It ,. D' • 000

Hi
,. f 000

000
o 0 0

ct " ~' It 't" D'· It i 0 0

1Mr f- o i 0
~ 0 io 0

0' • r." • tiD' 000 inT • 000
o 0)
000

0' It 1; .. '1"D· It tOO,.
01-0
00.l.
t 0 ~

p

Of • r:- IO ~I! II i 0 0
.~

o i 0
o 0 i
i 0 0

d II r. f • ,'D" • .l. 0 0

Hi
to , a.l. .1

o ~ t
too

I
I
I
!
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.75 0 Dor1Ted from 0 b7 the add1tion of a oentr. of S)'IIIl1l.t17

Y!!. -x +ua+vb+wa
14' '" I.

Aa 1n the oa•• of ~~wo oan only der1ve tfPea of thia alaea from
'.,.". '1'45'olaases oorrespond1ng to D.D D D D D namely 0 000 u 0,

.... # • " ,

Por r;. w. hay. u ... v :ow -0 or t For T;u ·0 i t 1 but for oJ, 0 1mpl108 t
and i,i while for O'u cannot have the values 0 or t so that 1n eaoh oase

only two t7pes are derivable. lor7f.'U ... 0 1mpi1es u -t ao that on~y one t

type oorresponds to each of cf and 0'. In all there are ten types

0' derhed from O'parameters 000

ot n n 0' " ttt
0' .. n & n0 000

01 n .. a" n ttt
OS n n 0' n 000

0' n n 0' n i-i-i-
0) n n 0" n iii
0' •.. .. 0 n tti
0' .. .. ot .. 000

" o'0 II II " 000
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CHAPl'ER VII

COlll'OlrBr;,:, SETS

E

.1 Equivalent pointo

We have already doduced all tho a~otry rclationG of tho

230 types of point systecs. By moans of thoso we CM in any

system write down the veotors of all tho points equivaient to

8 given point.

If the reduoed relations of any eyetem be given by
Yo f.: ~t.

Yll( -l)A 'XA".13,
.. J, .-"

yi! ( -1 It. "'-U·..... B..

...............
v' J. . J".

yet -1 IA!'YA +3.
all tho points equivalent to X ero given by tho relations

J 1(.~4.

I y" {-1 I ''A <1.1. "+ B..h,.

whore h.-has ell tho velues 1.2•••••• k... for each of the n valueD

of k,..

'll Tho number of suoh equi.alent points 1n e cOl:Jponent set

oen only depend on the rctationnl pert of tho relation,so that

in ~:hnt follows wo Vlill doal only \";'i th this part.
le f t~ .. • !t ...

NoVi S!Ilco Y::( -11' l"L~'" roduces to Y=. X (except i1' the

Oaser, where \.~'" 1 end k,.c.l or 3 when it reduces to 3fa -x)
and there nre n rel~tions of th1J type. thero ara in general

~k -n points quivulent to an'" point Bnd in ull
''''1\ .... til

fkr-n+l points in the set.
l-~~
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. and if there

If there 18 a rotation of the type Y~-X there are

Lk -n+2t-" ~
of- -t

m ofmthe type Ya -A XA there are

Zkr -n+5m+l pOints in the set

70

1

012 Alternatively we may start with the independent reduced
" ... _.!:.

relations / Y!! (-1 fA. "xA ....

all points equivalent to X are given by~,

Y= (-1 )~llA~A~ ••• A~-!i,: •• i~~-~·

where h has all the values 0,1,2, ••• (k-:U
The number of equivalent points is in general

As before the existanoe of a relation YE-A doubles the number

of equivalent poibte, but we need not oonsider the effect of
\ -~ i - t

Y!-X XA since it can always be derived from ~-X and YFAXA •

Sometimes the first, someti~8s the second method is the most

oQnvenient for deriving the equivalent points.

'11 In the followin~ table there is given for .ach class of rot

ation ths most natural way of doi~~ thiS.

!21!- Abbreviations used

At denotes the relation

.1.L • t~
(A I<, A'" })(i: A~'?
"" 1li ,'c-

in the first braoket

~

-A"
1
;!:

"1\

"
"
"

"
II

"
&

.~:) signifies that every~ relation

1s to be oombined 1n turn With eaoh one in

the second, 'and similarly for products With more than two

brackets

•
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Symbol
of olass

C,

cs

c.

Group ot rotations

1

.11

I, .A.

~(l,A)

1, A,-B,-C

l,A,B,C

:t.(I,A,B,C}

-l •liA,AtA'f

1 AiA .1
• t t A. ~

t(l,A~A,At, )

i -l
(l,·A,A,-A ) (1, B)

t ..I
(l,A,A,!' )(l,-B)

t i(l,A,A,A )(l,B)
• J

i l1 ,A:A,AL )(l,BI

I, A:.~ t
.!! ~

± i l,+A', A' )

\ ,~
(l.A,,,, )(l,.nl

l t
(1. A, A ) (1, B). ..

;!; (1, A: A' i ( I, BI

'11

NumbeD of
equivalont.points

1

2

2

2

4

4

4

8

4

4

8

8

8

8

16

:3

6

6

6

12

Page 190



72-

S1lllbol Group ot rotations Dumber of
of alass equivalent points

CJ.(
t t(l;-A)(l,A:,A ) 6
t .f-

DJ..( t(li"A)(l,A,A ) 12

Cl
t-t -tf 6l,A,A,A,A,A

C, ..
( kf off( . 121,A,A,A,A,A I l,B)

D, 1 t "'.f 12(l,A,A,A,A,A )(l,B)

Dn
i { l .f 24t(l,A,A,A,A,A 1(I,B)

(l,A,B,C
t 1-

T l(l,T,T I 12

T.
\ ;

~(l,A,B,C )(l,T,! ) 24

If, (I,A,B,C l 1 24)( 1, T, T ) (l;-R)

" .0 (l,A,B,C ~(l,T,T')(l,R) 24

0, tll,A,B,C,) (1, T~T t) (l,R) 48
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_I Coordinates

In general we refer the points of a system to three

reference veotore,and the poslition of any pOint is given

by its ooordinates >',r.V' with respeot to these vectors.

(In the rho~bohedral an~ hexagonal systems four reference

vectors are employed.)
I , ,

021 If we write X.. Aa<f«b.vc y"As+fbtYC in the relation

Y: (_l)~A~x.4·t it beoomes

\' " ." tlIa+rb+t'o JlI'(-I)A ().a+rb+t'O)A £

;0 (-1 )"A1ui.~ (-1 rlbAZ .&1 )~JA'

llow "f I -l
(-~AaA

... _l
(-1 )'.tbA~

(-1 f'A1:1\/i

• la<mb<no
• , I

=la+lLb+nc
• • £

:: la+mb+nc
, J ,

wbere III eto are inte?srs, t ,

Equating ooeffioients of a,b,o we have,
) =t l,x'<\ll t l,v

,..' =ll\"-tll\f+m,V'

v' p l'\~<n.rlIl,V

The relations betweon the coordinates of two points oonnected

by a rotation can be expressed in the form of a matrix

(
1,1.1, )
m,m.m,
11,11.. n J

lIUltrix

matrices oorresponding to
" I ,

a number of rotation:>, to;-ether wi th the values of ~r r in

must bave tbe proporty

8ince the inverse of a rotation ia a rotatlon}tbis

II. 1. ~I:: il
m, m,lIj .
n n n

I r J

In the following table are given the

termsor)r"·
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~. Rotation Matrix Coordinatell

1 1 0 .0 A, tt' 'I,
C,ll 0
001

-1 -1 0 0 -}..-~-y.
0-1-0
o 0-1

a 1 0 0 A. -f.-v
0-1 0
o 0-1

-8 -1 0 0 - A, f' V
010
001

b -1 0 0 -A. tt.-V
010
o 0-1

-b 1 0 0 ~ . -f. V
0-1 0
o 0 1

0 -1 0 0 -A.-f. v
0-1 0
o 0 1

-Ot 100 ~. f·-Vo 1 0
o 0-1

R:r[b+o) -1 0 0 -'\, V, f-
\)01
010

_Jl:oo lfl+c] 1 0 0 ).,-V,-r
o 0-1
0-1 0

1:
100 ~. - V, Ii-a
o 0-1
010

t
-1 0 0 -\ 'It - f-8
001
0-1 0
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Rotation l.!atrix Coordinates

...
a~ 1 000 At ~.·~v

000 1
o 1 0 0
001 0

\ ~ v. t\. ,...T~~b+c] 001
100
010

at 1 000 ". -f· -e·-f4-o 0-1 0
o 0 0-1
0-4 0 0
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.~~ To obtain the ooordinates of points equivll~t to ~ fl V

in the most general point system we add to the ooordinates

of the equivalent points derived by rotations the oorresponding

parameters of the general relution

Here ).1 c l'~\r\Y+u

1.1.' C III ).+mr+Illv'+Vr • 1 I

V':: n\+lltHnv'tW, (, J

and similarly for avery relation of the eystem.

The parameters aan be taken from the various tables of Ob.VI

the rotations are given in table 7·13 and their matrioes in

table 11'1..
I

For example in the system Q.we have for eqUivalent pointe

A.f\.v ;A.-~~};-;f/; -~~tt.-Y~h -~.-/".,,+t

These will aI,pear in Ii lUora sylilllletrical form. if we put

t' +l forr· V +t for V.

>. r+L r +t
I '

~ , -tt ti; ·v-;
-.\ . r-l -v~t Here -1- has been wri tten for

+!
·A, -f-l ·V~
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•a Uni t cella

As has been already shown Cl.8) we oan always choose

oertain limite for the ooordinates of the points 1n a oompon.~t

Bet. Suoh limits mark off a portion of space inside of whioh

all the points of a oomponent set may lie. such a 1'0rtion 1s

called a unit oell. There is one unit cell correspondin~ to

every point in the skeletal lattioe.

Two alternative limits were suggested (At1E; ,~ .f.'I"/CB)..j< A.r,~'f

(B) will be usod in what folloWB. The unit cell has thus the

Bhap~ of a parallopiped whoso c€;ntre is at the origini a point

of tho set may l1e anywbere inside this cellJon three of 6ts

faoes.three of its edges and one of its angular points. This

arrangement is unsymmetrical,but if we make the l1I:lits -f4;: >'.r,v,~f

BO that points may lie on all the faoes,edtes and corners.
1suoh points must oount as t.t and S of a point respectively

wh&oh is liable to oause oonfusion •
•

-31 The above limits for the ~,it cell are only useful~ for

the lattices r.. f,r.Or. If we write the forr.lula of an;,. other %
r •• t t

lattice in terms of its primitive veotors and introduoe these

limits we obtain unit oells whioh do not possess the symmetry

of the system.

The limits for oells satisfying this condition for eaoh of

the 14 lattioes,are given With their desoriptions,in the

following table.
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Lattioe

r...
r;:
r:.
~.,.
1;..

r;'

r.'t.
t

Limite f
of oell

"

"
- "

- - It

"

"
If

-t-="\-' t
-ldr-Vf~l
-Ie .,..b-(:fl
-Ie: -,.-1'~.1

..~ <tA-v..e"{
-~d~~"I"f
_H tA - /t-tV ~i.

'"

'18

Deaoriptlon of cell

Parallelopipedon

Oblique reotangular prism

Rectangular rhombio prism

Tetragonal prism

Cube

Clinodomal prism ~~d p1necoid
(Oblique prism on rhombic b8Ge~

Primary rhombic prism
(~ectangular prism on rho~bic
base)

Rhombio, maoro- and brachy
domnl prisms; (
(Llong~ted dodecahedron)

Rhombio dodecahedron
aeeenli epas!' ~

3ho~. bic bYD're.mid and pinacolds
(Elongated trunoated ootahedron)

Tetra~onalbipyrRmid second order
prism and plnoooids.

Octahedron and oUbe; (truncated
ootahedron)

ilegagonal prism and plnacolds
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f -t ·l
If X is such ~hat the relation Tii fl)A; L\ !tB reduoe.

to y IIX then the relat1on~Ai.B 4088 not inoreaee the number

ot points equivalent to X,deri.ed trom the other independent

relations. The total number of points equivalent to X will

accorJingly be 11k, the number for. the most general value of X

Suoh a set of equivalent points is called a submultiple or'sub

Bet. If in addition another independent relation of the set

reduoee to Y I!.x: W8 have a 8ubset, l/kf... the full set, and we may

ultimately arrive at a sub set containing only one pOint.
y l .~

The relation' YE(l)A XA +hA/k+B reduoes to yex in the
t .t

follOWing casee.f4IIf v-2 and h sOX. pA+C where A CA -C+B =0
~ -'!:

if B-O. 0=0 .lIllf,,-l and kf2 X;::hA/2k +C" A"OA"+C-B~O

(0) IF ... -I , k'" 2 I =hAl~ +0 11 SAC - 0

Expressing this in words; A sub set oan be formed when,and

only when, its points lie on,~)aXeB of rotation,~oentree of

aotary refleotions ort)refleotion planee. (eee 5.2 .t seq

For example: The 48 pointer full set of 04 reduoes to a 24

pointer sub set Wh.ll ;:Iond when) =0 ; to a 12 when It ·Vand 'A-I>
to an 8 pointer when A.". =v; to a 6 pointer when )1.= V"O

an1 to a 1 pointer when '\ -r" v:. O.

"42 Consider the case of a multiple point syetem oontaining

•• Submultipleseta

axes of Borew symmetry or glide planes whioh have no rotation

axes or refleotion planes parallel ;0 them. If a point 11e on

such an axis or plane the number of points w1ll only be reduoed

by a rotation inoluded in the sorew axis if any such exist.
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In no oaee oan the number of points 1n the sub .et reduoe to

one. All non equivalent points in a multiple system oonnot

lie on the same sorew axes or glide plane. In this oase
relation t -~

aa IIljuaUon of the type Y!! A XA +hA/k reduces to Y!!. X +hA/k
-I

or in the case of a gUde plane Yf£.A XA +B/2to Y". X +B/2

which would imply that A/k and B/2 were vectors of the skeletal

lattioe •

•4a In any class of symmetry a subset of one oan be formed.

All the points of a multipl. system however oan only form

sUbsets of one in holohedral olasses. Similar conditions

hold far all other sub sets. If we consider simple systems

only we have for eaoh olass 8 sub set that exhibits the symmetry

of the class With the least number of points •

•44 In the following table is given 8 list of sub sets for

every olass with sub sets oharaoteristio of it • In these

classes the last sub aet)and 1n all other olasses the full

sstJiS the least sub set. The values of ~/r,y for eaoh sub set

are also given.
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eM C1&811 Sub set Number in Class Sub "set Humber in
sub set sub set

°l
). -I' r:V:(} 1 D", V.. e 6

It V- ~( 6
O..h >.-0 2

>'~f :v~e;(1.. 1
OJ#. r-V-j) '2

" A"'I''' v·v 1 CJ.( A"{l 3

DJ.( V c.e 6

~A A"D 4
Cd 1,;( 6

It pc ,,::0 2

~=fe."~C' D'l ~~~ 12
II 1

It V -<-( 12

D"" 4 It ~,.p v~e 6". .. v

C..~ A:::O 4 .. ".-=v,.e 2

D41l 1"'0 8 It .;. "'f<fV-e #0. 1

.. "..0" ,.." 8

It ~ .. 0, r-0 rrr"V ,
" 1'":' v='() 2

• .,.. .. f:::V:;{/" 1

'1', ).,0 12

Tl fA- "v 12

O( /A' • V 24

" ),-0 24

.. foV I ~"O 12

.. ~·r:::V 8

.. ". .. '1=0 6

It '/I"t :::Vr:(). 1
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.~6 Available positiOns

. The points of a sub Bet must 118 either on rotation axe.
unit cell in any

or reflection planes. There are thus in everYAPoint system

•~ finite number of planes. lines and points in which the

points of sub sets must lie. All the poins of the oomponent
i "dIlJt,l.

set may be looated there only in those clasaes~ln the foregoing

table. The case of one point sub sets is peculiar; in that

only a limited number of suoh sub sets can co-exist ill any

sys-tem. Only a oertain number of systems oan reduce to OD6

point sub seta • other systems can only reduoe to two pointers

and so forth.

(At this point it was hoped to be able to introduce a

table showing every sub set possible in eaoh of the 230 systems
for the

to~ether with the available positiolls .,~ points of suoh

sub sets.)
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CHAPTER VIII

.1 The equation to a plane

If the variable veator X b_ _%pre•••d in terms of the

vectors a,b,a ~a6a ~ai so that X=pa+qb+ro; then the

existanae of an equation of the type

fp+gq+hr+J- 0

between the variable scalars p,q,r and the oonstant soalars f,g,h,J

indioates that the extremity of X must always lie on a plane

determined by f,C,h,3 •

If X is a veator of a point system the vaiues of p.q.r are

restrioted. All permissible values of p,q,r whioh satisfy the

equation fp+gq +hr+ 3 ... 0 indioate points of the system lying

in the plane f,g,h,3 • Should any such points exist, the numbe.

of them is given by the number of permissible solutions of the

above equation•

•8 :;the law of rtl. tiollAl inHces

p,q,r cun alw~y~ ta put in the form Il+A,m+~ ,n+Vj where l,m,n,.I..a ., , , ~

can take all integral values -tLA..'l,cand I is finite.

If any point correspondin~ to A,~~ be on th~ plane we have

f(l+~) .g(m~r)+h(lJ+~)+j=0.. .. ..
or fl~~m'lm+~" 0 . wbere J.......d:g f ..+hV.+3

this i8 an equation whioh only adoits of integral solutions,

there will be a doubl~' iufin! te set of these if I anJ only if

f,g,b.3 are all rational 'multiples of the saoe irrlltion!1.l nUl:lber.
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B.r multiplying by a suitable taotor t.g.h may be reduoed t~

integers with no oommon faotorjin thiS form f.g,h are oalled the

indioes ot the plane. In the subsequent work we are only

oonoernl;d with sugh planes; the term plane will refer exclusively

to planes oontaining a doubly infinite system of pOints,

oorresponding to n g&ven point of the ,three dimensiomal point
such

system. As allAPoillts form latt1ces,wo will in the following

seotions oonsider lattioes only•

•a Formula of a plane net

The points of the lattice Ila+mb+no which 11e in the plane

fl+gm+hn+J&O form a two dimensional net. We oan obtain the

formula ot this net by eliminating l,m.or n from the formula ot

the lattioe by means of the equation ot the plane. fhe following

prooeedure is however more symcetrioal.

Let u,.v, .w, jUt.v... w.. be two poilllts on the plane fl+gm+hn=O

and u"v.,w,be a poiDt on the plane fl+gm+bn+J=O

the general solution to the equation of the plane may now be written

1 = au, 'tu" +u,

m:::'811:, +t~ tV,

n :l aw, +tw... +l', Introduoing these values into

the formula of the lattioe we obtain the formula of the net

8S I (au, +tuf. +~)ai(sv, +tv.. +~lb+(aw, +tw, +~lo

or Is(u,a+v, b+w, o)+t(u atv b+w.O)+(u a+v b+w 0)
... .... '" S

writing (u,B+v,b+w,o):e,; ur.8+v.. b+w.. o=eL; u,a+v,b+wJo=e a
the formula becomes Ise tte +e

J, t.
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If the plane passes through the origin e cO and the formula•
of tho net reduoes to I Be. +tec.

e,and etwill be primitive veotors of the net if 0, el. eJ

are for the s¥stem lattioe. That is if

If we substitute for the first oolumn,that formed by

multiplying the oolumna by f.g.h respeotively and adding.

we have

similarly

Expanding

Since

o v, Wll::'!;f
o v.. w.

-J v
t

w
J

VI we. -v.. W. =j:f/ J

W, uL -VI. u,= :.gl J

u. v, -u. v,::. thl J

lu, are all intugers and f.g.h have no co~mon factor

but the oondition that e,and 0c.shoull1 be primitive ie

independent of tho value of eland oonsequently of J:this oon

dition &s therefore ~~-~ w,#~f

W, uL -wI. u,:;,tg

U, vI. -u, vl..:!;b

'4 Parallel planes

Planes with the samo values of f.g.h but With different

values of J are parallel. If the indioes are expressed in

terms of primitive veotors J must be an inte~er and ~s no plene

can 11e between the p',rallel planes f,g,h, j anl1 1'.g,h,(J+l),

these are cnlle': 3ucuesivo plnnes.
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..• & Distanoe between planes

The perpendicular distance from the origin to the plane

fl+gm+hn-1= 0

may be expressed as the quotient

Se, e, e•.. mv
:l: e, e~

c

Volume of I/pipedon e t eL!,
Areaofligm e,e,

liow lu, can always be chosen 80 that lu, v. w,) ~ 1

also (v, w. -~ ~)= f eto. He have therefore

l'erpendicular distance 1l.,-r;;~Sa""b::.;o~~~=.,.
T(fVbc+gYoa+hVabl

This expression may of oourse be derive4 directly from the

equ~tion of the plane and is true for all real values of f.g.h.~

In its most general form it is

SO' jSabc
D1 TlfVbc+gVcs+hVabl

This ., Ft'. expression though simple 18 not oonvenient for

numerical oaloulation as it involves sums and produots of vectors

It oan sasily be transformed however into one that is.
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-&1 We make use of the formula -(Saba). S.VboVeaVab

"Uanual of ~u8ternions" Art. 25. Ex. 4 )

-(Saba)',. S.VbeVcaVab

• S(bo-Sbe) (oa-Soa) (ab-Sab)

87

(see Joly

Also

-S bccaab-~Sbc.caab+iSboSoa.ab-SboScaSab

~ub'c"ttI(dbo )-3;>beScudab +SboScaSab

... tSc'+tt( 3be ) +bt
( Sea) +d'( Sab) -2SbcSoaSub

.. Z L
f(fVbe+gVe8+hVabl,=-zf(Vbc)-2ig-hS. VcaVab

• ff~Vbcl~2tgb( a'sbc-SoaSab)

We haTe therefore

L _ :'b~:i!i Sbo I +2JboSea::>ab
~ - i"Q'ifbc )*-2~ghl Q'3bc-Soadab I

~ow if we put a for the Gcalar Ta, cos A for ;>.UbUo; sinA for

TV.UbUo and sl~ilarly for b WId c ; B ~d 0 the expression

tuk.es a form illvolvine- scall.lrs only

'\. rb,r(l r. A &., Co, A ')'P. _ ::J. C -cos -cos ..,-co~.'u~200s oosBoos\,;
I -fi'lJ.:<:Sin1A -2tth(COst,A"'00S Beosdl

Finall? ,'10 obtlci:i the fUJ lLIier f'oj':Jul.'1.

This forrJ".lla loses I:lUlolh of its oomplexi t~, wiltm p.fl'lied to

syrn.':letrical ht~l<.:es. It is 5iven for euc'h o~: the 14 'J.uttiC6S

in ti,o;j tuble on p q4.
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-62 So far we have only oonaidered lattioe8 whose formula iB

~1tten /la+mb+no • It i8 not always convenient to U8e sucn a

formula. For all lattioes except • .~••J7~ • • the formula may

be wri thn I (.c.l+ A m+,11)/2+ (.,(1.11 !.:+Vn lb/ 2+foll.fAm+)lOo/2
I ~l I • 'X, 't ) \.. J

(for r. c.. r. r:, r ,,"2.1\.:0 2 .... 2 and c:l.~ ~.:- 0)
... -. • • r I \"".~ "J f. f

The equation of the plane becomes

ftJ l+Am+y'n Ij2+g(.,( l+am+).n II 2.. h(oI. l+~m+ln 1/2+j1lll 0
~\" Lh1. J lJ

tit" I' ..
f.g,h may be Buch that -.eR of the first three terms 1s an integer
for all values of l,m,n,
In this case J 1B an integer and suooesive planeB are at the

same distanoe as 1n the oorresponding lattice /la..mb+no
t~~... /IF

If e9l the first three term. do not reduoe to integers J must be
"of the form k/e When k 18 an integer and BuoesS1ve planes are

halt a8 far apart as in the oorresponding lattioe •.
If dh~stands for the distanoe between suooesive planes parallel

to fp ..g'l, +hr::L 0 1n any lattioe ,und n"" for the distanoe in a

corresponding lattice of formula /la+mb+no J then dr,l ~Dr,t.

where ~~depends both on the lattioe and on f,g,h and is always

l.t or in the case of ~l/z. The value of ~for all lattices

and values of f,g.h is given in the table on p 1+ .
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• 53 The oase of 1i and~ IDUst be dealt .,ttl;! separatel,.; 1n thf,e

oase four reference veotors are use~ and the equation of the

plane beoomes fp+gq +hr+1s+ j :: 0 where g,bJ. ar", oonneoted by the

relation g+h+ i !! O.

fp+gq+hr+j =0 is the equation of the Same plane referred

to the three veotors a,b,c

we have

Now applying the formula for D

Since OOB A::a -t cosB"'oosC-O

g+h+i -a0

::. 1/If; a\Hf'.~h\i~+hi+ir-+gh)/I"
. (')ttl 1-'

1/ f/a+3Lii·j1~'D since g+h+i+hi+ig+gh
bL

&. &. t L,.
~ t(g+h+i}+!(g+b+iJ

The formula of ~ is ':: t(g~h~ii

/ 1a+ ( 2m-n-o) b/ 3+ (-m+2n-o )c/ 3+ (-m-n+20 }a/ '3

g(2m-n-o)/3+h!-m+2n-o)/3+i!-m-n+20)/3 is an integer when

m( 2g-h-i 1/3+n( -~+2h-i}/::: ...) ( -g-h+2i )/3 is nn inte~er

that is 2g-h-j is divisible by 3. IR tRi~ ga~g 1 a~~ lQ Ql1
I

ather SMell 1/3 But 2g-h-i=-3~ and is therEfore always

divisible by ~ so that for this 1atticed& 1

The formula of 'JiS

/ (l+m+n) a/ 3+( m-nlb/ 3+ (n-1) 0/3+ (l-m )0/ 3

by similar reasoning we aan ahow t}-,at if f-h+i is a m'-lltip1e of 3

8 :. 1 and if not ~ :. 1/3
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.( l2!!!!!
We now return to the moet general point system.

The plane parallel to fl+gm+hn::: 0 through the point ~ ,.. "

Is tp+gq+hr+j ~ 0 where j (no longer necessarily an integer)

Is given by tAtgr +hv' +.1'" 0

If three pOinta~f,v, ;\r,~ ;\JrJ~; 11e in the plane f.g,h, j
~ _to

the three points connected with them by the rotation y.=. (l fA"!! iZ

, I '}' f , \' , I I I f I I I

~,r.(:'\r.~:I\,r,t'.s: WILL lie In the plano i',g.h,,1 whero f,g,b,;-

are gi ve~l by the relations
I ( I I

t :: 1. f+l. G+:J; h

g'= m'f+m'g+m'h, ' .
h':; n'f+n'g+n'h

, t J

the minors of 1 1 1 in tb matrix (1 m.n), .. , , ~J

~m/n/l is the matrix of the, ~ )

/ , /'substituting forlA and f in

of fA and / f we have

'~ l/ftl~+im'ttm,A +In'f1n,A + j • 01;1. I • I ,

'.', I I I I'-,1(tll +<:m m ..-tn n l-:tgrf(l 1 +m m +n n I
1'''-'", L'''''J

- !ht<i( 1(.1: +m..m: tn. n~) -+j AO
I ,

This Is the case only if ill =1 and £ 1 1 =0 and ainee
I , .. J

of the rotation. In other words (
~ ~

inverse rotation Y=(1 {A~XA~, For
I

terms

j I I

where ~,ltlJeto are

,
(1 m n) =t1 1 =- m n -m n.'I., 'l"L

The p1anee ~~h) and t,g,b,,1 are said to be equivalent planes.

Page 209



91

t i -\-
If the symmetry relation 1s of the type Ya(l)A XA +u~+vb+wo

, I , I
the plane equivalent to f.g,h.J i8 f.g.h,J. where f.g.h are

I

as 1 before but j=fu+gv+hw+J

-61 All the planes equivalent to a given plane are said to
in general

constitute a form. A form hasAthe same number of planes as the

number in the full set of equivalent points of the system.

For certaln values of f,g,h however k planes of the form ooinoide}

and a sub form results each of Whose planes oontains k equivalent

pcints, unless these points themselves forI! a sub set. (pll1nes
~uch planes nutst be perpendicular to rotation axes or reflection

The same considerations that applied to the limi;ation of ~

points in component sets apply to forms also, exoept that in t

this case j alone has to be limited.

-62 If the system oontains no screw axe~r glide planes to whioh

there are no parallel rotation axes or reflection planes. the

form is oalled an infinite form; otherwise it 1s a finite form.

Infinite forms may in oertain caS2S oontain up to 6 parallel
the C'1se of a

pl'lnes. Consider for Q.ampli t:be t plane 1.0jO.0 perpendicular
~ ..- -,..

to the sorew axis Y:: Ii ''In. +a/k • The planes contained in the

form are 1.0,0.0 ;l.0.O.1/k;1.0.O.2/k;

all of ~niich are parallel.

....1.0.0. (k-l)/k

B~' the sylTll:letry of the system all the planes of 8 Igrm must

be oongruent.
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.7 Densities at Bystems and planes

.71 The point density of a system 1s defined as the number of

po1nts per unit volume of the system;aor alternatel1 as

Number of points in unit 0.11
Volume of unit cell

The number of points 1n !l unit oell is simply the number N of

points in a oomponent set; the volume of a unit oell is Saba

to when a,bta are primitive

i'sabo where A=/l, 1,11
m,m,:Il,
11 n n

I t

veotors, 1n general however it is

and /1, are the ooordinates of a,bto

in terms of primitive veotors.

density

·111

The values of ~ for eaoh of the 14 lattices is given in the tab1.

on p '4 • We have ther~ore as an expression for the point

AIl
~

The point density of a plane may be defined ae

Number of points in the plane per unit oell
Area at unit oell

If n 1s the number of points of a component set that 11e in the

plane and 8 and ..1 have the same meantng as in the preoeeding

seotions; Point densitF

=T'fVbc+gVoa t-hVab J

·'13 WeiP.'hted densities

In °a multiple system we may attribute to eaoh point a

weight faotor mr ; m~being the same for all equivalent and a=
corresponding points
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The weighted density-of a system or plano is tho woight per unit

~volume and per unit area rospectively. If H~and Urare the

number of pOimts of the same kind in n component set of the system

and the plane respectively. the weighted densities are

A1'N..m,
::lnbo

'8 In tho following table are given a numbor of important constanta

and expressions for each of the 14 latticeS. From these by the

use ot the formulae reproduced below we cen calculate the

;erpendicular distanoe between 6ucessive parallel planes and

the densities of systems and planes.

•

"' TifVbc+gVoll+hV9.b)

Distanoe between suoessive planes parallel to fl+gm+hn: 0

~ t 3abc
T[f\~c+eVQa+bVabl

Volume of unit oe11 ., z;';nbo

Density of points in a system

Distanoe from origin to a plane fp+gq+hr+j =0

,150bo

DenSity of points in a pl~ne

.... SL\n
T(fVbc+gVca+hVab)
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d.
.a tUoe T(fYbo+gVoa+hVab)

Sabo I r-:,-----------4 8 I l-

I 1 '1 'abo /i-loos1I+2006AooBBooadiabo (~slriA-~b~NcOBA-oOBBo06~f.. I , I fl ~ hJ( )
I I ;:,F:..-~_.,...,"""",,,-,.-__

~ , 1 I 1 abo ain A ' abo/!~ini.g:~2~cOBA
fi'L Dr c f be

, - - - -r.. ,
2 1 f+g even ,

"1

i- f+g odd I, I

1; 1 1 abo abo fl- 6.1, h C

-~ +-at bC
OC

r.' I 2 1 g+h even " ••
, i g+h 0'4d

I t
, I ,

"f' .......
4 + 1 f,g,b all odd • .. ,

• , I

I I i otherwlae •
I ,
t •,..,

2 1 two of f,g,h " I "• even,one odd •
I t otherwise •

I

I
f' C ~

1; 1 1 abC. abc - +~I a' b
II

J?' 2 1 two of f,g,h " "4
even, one odd

t otherwiae

r.; 1 ' 1 ; a'/f' + g'+ hI.
I

r." 4- I 1 f,g,h all odd " ""f' ,

, l- otherwlae,
(: 2 1 two of f,g,h " ..

even, one odd
't otherwise.

II
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u,tHec Sabo
A ~

1J.. 1 , 1 (iabO/2

1;{ ,
~

,
1 f-h·t-1 dlvio11:1e "by 3

! otherwise
3

TffVbo+gVoa+h~ab)

"

~ 81 Vie may oonsider Cto be expressed in terms of the three primi tiVi)

veotors 1/3.0,1/3.-1/3 ;1/3,-1/3.0,1/3; 1/3,1/3,-1(3.0

in whioh oase its formula becomes /la+mb+noj ~~ S.l
Saba __ [If.:;. /i-3cOS"! +2oosYA sinae here a -b"""- 0

A::.B "'-0

T( !ilfbo+gVca+hVab)4o a~t+lf} Sin.tA'-~-'-2-(g-h-+-h-f-+-f-g-}-(O-~~l A-aos A)
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CBAl'TER IX

:I-Ray Wlalysi s of Crystals

(Elementary)

.6 w. may oonsider a cry3tal as in general a multiple

,point system in whioh the plaoe of the points is taken by

atoms of the differo!lt elements.

j. cr~'l3tal is always flni te and is 1n generd bounded

by pl~les. b~t the number of atoms in even the smallest

orYbtal is 60 great that these limitations need not be taken

aCColult of in considerations of internal struoture.

The external symmetry of the forms of a orystal are

often sufficient to dotermine which of the thirty-two olasses

of s~~~etry it bulonrrs to, but oalIDot pOSSibly reveal, exoept

in Class ~.which skeletal lattioe Dnd point system is the

basis of their structure •

•1 Defraotion of ,X-ru:is 1)~ry6talB..

ThlJ distulloe between the atoms of a orystal is com

parable to the wave len~th of X-rays whioh are ~trraoted by

8 orystal as from a three-dimen6ional gratin~.

Bragg has considered the effeot as that of refleotion

from succeesive. equally-spaoed. oongruent planes of the

crystal and obtains the simple grating formula

-
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n~ = 2d sin6

for maximum refleotion where

d i5 the distanoe between suooessive planes

9 is the anglo which the incident and refleoted rays
make with the plane

A1s the wave-length of the X-ray, and

n is an integer fixing the order of the refleotion.

-11 If we keep Aoonstant and vary 0 we obtain maxima of

refleotion when 0 = e. 8• L

sin 0, .1i
sin () • t~

L z,(

.- . ·0...·. given by :

.......•.......
~8~. 'f-lf

On the other band if w~eep Boonstant Iand vary /I • or

what is the same thing, use "white" light, we have refleoted

.at an angle Brays of wave-length ~ ~ .... \
,.. I' 'r*

given by :

" '" 2d sint',
\ _U slut!
II.. - 1...............

These two oaaea are. the basis of the Bragg and Laue methods

respeotively.
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powers of the successive
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_I Distribution of Energy among orders ot Refleotion.

In general, however, the series of planes parallel to

a given plane are not all oongruent but consist of aeta ot

different planes whioh are rerested regularly. Bragg bas

shown tlmt the affect of this is analogous to that of the

form of grating linea and leads to a different distribution

of intensi,sty among the ordera of refleot ions than tl:at whicb

would rosult from a series of oongruent, equally-spaced

planes.

In the latter oase tbe Intenai ty of the first, second,

etc. orders falls off approXimately 8S the inverse square ot

their order, Le. in the ratio/! 1, t, t ....
•21 The intensity of a reflection ot order n, due to a distribu-

tion of planes at distances d
l

d
t

d~.·from an initial

plane, the whole being repeated at a distance d is given
I

by
•

(m sin 2D11"dJ Ii
I I

wbere mm m rep~esen+~he reflecting. It'·
planes. m~iB roughly proportional to the electronic denSity

of the plane, Le. to tIle weighted density. if to each atom

of the plane we attribute the number of elec~rons associated

With it, i.e. its atomic number. As tha factor k is unkno_n

we reqUire relative and not abaoute elsctron d~slties.
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"3 rho !ragg X-ray Speotrometer Uethod.

In the Bragg method the orystal is mounted on a

goniometer and a very fine beam of monoohromat•• X-rays

directed on to one faoe. The intensity of the refleoted beam

is measured by an ionisation ohamber and a sensitive eleotro

scope. The,orystal and the ionisation chamber are so placed

that the latter is always at twioe the angular distance from

the incident be~ as the crystal face. The angles of reflection

and the intensities of the first few order refleotions from

the faoe are measured.

"31 Dete~ination of skeletal lattioe

Such measurements for three faoes of known indioee suf

fice. fa if Ais known. to determine absolutely the ekeletal

lattice of the system. i.e. to give both the nature of the

lattice and the lengths and mutual angles of its referenoe

2d = n A
ainB

~Sabo

T(fVbo + gVoa + hVabJ

•~jr1 _ Zoos~2~~~~-;B;;O~o-----
t f7a t sinL A +tiEhjab(coa A-C08 Boos 0)

For by the formula given above we have

vectors.

also d =

Bow we know Aand sine ; also from crystallograpbie

data we know ABO and f g h.
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Renoe •• have three equations of the t,pe

• b,l
,

o,s'+ t ... h,q d, 0a,x + + 1· + g.!lX + :;,.. 0 .
f ..YI 0s ..x + b...1 + o oS + + go. IX + h,%7 + 4, •

a JX + b,1 + 0, • + f yl + g,IX ... h ..x;, ... d~ • 0
1

'1'heee aNI alwaye' ,soluble (in the most general case only by

e~iptio fUnctional. Thus & b 0 can always be found •.

In praotice, however, it is found that only the planes

with simple indices give good ref.eotions and these are gener

ally used. In this 08se the equations above reduoe to one

Or two terms each and the solution is oorrespondingly easy.

ror the faotor S (BU 8·{'.t I whioh dependB upon the

lattlceand upon the values of f g h. the latter are BO

cbosen a8 to afford a criterion of the partioular lattice.

ThiB may necessitate measurements from more than three planes.

-311 Examples of planes which oan be used for this oriterion

in the various orystal systems are givBn 1n the following

table. For eaoh lattioe in 8 given system tnere will exist

a ratio connecting the 1's of the various planes. A ~uffioient

number of pl&leS are chosen so that no two lattioes of the

same system have the Same ratios of their d's.
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4 .... ·

lattice ~ j1- 1. 00s1A+2 cos loos Boos C
~ sin A

fionoclInio - d.,,- - d:.• - d;"

~r: -.£- r
siuB sine

a b sin A

tb ain A

c sin A

cain A

be sin A
/b'-Zbc oos A+c'

l be SilO A
f5\02bc cos A+c'- - - - - - - - - -

Orthorhombio d", dll• dill d'/I

a b 0 bol /bJ.+ c;'

8 ib io bol /t:+o"

is. h io bol 2.;~n;,

ia ~h to boiJb'<C'

d'~1

oa/~o.:'

oa/2fC'+a'

ca/£ ~&..al
~

ca/l0'+r/ t
"
"

- - - - --
Tetragonal

Rh0J!lbOhedral

HeXl1Fonal

d
"

• d,/.

a b

t~ - - - lb -
d,U d ,"

a alP.
ill. a/2/2

_l~ - - - _a/£2

d,lI. d'ol-l

a ./Sb/Z

&/3 /Jb/6

d".,
a

d~lI

bile

d,'l

a/(3
a / 13'

I •
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-312 rhus in tbe oase o~ rook salt ~aCl a oUbio crystal

d". : d." :d. II 0: 1: lIP : 2/[r
The skeletal lattice is therefore r;..'and a'" 2<1'441

It should be renembere;l ill thl;;; oOlmectioll,that except in

the oubio system .... the indices a55ignel to faces by

orystal1orrraphers are not naoesaarily the sarne as those whioh

are derived from the actual lattice of the orystal. As the

former indices must neoessarily 1e known first a lattioe may

be deduoed whioh is., not one 0 f the 11 types. In au-ch a case

it is alvrays possible to chan€."'c the syste::: &f indices so as to

reduoe the lattioe to a reoognised form. 7his is well' illustrat'.

by the oase of oaloi te;n crystal of olass D~for which Brag-II: foune

a faoe oentered rhombohedral lattice with fnoes p~rnllel to the

form 101-1 • If the lattice is taken as T.( the indic:es of this

forta become 12-1-1.

tSl! Sctew axes

If the reflections from plnnes perpendicular to screw axes

are measured the value of d will be 11k its normal value where

h/k is the pitch o~ the screw. Since screw axes can only exist

peBpendicular to certain .x.ax planes it is always possible by

ohoosing 8uitnble p1nnes to avoid any error on this scoro, and &1

the same time to determine the position and nature of all Borew

that exist.

Thus in the oa8e of the diamond a oubio crystal containin~

only carbon atoms, dl~ :4", jd,,1 111 t.:P:2/ti: a ratio not charac.

teristio of any lattice and lndioatin~ a sorew axis a.
The real ratio should be 1;): 2;% oharacteristio of r-.'.

~

Page 221



103

-32 Dumber af points in a oomponent set

Having determined the lattioe abwolutely we oan prooeed to

find the number of points in each oomponent set by «omparing the

density of the orystal on the assumtion that there are N molecules

per unit cell, with the observed density of the crystal.

The weight of each molecule is ~ where U is its molecular weight

and m the weight of a hydrogen ato~. We have therefore,

Density.. ANlJrn or H;: t;:Jabo
Sabo .1J.!m

The formula of a moleoule is in general written Xx Y, Z&.. J
'j.

where x.1,1 •• repreeent the numbers of atoms of X,Y,Z respectively

1n the moleoule. The number of atoms of eaoh kind per un1t oel1

18 aocordingly Hx,Ny.Ns ••• The number Xx when x is' the least

of X,1,1•••• is of the greatest importanoe in the eleucidation

of crystal structure. It at onoe limits the number of olasses

and systems that the crystal may belong to. The orystal can belong

to no system whose least subset has more points per unit cell t

than llx •

Thus in the oase of quartz siaL a crystal of the class D3

~ea6urements show thath the lattice 1s t with a. ~ 5. ~8 11 lO-r ..-

We have therefore for H

n = ~b'a e
21~~

b .. 4.89'1 lO-t vtM

Mm:::. O. 99 10-.21 '1-'

lrom measurements of d/PIIJ We have d",:, a/3 and therefore there

must be a Bcrew axis. the basic system of quartz must therefore

be one of D; D
4
, v') D: with the 31 atoms ('fl p" 3pcint 3:1D group,
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·33 Determination of 01as8

The 01a6s of a oryatal oan usually be determined by

orystallographio methods. In oases of orystals whioh only

develop very simple forms the information these afford has to

be supplemented by optioal , eleotrioal or other methods.

By tne Bragg method it is possible to' deteot direotly all

symmetry relations exoept those that involve a oentre of symmetr,r.

·~al If the olass of the orystal is merohedral the orders of refleotion

from faoes whioh belong to the same holohedral but not to the

same merohedral forms will in general give different intensity

distributions. The method fails when the~wo faoes oonsidered

belo~ to forms Whose faoes are parallel to eaoh other. For in

this 08se the spaoing of planes differ only 1n the two faoes

in that the sequenoe is inverse and as oan be Seen from the form-

ula Bi,if ohanrin!!' the signs of

refltct10n intensities.

Th1.LS in tho oase of zino blende ZnS whioh is known to belon

to class Td thero is no differenoe in the refleotions from faoes

of the different forms 1,1,1 and -1,-1,-1, while for pyrites FeSL

which belongs to class Tk the refleotions from the faces 210 and

120 are totally distinct.

For the final detormination of alaes in these doubtful osses

we must have recourse to the methods of tbe next section.
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.~:. Dcter:::~n... ticr. e,f etcr-:1.c rcc~Hcnr:

We may write tho formula of the ~~olc crYGtcl &0

Ib+1 (/J~)J &+(m+/ (jj~,11 b+{n+'.r.(J',~,l}c
u;;. , l Iii" I ~"4 I

whore rJ~,.h,~,e.re tho ooordinates of an c.too of X

/~ I: v Soro tho ooordinat£.s of all equivalent c.tCC:J of X
AI' ~'AI

I ~/w. J"re tho ooordinates of all the atoms 1n Ii oomponent set
. y \ I 1I."lX, "III -
Ii • IIf thC~Q ere ~ "'+o~~

There arc N1x atoms in a component set we have after determining

the le.ttice\3N~xunknowns to find,boforo the ~hole crrstal 16

absolutely determined. We may havo already found ,however, a number

of relations oonneoting thoso ooordinatos. If we know the s~~et~

olasB,the number of unkno~ns 1s reducbd to 3Ufx/k where k is the

nUmber of equivalent points in tho olass. If there is a sub set

some of the unknowns may be exaotly determined. ~o know what sorew

axos exist and from this and tho information of the sub sets we
to Wtllc"

may be able to limit the number of possible systems jJ~ the crystal

m~ beloDa.to a very fep. In this case/for each ~ossible system

the number ~f unknovms reduces to3~x and may ~vcn from consider

ations of sub sets reduco to U in V,hiGh cu,,'" t;,u crystal 16

oompletely determined. ;lhethor such reduction", may be effected

or not the follOWing- motho<l is a:p!lH~cble.

Consider the series of ple.ncs pcrnllel to fl+Z::;+bll =.0. o"t
uch or II}

passing throuch the points i (II ,M v The1r point densi tics
'" IIH. t III Ill. III

are all equal to the dendity of points in tbe corresponnine not

of the. ekeletal fattioe. while their electron densities are

sinply proportional to the atomio nu!:;bers of X. Y. Z, ••••
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Ife have therefore for the value of the m..of the formula 1f'!1

... S~nxm., Tlmc+gVca+hVab"T

!he spaoing of the planes is given b1

d". fd = j. IS where jv - t>' +gu +h V.
..,,1 "' ..n '{I II'

SUbstituting in the formu.la

It .e are able to measure reflections from P planes and Dan

obtain Prorders of reflecticn from~ the r th plane we have

t.. Pr equations of this t1pe. However as the equations are

tranoendental in/~lwe cannot tell how man1 would be needed

to find the 3Nix unknowns. The solution of a number of such

equations 1s exoept in Some simple oases extremely difficult

and laborious. It shuuld not prove difficult to construct a

mac~ne somewhat similar to a harmonio analyser. wb1~h would

make Ilh~lIv)paBs through all their possible values and select
.'1l!"'J{1 fI,

those whioh led to the observed values of &~ r5flection

intensities. In view of the doubtful val1dit1 of the for:nula

and the diffioulties of exaot measurements of intemsitiea

it 1s doubtful whether such a machine would justify itself

at presebt. The method most used in praotice 1s to reduoe by

means of the considerations of the last seoticn the possible

struotureS to a very few and beginning with the simplsst and to
I

oompare the Intensitiescalculated from then with those observed

In this tentative method, analogies drawn from already eleucldated
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or.v6t~lc &ro ~v~lu&blG. In th1c ~;.pro~eo~iUb Bt~p by §tep

Br&gg~&G &tle to an&1~sG rock 8&lt.s~lvlnG.b1ond6.dlamond.

fluorit£ and pyrl$oai 611 oubio orystalB but of BUo6Bsive1y

lncro&sing comp16~ity.

.
.~
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'he Leue method
.4

In this method a beam of "white" 1.e. heterog;ncoua X-r&J8

are allo~ed to. fallon a properly orient~d or~stGl ani tho rays

reflected froQ the various planes are r.giGtGr~d on a photographio

plate plaoed behind the orystal.

The reflected rays are no longer White. but consiat as waa ahow

in 9.12 of radlation made up of a .erica of wave lengbhs' of

different intensities •
•41 The pOsition of the spots on the photographio plato indioate

merely the indioes If the planos producing them. but aD planeo

of the same form give spots of tho samo intensity~the naturo

of the symmotry of the orystal oan bo soon. The olaaa however

oannot in general bo determined unambiguously. ae for the rc~o

ona explained in 9.331 it is impossible to deteot the ~bacnoG

of • oentre of symmetry•

•42 Tho intensities .f th••pots is an average off~t depend-

ing partly on the spaoing and densities of tho planos produoe

ing them. partly on the wave length intensity distribution in

the inoident beam. This renders interprotation very diffioult)

but whon the intensity distribution in tho inoident beam

oontains only one maXimum, it Is posslble to analyso some Simple

crystala.

If the or,ystal i8 a 1attioe ~ho spaoing for all planes i8

eTen and the refleotion for that plano whloh bost reflecta

wave lengths near the maximum wl11 be the most intense. Tho

intensities of reflections from other planes will falloff

Page 227



10~

ro

r~l&rly~lth tho ob~c cf tt~ir lc'icc=a ~ tt: eC~J cr L

ory,tal ~hloh io not & l&ttloo hCh:.~r. tt~ ~~~~~G~:lo~ c~

r6fi&otion::; by c8I~t.ln of the F~G.Lca ~11l CC.UG .. the Intel1&itlec..

to V&~ lrre~lcrly With thoir In~ioGs ~~ tLc~a irrGb~lL~ltic~

m~y be ueed to ~iGoov&r their struct~rY. Even in the clc;:c:~

crystn1a this c~, only be 'one by tryinu vcric~c Etr~ct~rca

",Uh
~l oocparinG th~ £pot Intencitleo dc~uoc~ !~-- thoco otccr.~~.

In spite of theco cpp~rcl1t licltctlono of th, Lcue ~otho~

Ewald, Wyooff ana others heva dcvlEc~ ic;~o.cconto both en ttJ

experimental end thocrotic sideo b7 cenno of ~hlch rGc~~~~u:o

reculto h~ve bce~ obtaine~.

A methOd whiob baa oocurroa to m~ b~t ~hloh Lee not co !~~

e COrioG3 o~

aa I kuoo boon tried, T;ould bo to ttJ.:0Au.uo x;hotcGrq;h:J

with a sourso of ==n-~ homOGeneous X rcys of r&gul~rly vcrylCJ

wave length £uoh aSoould be obtained for Inst&lloo frou &

Dotating rook salt o~yotnl illuminated by ~hito rcya. If th~ 1

light were striotly homogoncouo,tho p~otcGrapho r.ould thou no

spots but the oentrel ono)for all but a certc1n n~bc~ o! unvo

le~s for whicb the roflectionc for ocrtc1n plenoa T;ould flech

out • If suoh a mothod ~oro to provo practlccblo &0 fell results

oould be obtained from it co froQ tho Brags mothod, for in this

oase the wave lengtho being kno~. absolute CCQaurcmonts of length

could be made, tho abaenoe of whiohtiS tho ohicf draobnck of the

Laue method.
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.6 !he Hull method

:'IThe third Important method i. that leTelolled ind.pendentl;y

by Hull/and Debye and Soherrer. In this mothld,not oneJbut ~:a

large numbe~ of orystal. are used in tho fo~ ot a metallio a~

aggregate or ooarse powder spread on a plate or in the form of

a thin oylinder. A beam of homogeneous X-rays i& used. The cr,f

.tals being arranged at random, there will always be a certai~

number that present some pl~~e of the form t,g,h at such an

angle to the incident beam that on. of the orders ot refleotion

ocour and suoh reflected beabs are deteote! on a photographic

plate or by an Ionisation chamber•

•61 The angle that suoh a refleoted beam make. with the lnoideht

beam is 2 q.henoe if we oan find n , 4."." is absolutely determined.

It is often possible to piok out the orders of refleotions due

to the same plane on aooount Of the simple r&lations between the

.i~es of half the defleotion ang18s.~r

.52 The great disadvantage og the Edll *ethod ia that _. ha.e

no direot means of finding f,t,h • Tho intensitle. of a refleoted

beam i8 now proportional to that dt the corresponding plane in

the Bragg method multiplied ~ the number of faces in the form

or in the case of a crystal not possessing 8 oentre of sycroetr,v,

by twice this number; for 1t 1s obvious that the expeotation

of a suitably inoline4 faoe belonging to any form is proportiona1

to the number of faoes in the form, and that the intensity of

of refleotion is proportional to thIs ~Xpeotation.
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It can to c:~ t~ct tho null c:thc~ lt~~o t~ ~ &1m11&r b~

aoro cc~;11c~t'l &;t cf cq~atio~~ ~c tho BrCb~ ccthQd and sith

many more untuo.~~. The'o Gq~&tiono arG prnotioally insolub16~

an~ thw ~~tho~ &ccor'intlJ UCG~ in p~&;tioQ is to choose tho st

8trongc3t of thw 6crlss of r,f16otion~ as oorr6sponding to tho

planes ~th simplest in~io6s and to oheo~ tho str~oturG thuG

arrived at .1 ~,ino it to pre~iot th~ positions of tho other 1

re:tleotQU bco.l::...

• 83 The Eull ~;thod 1, mc~t u'G~l ~h,~ &~~~ic~ to,c:tclc.

or to substanoe; ~hioh oan ccl~ be obtclccd in tho £0 oelled

amotphous oondition or in £m~l~~~ icpQrfoot cr,y~tclc.
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.6 f4bulatlon of results

The results obtninod in an analysis of & or,ystal, whether o~

not they are oomplete oan all ba oontained in the formula given

In 9.34 ,the vectors a,b,c baing also supposed kno~u both in

magnitude and in relative positions.

I! however ~e assume the formula and alao the symcetr,y

elements of the 230 point systems as given 1n the table~ in Ch VI

all the results of an analysis ~~y be given oonoisely as follo~s

.61 (il ~he symbol of the skeletal lattioe

(ii) the absolute dimensions both soalar and angular \~en neeeesa

(iii) the symbol of the rolnt system. ( Striotly speaking this

inoludes tho symbol of the lattice, )

(iv) the ooordinates of one of eaoh set of equivalont atoms

stipUlating the element •

'rOm the set of of oonstants given under these heads *~ oan

caloulate by-the methods of Ch VII the position of eEoby atom

of eaoh element 1n thG crystal, and by the methods of Ch VIII

the spacing and density of every 86t of parallel planes.

The number N of moleol,les of the substance par unit nell though

inoluded 1n tho above deserves separate statement •

•62 In the following table these structural constants Rre given

fot a number of typical orystals whioh have b~sn analysed by

Bragg and others.
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lIame , 'ormula N 1.t SIll GC!ordinat.. Remark.

Rook aalt Heel 1 r.:" Olf
~t *0 0

,I Other alkaline halides haTe
T' " o 0 similar str~ctures. T;Zino blende ~nS 1. r; zn 000

S ~ 1, ~
4. 4. 4.

Diamond C 2 r.' 0 1 <; 000... "Fluor1te Ca!'f. 1 12' Of' Oil 000.,.
" F.. 1 l 1

Iron
r' T~pyr1t4s FeS

1
1 Fe 000 X haa been variouely glTan

'" ~ 5..1-x x x: an 1/5 and 2/9. .

C'.lprito cup 1 T;- o" : COO
.1\ ttf'eu .\ " 1

TIN 8n ~ T;
I Sn 000~4. SUt. 1 ! 0

Rhombic r' QI~alkaline sUll1~O. 1 S 000
sulphate" . "
Calcite CaCOs 1 Q Dr Oa o 0 0 0 Poaitions of atoms

s.l C t 0 IJ 0 not glvvn
OJ 2x/3 -x/3 -x/3

~uarts SiO~ 3 ~ nf 51, 0 2X{3 -x/3 -x/3, 0, lit;.'V ,.-v ""~A ~-,...

In thia t6bb no lattice constants are given.
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Appendiz

A Su~gestion tor a natural, nurr.erioal denotation of Crystal
Systems, Classes, Lattioes and roint Systems.

There are cany systems of denotation in use. Of these

the most oorrM~ollll known is that of Sohoenflies whiah is used

almost exolusively for internal structure. It i8 essentially

a literal system and in it the letters correspond to various

words used to describe the systems eta. This makes it easy

to learn, but it suffers from several disadvantages.
e8ch of

The basis of the system is the 32 ClassesAwhich are indi-

cated by a oapital letter with a suffix formed in ~eneral ot

a number and a letter. To denote 32 Classes by a triliteral

symbol i8 unnece8~ary. The 14 lattlces are all denoted by

the letter rWith suffixes and dashes: here e~ain We have a

triliteral system but this one has not even the advanta~e8

of the ~lasa notation,as the manifest analo~ies between the

different lattioes are not shown by it. In the notation for.

point systems the method followed is to add to the Class symbol

an index consisting of a serial number indicating the'order of

derivation ot the system in tho partiCUlar Clas8 by Schoenfli•• '

method. This orde~ cannot claim to be a natural order, and

moreover the index gives no indioation either of the skeletal

lattice of the system or of ita affinities to similar systems
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in other Classes. It Is praotioallll lrJpOSsible to remember

the nature of any system denoted by its Sohoennies symbol.

and referenoes to the original derivation have constantly to

be made.

The system suggested is free from these disadvantages.

It Is entirely numerioal in oharaoter, n.aking use of one other

symbol only, the decimal pOint, whioh Is used to mark off the •

portion indicating the crystal system anl olass from that indi

oating the lattioe and point system.

The symbol of a point system in ita most general form

oonsists of five numbers, two preceding the deoimal point and

three following. In holohedral systems, however, only one

figure preoedes the point and in Some systems the number of

figures after the deo1t..al !lolnt often reduoes to one or two.

The Sl~11fioanoe of the figures is as follows:

1. The first digit from the left indicates the cr~'stal syshm.
The number denoting the 7 orystal systems~ are as follows:-

o Trlcl1nio
L 1:onoc11n1c
2 Orthorhombic
:3 Tr1i"'onsl (Rhombohedra])
4 Tetragonal
6 Hex'l.I'.'onel
IS :ie~ulur (CubiC·'

It WIll be seen that except for the ~onocl1nl0 8lld Regular
systems the number stands for the highest order of axes whioh
the system possesses. We also have the convenient relation
that any.: system IS inoluded as a special case by a system whoae
number IS a factor of that of the first.
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2. The seoond digit is used to di8tinguish the various Clasae~

in eaoh orystal system, 80 that we use a biliteral symbol for
a Olass.

The holohedral Classes have 0 tor their seoond digit which
cen be omitted without oausing oontusion, thus giving the
simplest symhol to the most commonly occurrin~ Classes. The
Holoaxinl have 1 and so forth as shawn in the t~ble of Classes.
All Classes cOlltainin/l' only rotations of the first sort ere
designated by odd numbers; those with second sort rotations a1do
by even numbers.

3. The first figure after the decimal point in aonjunctlon
with the first figure of all denotes the Skeletal lattice.
For normal lattices i,e. lattices with points only et the corner
of reotangular parallelopipeda, thie number Is 0 (in the hexngonal
and triolinal systems, aa this is the only lattice, the figure
o oan be dropped). For centred latttces i,e. for lattices
with points at the centres of recto par. the nU!:lbar is 1. For
face-centred 1attioes the number is 2. For the Orthorho~bio

lattice which has points at the centres of only one pair of
faces of the recto par. the number is 3. But besides these
latticesJwe may illften consider lattices that are not distinct, ,i
from those, alreaC\y. denoted. These are T.t' for which the nu.~ber
is 4 and T;t and 1;6 which are denoted by 4'2 and 4'3 respecti,ely.

In the order of lattices .0, .10, .2, it is easily remem
bered that each has twice the nu.~ber of points per ur.it per
recto par. as the one before it (except in the trigonal system).

The hexagonal lattice may be denoted either as 3.0 or
6.0 llccording as it occurs in trip,'onal or ht::xa{~ol1al systems.
The notation for lattices is given in toe table.

,. The second figure after the decimal point ~.ilN'*"
~ is used to distinguish betweon different systems of
the sa~e Class and lattice. The nu~ber is chosen on the ~eneral

idea that it is higher in systems of greater co:r,r1exity. -~ir.en
it is 0 for inGtance)all the axes are rotation axes. In 4. ~

and 6. this number is the pitch of the screw axes: in 2.ani a
it represents the numb&r of perpendicular axes. \tbx~urxlCtlU:k

aaxkalakaixKi Systems belonging to some Classes such as liolo
hedral and fa%aFka% Paramorphio Which are derived from systems
in other ~lasses are identically the SllIIle but for an ajdi tional
digit. This derivative process s generally an inversion and
the last 'digit denotes the posit on of the centre of inversion.
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As far a8 possible the notation ~f the 878tems i8 8rranged
so that the numbers after the dani~l point are the s~e in

. analogous systems, thus indiaatir~ in a large nucber of cases
the sUb-groupsof any system.

The notation for the 230 point systems is given in fUll

With the corresponding Schoenflies symbols in the table below.

It can be Seen that in this method af denotation each symbol

contains a consiierable amount of information, While at·the

most employing five numbers (and in this not exoeeding Schoenfliee)

it indioates all that the Sohoenflies symbols indicate and more.

Uoreover, it is oomparatively easy to learn and With a little

practioe it is possible to obtaIn an idea of the aotual oon

figuration of all but the most complioated system by the mere

Inspectiou of its symbol.
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5

CLASSES

Para
morphio

- -.-:"-

o 315'
5 •

I

I- -.
C. 415 ~ C." 46

I

•
•
T

• •
•

•,
• I •

""T - - --.

~ 44

~

•
• I

Q. 33 •-.s. •

- --,
d. 43 I.. .

•
C 32 I... .

•

047 42 :·.- - _1__

o 22'" .
1-.

Os 12

1

- - - T - - - _.,- - -

21 ••
- -.

D 31 •J •

D 41 •.. .
I

Ct. 11 :

•- -.-

•
•
• •

4

3

- -,

BOlA- Maroh.dn1
~------------~---

Bo1o-' Heml-' Alter- • Sphen- 'tetarto-'
• a8~pal • morphio' nating • oldal hedra1
•.axial • •• -;'

- -.- - - - T -.- T - - -.- T - - - -

o • C, 01 " "
• •• • I

" "- -,- T - - - -.- - T - -

Tetra- e D.4gonal '

,
- Ortho--'- - - - T
~.:Ll..'::~ 'Q 2

rhombic I "
Y If- - ~ --.

I

!rrrgonal
(Rhombo- •
hedrsl) I

•

!'rrorliii&T 
I C.

(Obl1que ) • a.
•

- - - - -,- - - - T

J.i OllOCLIllIC: ~ 1

_..... -

Bexa
gond

Re€'l.ilar
(Cubic)

~. D" 6
----

D. 61 , Ii... 62
I

CJ-t 63 • D~ 64 I 0, 65 I CJ,,, 66
• , I • •

I-- -- - - --
0 81 • T~ 82 • 'I!, 64 • T 85 •

• , • •• • • - - --
LATTICES

--------~------------~----------
Bormal r 1.0' r." .. 2.0 I r. 4.0 'f.!

f • .,.

•
8.0 :q

•
Centred

i lao.- 
oentred

1 Face
£e!!t!e~

T" 2.3 • r:.t 4 4.3 'I" ,t"'- I
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POINT . SYSTEUS-

Os 12.: 1 .00
-r

etk 2.' I 1 .000
i 4 .001

2 .01

2 .01

2 .010
5 .011

:3 .11D

3 .10

:3 .100
6 .101

"
I
!,

"j I
,I I

'i 1-'" c::.
I

i! '
i ,
14 i.ll

I ;"
I i

.08 10 .010

27 .1JO
28 .131

16 .033

15 .030

I : I
.06 9.0718

I
4 03
9 .13

.O'j ,
In .46
I

:3 : .o! ...'.

9 .020

13 .022
10 .023
14 .024
12 .025

'16 .44
i

1
5 .03: 4.04i',

:» .31

5 .010
7 • 011

6 .013

17 .310

18 .313

.02

.12

.100

.101

.2000

.203

.300

.301

.302

.303

'25.
'26
23
24
19
21
22
20

I i
~ 22.' 1 l.OO 2 .Oli 3

20 1.10 22 .11121
;L8 .20 19 .211'
11 :.3012 .31 13
14 .40;15 .41
; , 4,' ;

Q 21. 1.00','J 8 .10 ,
;! , .20
,I ,6 .30 •
!l l •

'\ 2.~ I~ :gg~ f
~ I 4 .002 i

,3.003 I
f I

J

. I I

In the fir8t of eaoh double oolumn 18 g1ven the Sohonfle18

.eria1 index of the point sy8tem, in the 6eoond the deo1mal part of

the proposed notation, the whole nurn)er part being given under the.

head of c1as8.
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1

6 .11

19 .1102
20 .1103

10 .112

11· .111

12 .113 ,
»-- , .._-,_ ..'- -- ,

9 .100

!
1-

:; .100
~... ;

17 .1000
18 .1001

9 .100

10 .102

6' 131'
I •:

4 .03
I) .13

I) .300
6 .302
7 .320
8 .322 I

6 .030
i

7 .130

, .030
a .032

5 .020
6 .022

2 .020
4: .022

3 .010
4 .012

LT 85.\:,. 1 .00
3 .10

it 2 .20
T" 82~'-- -. ------ .----.---

Ii 1 .000

'I 2 .003, 5 .100
i ~ .200

;f
l' 4.203

--~ I 84 j 1~gg~-
(5 .100

, 2 .200
5,.201

-. - . - 1-=' .c-:-.,.....-.~-:- .. ...

-,-. ._;---_ _- .

C4... 42. ! 1 .000 :3 .020
I 5 .001 7 .021
Ii 2 .002 4 .022
; 6 .00b 8 .023

__.__.._....l~_.... __. ....

D4 41. j: 1 .000
\: 2 .002
!

--- It
D"4 4. i 1 '.0000 10 .0200• I 2 '.ooom 9 .0201

:3 .0002 12 .0202

f
' 4: :.0003 11 :.0203

e .J'('1&1.0010 16:.0220
6 :.0021 l~ .0221

I 7 '.0022 16,.0222I a :.0023 I 15/.0223
--"--"- f~""--'" '. • ... ~... ._... J

D~ 44.:' 1 .000 191.100 111.200
I 2.002 \10 .102 h; t 202
i 3 .020 !
!. 4 .022 I

=======::il::::='=.... _ .. .:.:-L_=::::.....=:-~., __::. __:::_
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r

I
i

I
1 1 .000
2 : .002

5 , .100
3 ; .200
4 i .202

.-,-._- -,..-
1 ' .0000
2 .0003
3 .0020
4 .0023
9 .1000
5 .2000
6 .2001
., .2022
8 ; .2023

I

6 .031
., .033
8 .130

10 .1300

5 .10
6 .11

D1 31.

~~---_ .... ----,

D~ 3.

--~--~J3~..!- __~J .00 2 ~I_.~_1__--I __3_:_._0._2 11 • 1-.1- 0----

C,i33. 1 .0 2 .1
~-...--.-++--.'-- _.._....-._.---~---- ._- .-._---

C,,)32. 1 .•00 3 .01 5 , .10
.-j._........-I-l.-_-:2=. p~0_ .._~._4~~1 .1-_-.;._ ~~.L.11

2 I .00 4 .•01 6 .02 ., ! .10
1 ' .20 3 ~ .21 !5 .22

i-'-:"- ;., .
1 .00
2 .01
3 ' .20
" .2L

2 .03'
4 ' .23

...._- ...• -., -,._-

3 I .5

_.-.'t.._.

. I'

5 '.4,

•.-'.----r-- ._- ..
2 .03
4 .23

6 '.3

3 .30
4 .31

2 .1
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Call for Contributions to the Next CompComm Newsletter 
 

The next issue of the Compcomm Newsletter is expected to appear around October of 2010 with the 
primary theme of Age Concern relevant to Protein Crystallography and/or Powder Diffraction.  If no-one 
is else is co-opted, the newsletter will be edited by Lachlan Cranswick. 
 
Contributions would be also greatly appreciated on matters of general interest to the crystallographic 
computing community, e.g. meeting reports, future meetings, developments in software, algorithms, 
coding, historical articles, programming languages, techniques and other news.  
 
Please send articles and suggestions directly to the editor. 
 
Lachlan M. D. Cranswick 
Canadian Neutron Beam Centre (CNBC), 
National Research Council of Canada (NRC), 
Building 459, Station 18, Chalk River Laboratories, 
Chalk River, Ontario, Canada, K0J 1J0 
Tel: (613) 584-8811 ext: 43719 
Fax: (613) 584-4040 
E-mail: lachlan.cranswick@nrc.gc.ca  
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