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Series Preface 

The long-term aim of the Commission on Crystallographic Teaching in 
establishing this pamphle t  programme is to produce a large collection of 
short statements each dealing with a specific topic at a specific level. The 
emphasis is on a particular teaching approach and there may well, in time, 
be pamphlets  giving alternative teaching approaches to the same topic. It 
is not the function of the Commission to decide on the 'best '  approach but 
to make all available so that teachers can make their own selection. Similarly, 
in due course, we hope that the same topics will be covered at more than 

one level. 
The first set of  ten pamphlets,  published in 1981, and this second set of 

nine represent a sample of  the various levels and approaches and it is hoped 
that they will stimulate many more people to contribute to this scheme. It 
does not take very long to write a short pamphlet ,  but its value to someone 
teaching a topic for the first time can be very great. 

Each pamphlet  is prefaced by a statement of aims, level, necessary 

background, etc. 

C. A. Taylor 
Editor for the Commission 

The financial assistance of UNESCO, ICSU and of the International Union of Crystal- 
lography in publishing the pamphlets is gratefully acknowledged. 



Teaching Aims 

To provide a practical and theoretical introduction to the stereographic 
projection to enable students to use it in morphological  crystallography and 
X-ray textural studies of  polycrystalline materials. 

Level 

Normally first year undergraduate,  but there are no concepts involved 
that would not be available to students one or two years earlier than this. 

Background 

Simple geometrical constructions. Some applications may require a 
knowledge of spherical trigonometry, but this is not needed to understand 
the subject as presented. 

Practical Resources 

A ruler and compasses and tracing paper. However  the method will only 
come to life i f  it is applied to some real data such as measurements of  
interracial angles on crystal models using a simple contact goniometer  (a 
protractor with a hinged arm). 

Time Required for Teaching 

One or two lectures. These would probably be within a series on morpho-  
logical crystallography and the practical work (about 6 hours) would form 
part of  such a course. 



The Stereographic Projection 

E. J. W. Whi t t ake r  

1. The Purpose of the Stereographic Projection in Crystallography 

The stereographic projection is a projection of points from the surface 
of a sphere on to its equatorial plane. The projection is defined as shown 
in Fig. 1. If any point P on the surface of the sphere is joined to the south 
pole S and the line P S  cuts the equatorial plane at p, then p is the 
stereographic projection of  P. The importance of the stereographic projec- 
tion in crystallography derives from the fact that a set of points on the 
surface of the sphere provides a complete representation of a set of  directions 
in three-dimensional space, the directions being the set of  lines from the 
centre of the sphere to the set of points. The stereographic projection of 
these points is then, for many purposes, the best way of representing on a 
plane piece of paper the inter-relationship of a set of directions. 

The most common application is that of representing the angles between 
the faces of a crystal, and the symmetry relations between them. On a 
'well-formed' crystal all the faces that are related to one another by the 
symmetry of the crystal structure are developed to an equal extent, and the 
shape of  the crystal therefore reveals its true symmetry. However, real 
crystals are very rarely well-formed in this way; accidents of crystal growth 
such as unequal access of the crystallising liquid, or interference by adjacent 
crystals or other objects, may have impeded the growth of the crystal in 
certain directions in such a way as to mask the true symmetry. However 

P 

Fig. 1. 77~e point p is the stereographic projection o f  the point P on the sphere. 
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Fig. 2. The spherical projection of  a crystal. 

these accidents do not affect the angles between the faces--only their relative 
sizes. If the crystal is imagined to lie within a sphere that is centred on 
some arbitrary point inside the crystal, then normals to the faces can be 
constructed from this point and extended to cut the sphere (Fig. 2). The 
points of intersection with the sphere represent the faces of  the crystal in 
terms of direction, entirely uninfluenced by their relative sizes, and the 
symmetry of  the arrangement of these points on the surface of the sphere 
reveals the true symmetry of the crystal, whether or not it be well-formed. 
This symmetry can then also be recognised in the stereographic projection 
of these points. 

In this connection the point where the normal to a face cuts the sphere 
is called the pole of  the face. Since the angle between two faces of a crystal 
is conventionally defined as the angle between their normals, it is equivalent 
to the (angular) great circle distance between their poles. 

A point on the southern hemisphere projects to a point outside the 
equator, and as such a point approaches the S-pole its projection recedes 
to infinity. For many purposes it is convenient to represent the whole sphere 
within the equator, and this can be done if points in the southern hemi- 
sphere are projected to the N-pole  instead of the S-pole. It is then usual 
to distinguish such points by marking those projected to the S-pole as × 
and those projected to the N-pole  as O. 

A complete stereographic projection of  some particular set of points is 
usually called a stereogram. 

2. The Properties of the Stereographic Projection 

There is, of  course, a variety of different projections of the sphere on to 
a plane that could be used to represent the angular relations between the 
poles of the faces of  a crystal. However, what makes the stereographic 



projection pre-eminently suitable for this purpose is the fact that it projects 
any circle on the sphere into a circle on the projection (although in some 
cases this circle becomes of  infinite radius, i.e. a straight line). 

It is evident from Fig. 1 that if P were to lie on the equator of the sphere 
then p would coincide with it. In other words the equator coincides with 
its own projection. The circle on the stereographic projection which rep- 
resents the equator of  the sphere plays an important role and is called the 
primitive of the projection. Angular distances round the equator on the 
sphere obviously project to identical angular distances round the primitive. 
It is also clear from Fig. 1 that the north pole of the sphere projects to the 
centre of the primitive. Figure 3 shows that a meridian of the sphere projects 
to a diameter of the primitive (this is the case where the projection is a 
circle of infinite radius), and a circle of  latitude on the northern hemisphere 
projects to a circle concentric with the primitive and inside it. If  the circle 
of latitude were in the southern hemisphere it would project to a concentric 

circle outside the primitive. 
The equator and a meridian are special kinds of great circles on the 

sphere. A great circle in a general position is shown in Fig. 4, and it is clear 
that its stereographic projection is a circle of radius greater than that of the 
primitive. It intersects the latter in two points at opposite ends of a diameter 
of the primitive. The half of the great circle which is in the northern 
hemisphere projects to the arc that is within the primitive, and the half in 
the southern hemisphere projects to the rest of the circle outside the 
primitive. For some purposes (as discussed in Section 3) it is necessary to 
consider the whole circle, but for other purposes it is more convenient to 
project the half-circle in the southern hemisphere to the north pole so as 
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Fig. 3. (a) A meridian on the sphere projects into a diameter o f  the primitive. Co) A circle of  
latitude projects into a circle concentric with the primitive. 



~ e c t i o ~  

7 Z 

Primitiv 
Ca) (b) 

Fig. 4. A great circle in a general position on the sphere projects into a circle that intersects the 
primitive at opposite ends of  a diameter; (a) perspective view; (b) the projection itself. 

to confine the projection within the primitive. When this is done the complete 
representation of  the great circle consists of  two arcs of  large radius sym- 
metrically related across a diameter  of  the primitive as shown in Fig. 5. 

The equator and circles of  latitude are of  course centred at the north 
pole, and their projections are also centred at the projection of the north 
pole, that is at the centre of  the primitive. However  this is the only case in 
which the projection of  the centre of  a circle coincides with the centre of  
the projection of  the circle. This is evident for great circles from Fig. 4; 
that it is also true for small circles will be evident from Section 3(iv) below. 

Fig. 5. The broken line shows the portion of  the projection of  the great circle o f  Fig. 4 that lies 
outside the primitive, reprojected to the N-pole. 
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3. Geometrical Construction of  a Stereographic Projection 

There are four important constructions that can be done very easily on 
the stereographic projection with the aid of  a ruler, compasses and 
protractor. 

(i) To plot the projection of a point at a given angle (0) from the N-pole. 
Consider a meridional section of the sphere through the point P as in 

Fig. 6a. The point P can be inserted (using the protractor) and joined to S. 
It cuts the equatorial section at p. A circle of radius Op can then be 
transferred to the projection (Fig. 6b) and this circle describes the projections 
of all points at 0 from the N-pole.  If  the orientation of the meridian on 
which P lies has already been fixed on the stereogram then p is the point 
where this intersects the circle; if not already fixed by other considerations 
such a meridian can be drawn in as a diameter of the primitive in an 
arbitrary orientation. 

(ii) To plot the projection of the opposite of a given point. 
On the meridional section of the sphere through the point P (Fig. 7a) it 

is easy to join P to the centre and extend it to the opposite point P '  (its 
antipodes). The projection of  P' to the S-pole then gives its projection p' 
at a distance Op' from the centre. If p has already been plotted on the 
stereogram (Fig. 7b) then it can be joined to the centre O and this line 
continued a distance Op' transferred from Fig. 7a. 

For the following construction (iii) we shall require the opposite of P 
projected to the S-pole in this way. However, if, for other purposes, we 
require to project the opposite of  P to the N-pole  then the procedure is 
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Fig. 6. Construction of  the stereographic projection of  a point that lies at an angle 0 from the 
N-pole: (a) construction on vertical section of  the sphere; (b) the projection. 



P 

p. 

S 

(a] (b) 

Fig. Z Construction o f  the stereographic projection p" o f  the opposite o f  a pole whose projection 
is p: (a) construction on oertical section o f  the sphere; (b) the projection. 

very simple; on this convention p'  is simply obtained by joining p to the 
centre of the stereogram and continuing this line for an equal distance 
beyond the centre to make Op'= Op as in Fig. 8. 

(iii) To draw the projection of  a great circle through any two points. 
Let the projections of the two points P and Q be p and q (Fig. 9). Since 

every great circle through any point passes through the opposite of that 
point, the great circle through P and Q must pass through P', the opposite 
of P. Thus the required projection is the circle through pp'q, and p' is found 
by means of  construction (ii). The centre,of this circle is at the intersection 
of the perpendicular bisectors of  pq and pp', and the circle can therefore 
be drawn. 

D" 

Fig. 8. Projection (p') to the N-pole o f  the opposite o f  a point whose projection (to the S-pole) is p. 



Fig. 9. Construction o f  the projection of  a great circle through two points whose projections are 
p and q. 

(iv) To draw the projection of a small circle of  radius 0 from a given point. 
Such a circle is the locus of all points a t a n  angular distance 0 from the 

given point P, and is therefore very useful when we wish to plot a point at 
some specified angle from another point. Consider the meridional section 
of  the sphere through P (Fig. 10a). Mark off two points, A and B at angular 
distances 0 at each side of  P. Join A, B and P to S to find their projections 
a, b and p. Transfer to the stereogram distances ap and bp along the diameter  
through p. Then a and b obviously lie on the required circle and its centre 
must be the mid-point  of  ab. (Note that this centre is displaced outwards 
from p itself.) The circle can therefore be drawn directly (Fig. 10b). 
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Fig. 10. Construction o f  the projection of  a small circle o f  radius 0 round a point P: (a) construction 
on vertical section o f  the sphere; (b) the projection. 



H ( p )  0~ / °...[ _ _ - - , - - - -  / : j  
, ,  / 

\'-.. / /  
\ - .  ,, / 

(S) 

Fig. I I. Construction as in Fig. 7a carried out on the stereographic projection itself. 

It is commonly required to find a point at a given angle from p and at 
some other given angle from q. Such a point is at the intersection of  the 
two corresponding small circles. There are of  course two such points of  
intersection, but there will usually be some qualitative reason to show which 
of these two points is the one required. 

All the four procedures described above have involved a subsidiary 
drawing of  a meridional section of  the sphere; the actual construction has 
been performed on this section, and appropriate  measurements have been 
transferred from it to the stereogram itself. This use of  a subsidiary drawing 
is helpful in clarifying the principles involved, but it is not necessary in 
practice. I f  the meridional section is imagined to be rotated by 90 ° about  
its equatorial diameter  then it coincides with the plane of the stereogram, 
so that the construction lines can be drawn on the stereogram itself. I f  they 
are erased afterwards then the same result is obtained directly without 
having to transfer a measurement.  This way of carrying out construction 
(ii) is shown by broken lines in Fig. 11, and the method is equally applicable 
to all the constructions. 

4. The Use of Stereographic Nets 

Stereographic projections of  the highest accuracy are obtained by the 
constructions described in the previous section, and they have been 
described first because they lead to an understanding of the principles 
involved. However, it is often more convenient to prepare stereograms with 
the help of  stereographic nets, and although the accuracy obtained is usually 
lower it is sufficient for most purposes. 

A stereographic net is simply a stereographic projection of the lines of  
latitude and longitude of  a sphere on to a central plane. The most obvious 



form of stereographic net is shown in Fig. 12. The N-pole  projects to the 
centre as discussed in Section 1, the lines of  latitude project to a set of  
concentric circles, and the lines of  longitude to a set of  diameters of  the 
primitive. Such a net, if graduated sufficiently finely, could be used directly 
to obtain the same results as constructions (i) and (iv) of  Section 3. However, 
other nets are possible. I f  we imagine a terrestrial globe tilted over as shown 
in Fig. 13a, and we project all points on it, not to the geographical S-pole 
but to the lowest point of  the sphere, then the projection of the lines of  
latitude and longitude would be as shown in Fig. 13b. We shall revert to 
this idea in Section 5, but the most generally useful result is if we tilt the 
globe right over so that its N - S  axis is horizontal. The projection is then 
as showfi in Fig. 13c. It is equivalent to what we would have obtained by 
projecting to its S-pole a globe that was inscribed with lines of latitude and 
longitude referred to an 'east pole '  and 'west pole' .  This is the Wulff net, 
and is so generally useful that it is commonly referred to as the stereographic 
net. A commercially available Wulff net of  5 inch diameter graduated in 2 ° 
intervals is shown in Fig. 14. On this figure all the (nearly) vertical lines 
represent great circles, and all the (nearly) horizontal lines represent small 
circles round a point on the primitive. 

Fig. I2. Stereographic projection of lines of latitude (90*N to 30°S) and longitude. 
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Fig. 13. (a) Tilted sphere with lines o f  latitude and longitude. (b) Stereographic projection of(a)  
to its lowest point; the projection is therefore on the plane of  the x and y axes indicated in (a). 
(e) Stereographic projection o f  the lines of  latitude and longitude to the lowest point of  a sphere 

that has been tilted right over so that its axis is horizontal (the Wulff neO. 

In order to construct stereograms with the help of  the Wulff net it is most 
convenient to work on tracing paper over the net. 

To plot a point at a given angle from the N-pole (equivalent to construc- 
tion (i)) one simply uses the scale along either of the graduated diameters 

of the net. 
To draw a great circle through two points (equivalent to construction 

(iii)) rotate the stereogram over the net until both points lie on one of  the 
projected great circles (or an interpolated circle between two of them) and 
then trace the required arc on to the stereogram. Because of  the simplicity 
of this procedure one does not need construction (ii). If  the two points have 

10 



1 0  o 0" 10 # 

"l HE I N S T I T U T E  OF P H Y S I C S  

Fig. 14. The 5 inch diameter Wulf f  net. Note that this net is rotated 90°from the orientation o f  
that shown in Fig. 13c. 

been projected to opposite poles (i.e. one is a x and the other a O) then 
rotate the stereogram until they lie on projected great circles at equal 
distances on opposite sides of  the vertical diameter of  the net. 

To draw a small circle of  given radius 0 about  a point p (equivalent to 
construction (iv)) rotate the stereogram over the net so that the p point lies 
on the vertical diameter. I f  there are two points at the appropriate  scale 
distances on opposite sides of  p and within the primitive, then mark these 
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(a) (b) 

Fig. 15. Construction o f  the stereographic projection o f  a small circle round a point p, using the 
Wulff  net: (a) when the projected circle is wholly within the primitive; Co) when it extends outside 

the primitive. 

two points and draw a circle through them centred at their mid point (Fig. 
15a). I f  p is closer to the primitive than the required angular radius then 
only one of the required points (a) can be found on the net. The second 
point required (b) can most simply be found by using a stereographic ruler. 
This is a scale whose graduations are equal to those along a diameter  of  
the Wulff net, but which continue appropriately to some (arbitrary) distance 

beyond the primitive. 
However, if a stereographic ruler is not available the Wulft net itself can 

be used. Position the point p on the horizontal diameter of the net and 
mark two points d and d '  (Fig. 15b) above and below p at distances 0 along 
the (interpolated) great circle through p. Then the required small circle can 
be drawn through a, d and d'.  Once the circle has been drawn it is possible 
to reproject to the N-pole  the part that lies outside the primitive. Count 
divisions along the diameter  from p to the primitive and then continue 
counting back inwards until the value of  0 is reached; this leads to a point 
b' (Fig. 15b) and the required arc is that which goes through b'  and the two 
intersections e and e' of  the small circle with the primitive. 

I f  the point p lies on the primitive, then the stereogram must be rotated 
so that p lies at one end or the other of  the vertical diameter of  the Wulft 
net. A projected small circle of  any desired angular radius can then be 

traced directly from the Wulft net. 

5. Representation of Symmetry on the Stereographic Projection 

A symmetry plane of  a crystal necessarily cuts the spherical projection 
of the crystal along a great circle. It is therefore represented on the 
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stereogram by a line which will be either the primitive, a diameter  of  the 
primitive, or one of the (nearly) vertical arcs of  the Wulff net (after rotation 
into an appropriate  orientation). It is represented by a thick line. The 
operation of reflection of a point p in such a reflection plane to p '  can be 
carried out on the Wulff net. Rotate the stereogram so that the line represent- 
ing the mirror plane coincides with a great circle on the net: then count 
divisions from p along a small circle until the representa.tion of the mirror 
is reached. The position of p '  is then a further equal number  of  divisions 
along the small circle beyond the mirror. I f  the primitive is reached before 
p' then continue counting divisions inwards until the total is correct, but 
mark the position O instead of x. 

An axis of  crystallographic symmetry (2-, 3-, 4- or 6-fold) necessarily 
intersects the sphere in a point which can be represented by its projection 
on the stereogram; and marked with the appropriate  symbol (,,,, A, I ,  • 
respectively). The same is also true for the direction of the component  
rotation axis of  an axis of  rotation-inversion 3, 4 or 6 (marked as A, F-l, O 
respectively). The operation of an n-fold symmetry axis on a point  p is to 
rotate p through graduations equivalent to 360°/n along a small circle round 
the pole of  the axis. I f  the latter is at the centre of  the stereogram then this 
is a straight-forward rotation of  360°/n. I f  the pole of  the symmetry axis 
lies on the primitive, then place the stereogram so that this point lies at the 
bot tom of the Wulff net. Increments of  360°/n may then be counted in 
terms of the graduations along the small circle through p. When the primitive 
is reached counting continues as the path is retraced but the next point  is 
plotted as O instead of x (or vice-versa). 

I f  the symmetry axis is in a more general position it would seem that one 
would require a stereographic net of  the kind shown in Fig. 13 with the 
intersection of the meridians at the position of the symmetry axis. However,  
it is perfectly possible to use the Wulff net in the following way, repositioning 
the stereogram on the net as necessary. 

(i) Measure the angular distance from the axis of  symmetry (s) of  the 
point (p) that is to be repeated by the symmetry. 

(ii) Construct the small circle (l) of  this radius about s. 
(iii) Construct the circle (e) of  radius 90 ° about  s. To construct this place 

s on a diameter o f the  net, find the point 90 ° away along that diameter  
and the two ends of  the perpendicular  diameter, and draw a circle 
through these three points. Although constructed as a small circle, 
this is in fact a great circle, so that angular distances can be measured 
along it. 

(iv) Mark the intersection of e with the great circle through s and p. 
Count increments of  360°/n from this point along e. From each of  
these incremental points find the great circle that goes through s; 
the points in which these great circles cut I are the points in which 
p is repeated by the axis of  symmetry. 
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I f  the poles of  the faces of  a crystal of  unknown symmetry are plotted 
in an arbitrary orientation on a stereogram it will often be possible to 
recognise the orientation of the symmetry elements. The stereogram can 
then be re-plotted in one of  the standard orientations, shown in text-books 
of  morphological  crystallography to demonstrate the symmetry of the seven 
crystal systems and the thirty two crystal classes. 

6. Calculations Based on the Stereogram 

Any three intersecting arcs of  great circles on the sphere constitute a 
spherical triangle. Such a triangle has six elements: the three sides which 
are specified by the angles which they subtend at the centre of  the sphere; 
and the three angles which are defined as the dihedral angles between the 
central planes that insersect the sphere in the great circles. I f  any three 
elements of a spherical triangle are known the remainder can be calculated 
by the methods of spherical trigonometry. A full discussion of these methods 
is beyond the scope of  this booklet, but if the triangle has vertices A, B, C 
and the sides opposite to these vertices are denoted a, b, c respectively, the 
two most generally useful formulae are: 

s i n a  s inb  s ine  

sin A - sin B - sin C 

and 

cos c = c o s  a cos b +sin a sin b cos C. 

The latter may be rewritten with appropriate  inter-changes of the elements 
concerned. 

By joining up the poles on a stereogram by projections of  great circles 
it is always possible to find spherical triangles from which one can calculate 
by spherical tr igonometry previously unmeasured angles between poles. It 
frequently happens that the directions of  crystallographic axes are not 
marked by the poles of  faces on a crystal, but they can nevertheless be 
found as the intersection of appropriate  circles on the stereogram. Suitable 
spherical triangles can then be found to permit the calculation of inter-axial 
angles and axial ratios from the angles between available faces. A 
full treatment of  these methods is given in books on morphological  

crystallography. 

7. Other Uses of  the Stereographic Projection in Crystallography 

Any problem involving only directions in space can be reduced to a 
problem relating to a distribution of points on a sphere, and can therefore 
be represented in a stereogram. The symmetry relationships between the 
components  of  a twin (or of  a more complex intergrowth of more than two 
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individual crystals) can obviously be represented in this way. For partially 
orientated polycrystalline aggregates (e.g. rolled metal sheets, stretched 
polymers,  rock textures) the orientations in space of  the normal to some 
particular crystallographic plane can be plotted on the stereogram, and 
contours can be drawn to indicate the range of  orientations involved. Such 
diagrams are known as pole figures. 
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