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Bilbao Crystallographic Server
 usage statistics
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Crystallographic databases

Structural utilities

Solid-state applications

Representations of
point and space groups

Group-subgroup
relations

Bilbao Crystallographic Server
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Space group G: The set of all symmetry operations (isometries) 
of a crystal pattern

Crystal pattern: infinite, idealized crystal structure (without 
disorder, dislocations, impurities, etc.)

The infinite set of all translations 
that are symmetry operations 
of the crystal pattern

Translation subgroup H    G: 

Symmetry 
operations: 

The isometries that map a crystal pattern onto itself 
are called crystallographic symmetry operations

Symmetry Operations and 
Space Groups 

Notation and Formalism
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Matrix formalism

linear/matrix
 part

translation
column part

matrix-column
pair Seitz symbol

Description of isometries
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Matrix formalism: 4x4 matrices

augmented
 matrices:

point X −→ point X̃ :
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Presentation of Space groups

General position of G

(I,0)     (W2,w2)     ...   (Wm,wm)       ...   (Wi,wi)

(I,t1)     (W2,w2+t1) ...  (Wm,wm+t1)  ...   (Wi,wi+t1)
(I,t2)     (W2,w2+t2) ...  (Wm,wm+t2)  ...   (Wi,wi+t2)

(I,tj)     (W2,w2+tj) ...   (Wm,wm+tj)  ...    (Wi,wi+tj)
...               ...        ...         ...           ...       ...

...               ...        ...         ...           ...       ...

Factor group G/TG

isomorphic to the point group PG of G
Point group PG = {I, W1, W2, ...,Wi}

Decomposition G:(Tint)G
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CRYSTALLOGRAPHIC 
DATABASES
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International Tables for 
Crystallography 

Crystallographic 
Databases
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Space-group Data
International Tables for Crystallography

Volume A1: Symmetry 
Relations between space 

groups 

maximal subgroups of 
index 2,3 and 4

series of isomorphic 
subgroups

generators
Wyckoff positions

Wyckoff sets
normalizers

Volume A: Space-group 
symmetry

Retrieval tools
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CONTINUED No. 99 P4mm

Generators selected 1 ; t 1 0 0 ; t 0 1 0 ; t 0 0 1 ; 2 ; 3 ; 5

Positions

Multiplicity,

Wyckoff letter,

Site symmetry

Coordinates Reflection conditions

General:

8 g 1 (1) x y z (2) x̄ ȳ z (3) ȳ x z (4) y x̄ z

(5) x ȳ z (6) x̄ y z (7) ȳ x̄ z (8) y x z

no conditions

Special:

4 f m x 1

2 z x̄ 1

2 z
1

2 x z
1

2 x̄ z no extra conditions

4 e m x 0 z x̄ 0 z 0 x z 0 x̄ z no extra conditions

4 d m x x z x̄ x̄ z x̄ x z x x̄ z no extra conditions

2 c 2 m m 1

2 0 z 0 1

2 z hkl : h k 2n

1 b 4 m m 1

2

1

2 z no extra conditions

1 a 4 m m 0 0 z no extra conditions

Symmetry of special projections

Along 001 p4mm
a a b b
Origin at 0 0 z

Along 100 p1m1
a b b c
Origin at x 0 0

Along 110 p1m1
a 1

2 a b b c
Origin at x x 0

Maximal non-isomorphic subgroups

I [2]P411 (P4, 75) 1; 2; 3; 4
[2]P21m (Cmm2, 35) 1; 2; 7; 8
[2]P2m1 (Pmm2, 25) 1; 2; 5; 6

IIa none

IIb [2]P4
2
mc(c 2c)(105); [2]P4cc(c 2c)(103); [2]P4

2
cm(c 2c)(101); [2]C4md(a 2a b 2b)(P4bm, 100);

[2]F 4mc(a 2a b 2b c 2c)(I4cm, 108); [2]F 4mm(a 2a b 2b c 2c)(I4mm, 107)

Maximal isomorphic subgroups of lowest index

IIc [2]P4mm(c 2c)(99); [2]C4mm(a 2a b 2b)(P4mm, 99)

Minimal non-isomorphic supergroups

I [2]P4 mmm(123); [2]P4 nmm(129)

II [2]I4mm(107)

373

ITA space group P4mm

GENPOS

WYCKPOS

MAXSUB

SERIES
MINSUP
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CIF DATABASE

XVII IUCr congress, Seattle 1996
Acta Cryst A52 (1996) Suppl., C-577

CIF Dictionary for the 
Bilbao Crystallographic Server
1994 -1996 

CIF_SYM Dictionary
IUCr
1998 - 2001 

International Tables, Volume G 
Definition and exchange of 
crystallographic data, 2005

CIF workshop
space-group information
Wyckoff positions
symmetry operations
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DATA for SPACE GROUPS  

Headline
Generators
General Position
Maximal Subgroups

HM symbols
Index
Transformation matrix

Minimal supergroups
 HM symbols
 Index  

Series of maximal subgroups (parametric form)

CIF DATABASE
on the
Bilbao Crystallographic Server
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Subperiodic groups:
rod and layer groups

maximal subgroups of 
index 2,3 and 4

series of isomorphic 
subgroups

generators
general postitions
Wyckoff positions

International Tables for 
Crystallography, Volume 
E: Subperiodic groups

Retrieval tools

Data on maximal 
subgroups

(Aroyo & Wondratschek) 
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DATA for  SUBPERIODIC GROUPS  

Headline
Generators
General Position
Special Wyckoff positions
Maximal Subgroups

HM symbols
Index
Transformation matrix

Minimal supergroups
 HM symbols
 Index  

Series of maximal subgroups (parametric form)

CIF DATABASE
on the
Bilbao Crystallographic Server
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DATA for SPACE and SUBPERIODIC GROUPS  

Headline
Generators
General Position
Special Wyckoff positions (multiplicity, Wyckoff letter, site symmetry,    
      representatives) 
Maximal Subgroups

HM symbols
Index
Transformation matrix
Wyckoff posicion splittings

Minimal supergroups
 HM symbols
 Index  

Series of maximal subgroups (parametric form)

XML DATABASE
on the
Bilbao Crystallographic Server

XML dictionary CIF dictionary
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Representation Database

character tables
multiplication tables

symmetrized products

wave-vector data

Brillouin zones
representation domains

parameter ranges

Representations of space and point groups

POINT 

Retrieval tools

Databases
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c-2 > a-2 + b-2

Brillouin Zone Database
Crystallographic Approach 

Brillouin zones
Representation domain
Wave-vector symmetry

Reciprocal space groups Symmorphic space groups
IT unit cells
Asymmetric unit
Wyckoff positions
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GROUP-SUBGROUP 
RELATIONS OF 
SPACE GROUPS

Crystallographic Computing ProgramsCrystallographic Computing Programs
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Group-subgroup 
relations of 
space groups

Bilbao 
Crystallographic 

Server
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Subgroups: Some basic definitions (summary)

Subgroup H < G

1. H={e,h1,h2,...,hk} ⊂ G
2. H satisfies the group axioms of G

Proper subgroups H < G, and 
trivial subgroup: {e}, G 

Index of the subgroup H in G: [i]=|G|/|H|
                        (order of G)/(order of H)

Maximal subgroup H of G
NO subgroup Z exists such that: 

H < Z < G 
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Problem: Subgroups of Space Groups

1. Subgroups of the same type
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Conjugate subgroups

Conjugate subgroups Let H1<G, H2<G

then, H1 ~ H2, if ∃ g∈G:  g-1H1g = H2

(i) Classes of conjugate subgroups: L(H)

(ii) If H1 ~ H2, then H1 ≅ H2

(iii) |L(H)| is a divisor of  |G|/|H|

Normal subgroup

 H   G, if g-1H g = H, for ∀g∈G
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Problem: Subgroups of Space Groups

2. Conjugated subgroups
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Example ITA1: 
Space group 

P4mm

Data on maximal 
subgroups of space 

groups in 
International Tables 
for Crystallography,  

Vol. A1 (ITA1)

MAXSUB

MINSUP

SERIES

GENPOS
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ITA1 maximal subgroup data

Remarks

 (P, p): OH = OG + p
(aH,bH,cH)= (aG,bG,cG) P

{ braces for 
conjugate 
subgroups

Maximal subgroups of P4mm (No. 99)
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subgroup H<G
non-conventional

DATA ITA1:

group G {e, g2, g3, ..., gi,...,gn-1, gn}

subgroup H<G {e, h2, h3, ...,hm}

{e,.....,g3 ,..., gi,........., gn}

(P,p)

(P,p)Transformation matrix:

Maximal Subgroups

Subgroup specification: HM symbol, [i], (P,p)
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Data on maximal 
subgroups of space 
groups in The Bilbao 

Crystallographic 
Server

Example: 
Space group 

P4mm
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Group-subgroup relations

Applications

� Possible low-symmetry structures

� Domain structure

� Prediction of new structures

� Symmetry modes

AIM

G > H, [i]

chains of maximal subgroups

Hk
[i]∼ H

classification of Hk
[i]∼ H

César Capillas, UPV/EHU 11

Applications

Aim

G

H

[i]

Group-Subgroup Relations
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Chains of maximal subgroups

G

Z
��
1Z

�
1

Z2 Z
�
2

H

Z1

Group-subgroup pair

G > H : G, H, [i], (P, p)

Pairs: group - maximal subgroup

Zk > Zk+1, (P,p)k

(P, p) =
�n

k=1(P, p)k

César Capillas, UPV/EHU 8

General 
idea

Graph of maximal subgroups

Any pair of space groups G>H of any index 
can be related via chains of maximal 
subgroups
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Subgroups calculation: SUBGROUPGRAPH
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G1

G9

G2

G3

G10

G15

G78

G92

G4

G20

G201

[i]

SUBGROUPGRAPH

ITA1 data of 
maximal 

subgroups 

Graph of 
maximal 

subgroups 
-230 nodes - space groups 

[i]

[i]

[i]

[i]

[i]

[i]

[i]

[i]

[i]

[i][i]
[i]

[i]

[i]

-G>H: directed edges with 
          attributes: [i], (P,p)

(P,p)

(P,p)

Step 1:

jueves 18 de agosto de 2011



G1

G9

G2

G3

G10

G15

G78

G92

G4

G20

G201

[i]
Specification of 

G > H 

Sub-graph of 
maximal 

subgroups 
Sub-graph for G>H (contracted)
        top vertex: G=G92-node
        bottom vertex H=G4-node  

[i]

[i]

[i]

[i]

[i]

[i]

[i]

[i]

[i]

[i][i]
[i]

[i]

[i]

(P,p)

(P,p)

Step 2:

SUBGROUPGRAPH

jueves 18 de agosto de 2011



Specification of 
the index [i] of 

G > H 

Sub-graph of 
chains of maximal 

subgroups Complete graph for G>H, [i], (P,p)  

Step 3:
[i1], (P,p)1

[i2], (P,p)2

[i3], (P,p)3

[i]= [i1].[i2].[i3]
(P,p) = (P,p)1. (P,p)2. (P,p)3

SUBGROUPGRAPH

jueves 18 de agosto de 2011



Identical 
Subgroups 

Conjugate 
subgroups 

Step 4a:

Hi≡Hj

Step 4b:

Hi∼Hj

Identification of identical subgroups
(P,p)iH(P,p)i=(P,p)jH(P,p)j

-1 -1

...H2 H3 H6

(P,p)2 (P,p)3 (P,p)6...

G

H1

(P,p)1

Hi≡Hj
?

Classes of conjugate subgroups

Hi∼Hj
?

Hi=(W,w)GHj(W,w)G
-1

SUBGROUPGRAPH

jueves 18 de agosto de 2011



Example SUBGROUPGRAPH: P41212 > P21

General contracted graph for P41212 > P21 
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Complete graph for P41212 > P21, index 4. 
Three P21 subgroups in two conjugacy classes

Example SUBGROUPGRAPH: P41212 > P21, index 4

jueves 18 de agosto de 2011



SUBGROUPGRAPH: P41212 > P21EXAMPLE:

normal subgroup
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FLOW-CHART

Calculation of 
Subgroups 

SUBGROUP
GRAPH

G,H,[i]

Determine chains of 
maximal subgroups

Classes of conjugate 
subgroups

Distribution of subgroups 
into conjugacy classes NEli Kroumova, PhD Thesis

jueves 18 de agosto de 2011



FLOW-CHART

Distribution of 
subgroups into 

conjugacy classes 

SUBGROUPGRAPH 

Hk,G

The subgroups Hk 

distributed into 
conjugacy classes

NEli Kroumova, PhD Thesis
jueves 18 de agosto de 2011



Theorem  HERMANN, 1929: 

General subgroups H<G: TH< TG

PH<PG
{

For each pair G>H, there exists a 
uniquely defined intermediate subgroup 
M, G ≧ M ≧ H, such that: 

M is a t-subgroup of G: TG=TM

H is a k-subgroup of M: PM=PH

G

M

H

Corollary 
A maximal subgroup 
is either a 
t- or k-subgroup

iP=PG/PH

iL=TG/TH

Calculation of Subgroups 

jueves 18 de agosto de 2011



CLASSIFICATION OF 
DOMAINS

P 4̄21m

Cmm2

Pba2

ik = 2

it = 2

i = 4

G

H

Fm3̄m

Pm3̄m Pm3̄m Pm3̄m Pm3̄m

i = ik = 4

G = M

H

P6222

P3221

i = it = 2

H = M

G

twin domains
antiphase 
domains

twin and 
antiphase 
domains

Quartz Cu3Au Gd2(MoO4)3

t-subgroup k-subgroup

HERMANN
Problem:

jueves 18 de agosto de 2011



Hermann
group

M

iP=PG/PH

iL=TG/TH

Z2

Z1 Z1

G

Complete graph of maximal 
subgroups

Z1

Z2 Z2

Z3 Z3 Z3

Z2

G

H

H

´

´

´

´́

´́

´́

´́´

SUBGROUPGRAPH

Calculation of Subgroups 
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M

iP=PG/PH

iL=TG/TH

Z2

Z1 Z1

G

Z1

M Z2

Z3 Z3 Z3

Z2

G

HH

´

´

´

´́

´́

´́´

Graph of maximal subgroups
HERMANN

Hermann
group

Calculation of Subgroups: HERMANN

jueves 18 de agosto de 2011



FLOW-CHART

Calculation of 
Subgroups 

HERMANN 

Cesar Capillas, PhD Thesis
jueves 18 de agosto de 2011



G

[i1] [in]

[i2]

[iL]=const

H3
H1

H2

Hn

CLASSIFICATION OF 
DOMAINS

CELLSUBProblem: Subgroups for a given 
cell multiplication
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i2 = i1 ·
Z1

Z2

·
|PG2

|

|PG1
|
·
fG2

fG1

the set of common subgroup types is 
finite if a maximum k-index is defined

index condition

ZH1
= ZH2

i2 =

|PG2
|

|PH2
|
·
Z

p

H2

Z
p

G2

i1 =

|PG1
|

|PH1
|
·
Z

p

H1

Z
p

G1

G1

H

G2

[i2]

[i1]

CLASSIFICATION OF 
DOMAINS

COMMONSUBSProblem: Common 
subgroups

jueves 18 de agosto de 2011



Also, the inverse matrices of P and p are needed. They are

Q ! P"1

and

q ! "P"1p!

The matrix q consists of the components of the negative shift vector
q which refer to the coordinate system a#, b#, c#, i.e.

q ! q1a# $ q2b# $ q3c#!

Thus, the transformation (Q, q) is the inverse transformation of
(P, p). Applying (Q, q) to the basis vectors a#, b#, c# and the origin
O#, the old basis vectors a, b, c with origin O are obtained.

For a two-dimensional transformation of a# and b#, some
elements of Q are set as follows: Q33 ! 1 and
Q13 ! Q23 ! Q31 ! Q32 ! 0.

The quantities which transform in the same way as the basis
vectors a, b, c are called covariant quantities and are written as row
matrices. They are:

the Miller indices of a plane (or a set of planes), (hkl), in direct
space and

the coordinates of a point in reciprocal space, h, k, l.

Both are transformed by

%h#, k#, l#& ! %h, k, l&P!

Usually, the Miller indices are made relative prime before and after
the transformation.

The quantities which are covariant with respect to the basis
vectors a, b, c are contravariant with respect to the basis vectors
a', b', c' of reciprocal space.

The basis vectors of reciprocal space are written as a column
matrix and their transformation is achieved by the matrix Q:

a'#

b'#

c'#

!

"#

$

%& ! Q
a'

b'

c'

!

"#

$

%&

!
Q11 Q12 Q13

Q21 Q22 Q23

Q31 Q32 Q33

!

"#

$

%&
a'

b'

c'

!

"#

$

%&

!
Q11a' $ Q12b' $ Q13c'

Q21a' $ Q22b' $ Q23c'

Q31a' $ Q32b' $ Q33c'

!

"#

$

%&!

The inverse transformation is obtained by the inverse matrix

P ! Q"1:

a'

b'

c'

!

#

$

& ! P
a'#

b'#

c'#

!

#

$

&!

These transformation rules apply also to the quantities covariant
with respect to the basis vectors a', b', c' and contravariant with
respect to a, b, c, which are written as column matrices. They are the
indices of a direction in direct space, [uvw], which are transformed
by

u#

v#

w#

!

#

$

& ! Q
u
v
w

!

#

$

&!

In contrast to all quantities mentioned above, the components of a
position vector r or the coordinates of a point X in direct space
x, y, z depend also on the shift of the origin in direct space. The
general (affine) transformation is given by

x#

y#

z#

!

"#

$

%& ! Q
x

y

z

!

"#

$

%&$ q

!
Q11x $ Q12y $ Q13z $ q1

Q21x $ Q22y $ Q23z $ q2

Q31x $ Q32y $ Q33z $ q3

!

"#

$

%&!

Example

If no shift of origin is applied, i.e. p ! q ! o, the position vector
r of point X is transformed by

r# ! %a, b, c&PQ
x
y
z

!

#

$

& ! %a#, b#, c#&
x#

y#

z#

!

#

$

&!

In this case, r ! r#, i.e. the position vector is invariant, although
the basis vectors and the components are transformed. For a pure
shift of origin, i.e. P ! Q ! I , the transformed position vector r#
becomes

r# ! %x $ q1&a $ %y $ q2&b $ %z $ q3&c
! r $ q1a $ q2b $ q3c
! %x " p1&a $ %y " p2&b $ %z " p3&c
! r " p1a " p2b " p3c!

Here the transformed vector r# is no longer identical with r.

It is convenient to introduce the augmented %4 ( 4& matrix !
which is composed of the matrices Q and q in the following manner
(cf. Chapter 8.1):

! ! Q q
o 1

' (
!

Q11 Q12 Q13 q1

Q21 Q22 Q23 q2

Q31 Q32 Q33 q3

0 0 0 1

!

""#

$

%%&

with o the %1 ( 3& row matrix containing zeros. In this notation, the
transformed coordinates x#, y#, z# are obtained by

Fig. 5.1.3.1. General affine transformation, consisting of a shift of origin
from O to O# by a shift vector p with components p1 and p2 and a change
of basis from a, b to a#, b#. This implies a change in the coordinates of
the point X from x, y to x#, y#.

79

5.1. TRANSFORMATIONS OF THE COORDINATE SYSTEM

(a,b, c), origin O: point X(x, y, z)

(a′
,b′

, c′), origin O’: point X(x′
, y

′
, z

′)

3-dimensional space

Transformation of symmetry operations (W,w):

(P,p)

General affine transformation

(W’,w’)=(P,p)-1(W,w)(P,p)

TRANSFORM Basic functions:

jueves 18 de agosto de 2011



TRANSFORM 

Space group G={(W,w)k, k=1,...,p}INPUT:
Transformation matrix (P,p)

Case 1: det P=1 (P,p)

{(W,w)k, k=1,...,p}

{(W’,w’)k, k=1,...,p}

Case 2: det P>1 {(W,w)k, k=1,...,p}

{(W’,w’)k, k=1,...,p}

{(W’,w’)l, l=p+1,...,2p}
2b

a

b
t(0,1,0)

(subgroup basis)

OUTPUT:

jueves 18 de agosto de 2011



Example: a’=2a, b’=b, c’=c

(P,p)= 
2 0 0

0 1 0

0 0 1

(P,p)-1= 
1/2 0 0

0 1 0

0 0 1

 (Tint)H ≠ (P,p)-1Tint(P,p)

t(1,0,0)             t(1/2,0,0) non-integer 
translations

integer 
translations2a

a

b

 (P,p)-1Tint(P,p)

(Tint)H t(1/2,0,0)(Tint)H

jueves 18 de agosto de 2011



P2221(a,b,c) P2221(a,2b,c)

2b

a

b

(P,p)
t(0,1,0)

TRANSFORM 

jueves 18 de agosto de 2011



Coset decomposition G:H

Group-subgroup pair H < G

left coset 
decomposition

right coset
 decomposition

G=H+g2H+...+gmH, gi∉H, 
m=index of H in G

G=H+Hg2+...+Hgm, gi∉H
m=index of H in G

Normal 
subgroups Hgj= gjH, for all gj=1, ..., [i]

COSETS Basic functions:

jueves 18 de agosto de 2011



COSETS 

Group-subgroup pair G>HGIVEN:
Transformation matrix (P,p)

PROCEDURE:

Step 1. Transformation of G to the H basis: TRANSFORM
(P,p)

{(W,w)G, k=1,...,p} {(W’,w’)G(H), k=1,...,p}

Step 2a. Right coset decomposition
G=H+Hg2+...+Hgm, gi∉H, m=index of H in G

Step 2b. Left coset decomposition
G=H+g2H+...+gmH, gi∉H, m=index of H in G

jueves 18 de agosto de 2011



EXAMPLE: COSETS: P41212 > P21

Right coset
decomposition

Subgroup P21(normal):

Left coset
decomposition

(P,p)=

Hg=gH

jueves 18 de agosto de 2011



EXAMPLE: COSETS: P41212 > P21

Right coset
decomposition

Subgroup P21(not normal):

Left coset
decomposition

(P,p)=

Hg≠gH

jueves 18 de agosto de 2011



G = T + Tg2 + Tg3+...+ Tgk

Tint Tintt2 Tinttj. . .

(Tint)H ≠ (P,p)-1Tint(P,p)
(ti)H≠ (P,p)-1ti(P,p)

(T)H = (Tint)H+(Tint)H (t2)H +...+ (Tint)H (tk)H

(P,p)

(T)H = (P,p)-1Tint(P,p) + (P,p)-1(Tintt2)(P,p) +...

Transformation of G to a subgroup basis:STEP 1.

COSETS WARNING: tricky points

jueves 18 de agosto de 2011



Example: Cccm(66) > P2/m(10), index 4

(P,p)= 
1 0 1/2

1 0 -1/2

0 1 0

(P,p)-1= 
1/2 1/2 0

0 0 1

1 -1 0

Transformation of N(Cccm)=Pmmm(1/2,1/2,1/2)

(i) (Tint)H ≠ (P,p)-1Tint(P,p)

t(1,0,0)             t(1/2,0,1)
t(0,1,0)             t(1/2,0,-1)

(ii) (ti)H≠ (P,p)-1ti(P,p)

t(1/2,0,0)             t(1/4,0,1/2)

t(0,1/2,0)             t(1/4,0,-1/2) t(1/4,0,1/2)

non-integer 
translations

integer 
translations

different 
cosets

the same 
coset
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 left:     G=H+(V2,v2)H + ...+ (Vn,vn)H

 right:   G=H+H(W2,w2) + ...+ H(Wn,wn)

 (Wi,wi+tH) ∈ H(Wi,wi)  (Vi,vi+VitH) ∈ (Vi,vi)H

(WG,wG)∈G (WG,w’G)∈G

right: ∆ =tH left: ∆=VitH

∆=wG-w’G
belong to 
the same 

coset?

Decomposition of G with respect to H<GSTEP 2.

COSETS WARNING: tricky points
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R-3m > P21/c, index 6

coset representatives:
(3+,000) (3+,⅓⅔⅔) (3+,⅔⅓⅓)

(3+,000) (3+,100) (3+,2½½)

(P,p)=
(3+)G=

(...,...)

belong to the
 same coset

∆ =tH

∆=VitH

(...,...)

left: 
right:

belong to the
 same coset

Vi=3+, tH=(100)

=(3+)H

EXAMPLE:
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Right cosets Left cosets

(3+,000)

(3+,01/21/2)

(3+,000)

(3+,100)

Ouput 
COSETS 

Bilbao Crystallographic Server
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SPLITTINGS OF 
WYCKOFF 
POSITIONS
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Symmetry reduction

G = Pmm2 > H = Pm, [i] = 2

S0, G = Pmm2 S1, H = Pm
2h m.. (1

2, y, z) 2c 1 (x, y, z)

2f .m. (x, 1
2, z) 1b2 m (x2,

1
2, z2)

1b1 m (x1,
1
2, z1)

Splitting of Wyckoff positions

César Capillas, UPV/EHU 18

SYMMETRY REDUCTION

→
2h m.. (1/2,y,z) 2c 1 (x,y,z)

2f .m. (x,1/2,z)
1b m (x2,1/2,z2)
1b m (x1,1/2,z1)

Relations between Wyckoff 
positions
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Splitting of Wyckoff positions

Applications

� Phase transitions

� Derivative structures

� Symmetry modes

Objetivo

G > H, (P,p), WG

� splitting of WG in suborbits

� relation between the suborbits and WH
i

César Capillas, UPV/EHU 19

Applications

AIM

Splittings of Wyckoff positions
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D14
4h P42 m21 n2 m No. 136 P42 mnm

Axes Coordinates Wyckoff positions

2a 2b 4c 4d 4e 4 f

4g 8h 8i 8 j 16k

I Maximal translationengleiche subgroups

[2] P4̄n2 (118) x 1
2
y z 1

4
2d 2c 4e 2a;2b 4h 4g

4 f 2 4e 8i 8i 2 8i

[2] P4̄21m 113 x 1
2
y z 1

4
2c 2c 4d 2a;2b 2 2c 4e

4e 2 4d 8 f 2 4e 2 8 f

[2] P42nm 102 2a 2a 4b 4b 2 2a 4c

4c 2 4b 8d 2 4c 2 8d

[2] P42212 (94) 2a 2b 4d 4d 4c 4e

4 f 2 4d 8g 8g 2 8g

[2] P42 m (84) x 1
2
y z 2d 2c 2a;2b 2e;2 f 4i 4 j

4 j 4g;4h 2 4 j 8k 2 8k

[2] Pnnm (58) 2a 2b 2c;2d 4 f 4e 4g

4g 2 4 f 2 4g 8h 2 8h

[2]Cmmm 65 a b 1
2
x–y 2a;2c 2b;2d 4e;4 f 8m 4k;4l 4h;4i

a b c 1
2
x y z; 4g;4 j 2 8m 8p;8q 8n;8o 2 16r
1
2
1
2
0

II Maximal klassengleiche subgroups

Enlarged unit cell, isomorphic

[3] P42 mnm a,b, 3c x y 1
3
z; 2a;4e 2b;4e 4c;8h 4d;8h 3 4e 4 f ;8 j

0 0 1
3

4g;8 j 3 8h 8i;16k 3 8 j 3 16k

[p] P42 mnm a,b, pc x y 1
p
z; 2a; p

–1
2

4e 2b; p
–1
2

4e 4c; p
–1
2

8h 4d; p
–1
2

8h p 4e 4 f ; p
–1
2

8 j

0 0 u
p

4g;
p–1
2

8 j p 8h 8i;
p–1
2

16k p 8 j p 16i

p prime 2

u 1 p 1

[9] P42 mnm 3a, 3b, c 1
3
x 1
3
y z; 2a;4 f ;4g;8i 2b;4 f ;4g;8i 4c;4 8i 4d;2 16k 4e;2 8 j;16k 3 4 f ;3 8i

1
3
0 0 ; 3 4g;3 8i 8h;4 16k 9 8i 3 8 j;3 16k 9 16k

0 1
3
0 ;

1
3
1
3
0 ;

1
3
2
3
0

[p2 P42 mnm pa, pb, c 1
p
x 1

p
y z; 2a;

p–1
2

4 f ; 2b;
p–1
2

4 f 4c;
p2–1
2

8i 4d;
p2–1
4

16k 4e; p –1 8 j; p 4 f ;

u
p

v
p
0

p–1
2

4g;
p–1
2

4g;
p–1 2

4
16k

p p–1
2

8i

p prime 2;
p–1 2

4
8i

p–1 2

4
8i

u v 1 p 1 p 4g; 8h;
p2–1
2

16k p2 8i p 8 j; p2 16k
p p–1
2

8i
p p–1
2

16k

Oct. 2000 199 Copy Mois Aroyo

Space group P42/mnm (selection)Example:
International Tables of Crystallography, Vol.A1

Splittings of Wyckoff positions
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General splitting rules

(Wondratschek 1993,1995)

WG

WH
i

G > H, (P, p)

Ri = |SG(X)|
|SH(Xi)|

[i] =
�q

i=1 Ri

César Capillas, UPV/EHU 20

Splittings of Wyckoff positions
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WYCKSPLIT 

Group-subgroup pair G>HGIVEN:
Transformation matrix (P,p)

PROCEDURE:

Step 1. Splitting of the general position Xo:

Step 2. Splitting of the special positions Xi:

Step 3. Assignment of OH(Xi,k) to WP of H

OG(Xo)=∪OH(Xo,k)⇔G=∑Hgk

substitution Xo➔Xi
suborbits OH(Xo,k)➔OH(Xi,k)

relation between 
representatives of WP and OH(Xi,k) 
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SPLITTING OF THE GENERAL POSITION

TRANSFORM + COSETS

jueves 18 de agosto de 2011



FLOW-CHART

Wyckoff position 
splittings schemes 

WYCKSPLIT 

Eli Kroumova, PhD Thesis
jueves 18 de agosto de 2011



EXAMPLE: WYCKSPLIT: P222 > P2221

(P,p)=

General position splittingRight coset 
decomposition
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EXAMPLE: WYCKSPLIT: P222 > P2221

General position 
splitting

Special position splitting

0,0,0

0,0,1/2

0,0,1/2

0,0,0

0,0,1/2

0,0,0

0,0,0

0,0,1/2

0,0,0

0,0,1/2

(1a 000)P222 (2a x00)P2221 

Substitution
x=y=z=0

Assignment
mult=2
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EXAMPLE: WYCKSPLIT: P222 > P2221

General position 
splitting

Special position splitting

x,1/2,0

-x,1/2,1/2

-x,1/2,1/2

x,1/2,0

x,1/2,1/2

-x,1/2,0

-x,1/2,0

x,1/2,1/2

x,1/2,0

-x,1/2,1/2

(2k x,½,0)P222 2∗(2b x,½,0)P2221 

Substitution
y=1/2, z=0

Assignment
mult=2

-x,1/2,0

x,1/2,1/2
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EXAMPLE: WYCKSPLIT: P222 > P2221

Output  WYCKSPLIT

(2k x,½,0)P222 2∗(2b x,½,0)P2221 

(1a 000)P222 (2a x00)P2221 
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SUPERGROUPS OF 
SPACE GROUPS

jueves 18 de agosto de 2011



Supergroups of space groups

Definition: The group G is a supergroup of H if 
H is a subgroup of G, G≥H

If H is a proper subgroup of G, H<G, then 
G is a proper supergroup of H, G>H

Types of minimal 
supergroups: 

If H is a maximal subgroup of G, H<G, 
then G is a minimal supergroup of H, G>H

translationengleiche (t-type) 
klassengleiche (k-type)

isomorphicnon-isomorphic

minimal non-isomorphic k- and t- 
supergroups types

ITA1 data:
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Group-Supergroup Relations

Applications

� Possible high-symmetry structures

� Prediction of phase transitions

� Prototype structures

AIM

G > H, [i]

to obtain the Gk
[i]∼ G

César Capillas, UPV/EHU 14

Group-supergroup relations

Applications

AIM

G

H

[i]
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The Supergroup Problem

Given a group-subgroup 
pair G>H of index [i]

Determine: all Gk>H 
of index [i], Gi≃G

H

G G2 G3 Gn...

all Gk>H contain H as subgroup

H

G

[i] [i]

Gk=H+Hg2+...+Hgik
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Example: Supergroup problem

Group-subgroup pair
P422>P222

P422

[2]

Supergroups P422 of 
the group P222

P222

P4z22

P222

P4x22 P4y22

[2]

P422= 222 +(222)(4,0)

P4z22= 222 +(222)(4z,0)
P4x22= 222 +(222)(4x,0)
P4y22= 222 +(222)(4y,0)

Are there more 
supergroups P422 of P222?
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Example: Supergroups P422 of P222
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The Supergroup Problem 

Group-subgroup pair G>H, (P,p) H: general subgroup
 of G of index [i]=n 

To determine: all Gk>H of index [i]=n, Gk≃G

H

G G2 G3 Gn
...

As Gk≃G,  then

Gk=ak-1Gak with ak ∈ A(affine)

How to determine the affine 
transformations ak ?
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The Supergroup Problem

H

G G2 G3 Gn
...

Given

Case 1: Gk=ak-1Gak with ak ∈ N(H)

Gk>H: (P,p) akG>H: (P,p) 

TRANSFORM

COSETS

H

G

[i] (P,p)

To get:

(normalizer procedure)

(i) all Gk>H, that contain H as subgroup: 

(ii) different Gk>H: ak∉N(G)
[N(H):N(H)∩N(G)]ak: coset representatives 

     ak∈N(H)
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The Supergroup Problem

H

G
Given: G, H, index i

different Gk>H: 

Case 2: Gk=ak-1Gak with ak ∉ N(H)

Hk

Gk

ak ≃

Hm ≅ H

G

normalizer procedure 
over different Hm<G, (P,p)m
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Supergroups calculation: SUPERGROUPS

G, H, (P, p)
↓

Normalizer method

↓

Different supergroups Gk
[i]∼ G > H

http://www.cryst.ehu.es/supergroups.html

Special cases

Polar groups:

Infinite number of super-

groups Gk
[i]∼ G

Monoclinic groups
and triclinic:

normalizers
‘‘enhanced’’

César Capillas, UPV/EHU 16

Supergroups calculation: SUPERGROUPS

ITA1:
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Normalizer 
method

FLOW-CHART

Calculation of 
Supergroups 

Eli Kroumova, PhD Thesis
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Transition-path candidates

Structural phase transitions 
of CeAuGe at high pressure

Brouskov et al. 
Z. Kristallogr. 220(2005) 122

8.7 GPa

COMMONSUPERProblem: Common 
supergroups
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